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2-point correlation function

The 2-point statistics                       provide a complete 
statistical description of the density field under Gaussian 
initial conditions and linear growth of fluctuations

(P (k), ⇠(r))

How to measure matter clustering?



If you are sitting on a galaxy, the probability dP that you will find 
another galaxy in a volume dV a distance r away from you is given 
by

2-p correlation function (2PCF):
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where n is the average number density of galaxies. 

dP is the number of galaxies you expect to find in a volume dV.

⇠(r)



How does one calculate the 2pt correlation function given a distribution 
of galaxies is space? – Count the number of pairs of galaxies for every  
value of separation r.  Then divide this histogram by the number of pairs  
expected if the spatial distribution of galaxies were random, and subtract 1.
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Estimating 2point correlation function (2PCF)

What does the 2PCF measures?
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RR(r)
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2-point correlation function
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Figura 5.4: Função de correlação !(✓) calculada utilizando a equação 3.17. Os pares
DD, RR e DR são calculados em intervalos de 1o. A curva laranja é o melhor ajuste
da função exponencial 4.6. As barras de erro foram obtidas pelo desvio padrão sobre
20 catálogos aleatórios.

Figura 5.5: N (< ✓) e D
2

(✓) para o estimador E3. Através do ajuste polinomial
de quinta ordem, a escala angular de homogeneidade foi obtida, concordando bem
entre os gráficos.
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How to count pairs in a data catalogue?
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How many data pairs did we get?
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Now, we generate a random catalogue

in the same region of the data sample
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� 1

2-point correlation function
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Peebles-Hauser

Landy-Szalay
Homework

Compute           

- 2D with data on a sphere with:                      ,✓ 2 [✓1, ✓2] � 2 [�1,�2]

!(�)

� = cos

�1
[cos(✓1) cos(✓2) + sin(✓1) sin(✓2) cos(�1 � �2)

2-point angular correlation function
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Survey ALFALFA

ALFALFA
SDSS



GitHub: 2PACF
https://github.com/mavipoppi/wsON_correlationfunction

Gentileza de: Maria Vitoria Lazarin
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stands on:

Metric theory, e.g., General Relativity

Cosmological principle

Observational probes

on The cosmological model of the Universe
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Traditional Observational Probes:

Expansion of the Universe

Nucleosynthesis of primordial nuclei

Cosmic Microwave Background Radiation

1929-1931

1945-1960

1964- …

2

3



“Grande debate de 1920”:
universo de estrelas  X  universo de galáxias

Via Láctea pequena

Sol está no centro

Nebulosas são
“universos ilhas”

Via Láctea muito grande

Sol a 15 kpc do centro

Nebulosas fazem
parte da galáxia

Heber D. CurtisHarlow Shapley

modelo de Kapteyn (1901)

• O grande problema era a determinação de distâncias
das nebulosas.

1



Henrietta Leavitt

1867-1921

She studied variable

stars and discovered

the period-luminosity 
relationship

1



distância Via Láctea-Andrômeda:

diâmetro da VL: 32Kpc

dL(M31) = 760± 50 kpc



1



Hubble, 1929

Hubble & 
Humason, 1931
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Traditional Observational Probes:

Expansion of the Universe

Nucleosynthesis of primordial nuclei

Cosmic Microwave Background Radiation
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Matéria
Bariônica

What is the universe made of?
2



Figure 4: Nucleosśıntese: abundâncias dos elementos leves relativas ao Hidrogênio. As curvas

correspondem as predições teóricas, a franja cinza corresponde aos valores observados.

• 2001 The WMAP (Wilikinson Microwave Anisotropy Probe) was launched by NASA, Its

measurements start to fullfil the hope of measuring/determining cosmological parameters

with precision < 10% ) precision cosmology

• 2002 Polarization discovered/measured by DASI.

• 2004 E-mode polarization spectrum obtained by the CBI.

• 2005 Ralph A. Alpher is awarded the National Medal of Science for his groundbreaking

work in nucleosynthesis and predictions supporting the Hot Big Bang model.

• 2006 Two of COBE’s principal investigators, George Smoot and John Mather, received

the Nobel Prize in Physics in 2006 for their work on precision measurement of the CMBR.

• 2009 Planck (Max Planck Surveyor, previously COBRAS/SAMBA), the 3rd generation

satellite dedicated to CMB studies, was launched by ESA on May, 14 and has released its

first results in January 2011. The CMB data from Planck is expected by January 2013.
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Matéria Bariônica
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Os Primeiros Passos
Medindo a CMBR do Espaço

Eras Cósmicas
Nucleossíntese Primordial

Relevância do Estudo da Radiação de Fundo
Arno Penzias e Robert Wilson
A Concepção Original de Gamow
A Consagração

- Antena projetada em 1960 para testes
de comunicação de baixo ruído com o
satélite echo.

- Sistema direcional de baixo ruído
(< 0.05 K) operando em � = 7.35 cm.

Ronaldo E. de Souza A Descoberta da Radiação Cósmica de Fundo

A descoberta da RCF (1964)3



cosmic noise?3



Black-body radiation3



COBE’s  maps

? ?

Monopole

Dipole
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• se houve um passado denso e quente, então matéria e 
radiação acoplaram-se —em equilíbrio termodinâmico— até 
o Universo esfriar o suficiente; depois desacoplaram e os 
fótons formam uma radiação relíquia que viaja (quase) livre


• em aproximação zero (= background), mostra-se que o 
Universo que expande esfria (isto pressupõe condições 
adiabáticas e a 1ra. lei da termodinâmica)


• a ordem zero não explica a formação de estruturas: 
precisamos perturbações do campo de densidade de 
matéria (equivalentemente, do potencial gravitacional) 


• perturbações na matéria geram flutuações no campo 
da radiação (devido ao acoplamento fótons-bárions)



A hot gas of photons in ther-
modynamic  equilibrium in an 
expanding Universe implies 
(dQ=0 + 1st. law): 

Thermal history of the Universe

T (t) =
a0 T0

a(t)

Expansion of the Universe 
implies a dense and hot past!

Hubble, 1929

Corollary: A cosmic time t exists 
                  and is well defined



• se houve um passado denso e quente, então matéria e 
radiação acoplaram-se —em equilíbrio termodinâmico— até 
o Universo esfriar o suficiente; depois desacoplaram e os 
fótons formam uma radiação relíquia que viaja (quase) livre


• em aproximação zero (= background), mostra-se que o 
Universo que expande esfria (isto pressupõe condições 
adiabáticas e a 1ra. lei da termodinâmica)


• a ordem zero não explica a formação de estruturas: 
precisamos perturbações do campo de densidade de 
matéria (equivalentemente, do potencial gravitacional) 


• perturbações na matéria geram flutuações no campo 
da radiação (devido ao acoplamento fótons-bárions)
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• se houve um passado denso e quente, então matéria e 
radiação acoplaram-se —em equilíbrio termodinâmico— até  
o Universo esfriar o suficiente; depois desacoplaram e os 
fótons formam uma radiação relíquia que viaja (quase) livre


• em aproximação zero (= background), mostra-se que o 
Universo que expande esfria (isto pressupõe condições 
adiabáticas e a 1ra. lei da termodinâmica)


• a ordem zero não explica a formação de estruturas: 
precisamos perturbações do campo de densidade de 
matéria (equivalentemente, do potencial gravitacional) 


• perturbações na matéria geram flutuações no campo  
da radiação (devido ao acoplamento fótons-bárions)



a história do Universo: passado denso e quente

I Houve uma fase onde o fluido matéria–radiação

(composto por bárions e fótons interagindo via

espalhamento Thomson) estava em equilibrio

termodinámico , e agia como se fosse um fluido só

(photon-baryon fluid); � � n�

nb
⇥ 109.

1K = 8.6⇥ 10�5 eV
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a história do Universo: passado denso e quente

I Houve uma fase onde o fluido matéria–radiação

(composto por bárions e fótons interagindo via

espalhamento Thomson) estava em equilibrio

termodinámico , e agia como se fosse um fluido só

(photon-baryon fluid); � ⇥ n�

nb
⇤ 109.

I Ao expandirse o Universo resfria e o fluido alcanza

uma temperatura cŕıtica que produz o desacopla-

mento matéria�radiação: T ⇤ 3000 K ⇤ 0.3 eV .

I Esses fótons livres (de ser espalhados pelos elétrons)

constituem uma radiação reĺıquia do Universo pri-

mordial, chamada Radiação Cósmica de Fundo (rcf).





RCF: espectro de corpo negro à temperatura TPlanck=(2.725± 0.001)K

1965� 1992

Em 1992 verificou-se que ao redor da TPlanck ⌅ pequenas flutuações
positivas �T > 0 e negativas �T < 0, da ordem �T

TPlanck
⇥ 10�5

⇤ �T ⇥ (�200µK, 200µK)

Estas flutuações de temp. �T ficam visiveis
neste mapa depois de retirar da RCF as compo-
nentes monopolo (2.725K) e dipolo (3.346mK)

1 2

3
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http://spud.spa.umn.edu/~pryke/logbook/20000922/cumulative_cmb.html

http://spud.spa.umn.edu/~pryke/logbook/20000922/Harmonic Multipoles and the CMB sky:
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Modern Observational Probes:
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BAO: baryon acoustic oscillations▶︎

▶︎
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Growth of cosmic structures

Acceleration of the Universe

CMB lensing, evidences of DM, etc.

Probes of stat. homogeneity & isotropy

1998

2005

2005-today

2000-today

2000-today2010-today
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BAO: a standard ruler



3D Sound Waves
Perturbations in the primordial plasma produced:

https://www.youtube.com/watch?v=jpXuYc-wzk4

cu
idad

o!



BAO originate because a tightly coupled matter-

radiation fluid interacts with dark matter potential wells

Nature of [CMB+Baryons] temperature fluctuations

�⇢�b(t, r) ⇠ �T (t, r)Denser is hotter:





BAO: baryon acoustic oscillations



A 2% Distance to z = 0.35 : Methods and Data 3

Figure 1. A pictoral explanation of how density-field reconstruction can improve the acoustic scale measurement. In each panel, we
show a thin slice of a simulated cosmological density field. (top left) In the early universe, the initial densities are very smooth. We mark
the acoustic feature with a ring of 150 Mpc radius from the central points. A Gaussian with the same rms width as the radial distribution
of the black points from the centroid of the blue points is shown in the inset. (top right) We evolve the particles to the present day, here
by the Zel’dovich approximation (Zel’dovich 1970). The red circle shows the initial radius of the ring, centered on the current centroid of
the blue points. The large-scale velocity field has caused the black points to spread out; this causes the acoustic feature to be broader.
The inset shows the current rms radius of the black points relative to the centroid of the blue points (solid line) compared to the initial
rms (dashed line). (bottom left) As before, but overplotted with the Lagrangian displacement field, smoothed by a 10h�1 Mpc Gaussian
filter. The concept of reconstruction is to estimate this displacement field from the final density field and then move the particles back
to their initial positions. (bottom right) We displace the present-day position of the particles by the opposite of the displacement field
in the previous panel. Because of the smoothing of the displacement field, the result is not uniform. However, the acoustic ring has
been moved substantially closer to the red circle. The inset shows that the new rms radius of the black points (solid), compared to the
initial width (long-dashed) and the uncorrected present-day width (short-dashed). The narrower peak will make it easier to measure the
acoustic scale. Note that the algorithm applied to the data is more complex than was just described, but this figure illustrates the basic
opportunity of reconstruction.

steps of this algorithm below and discuss details specific to
our implementation in subsequent subsections.

(i) Estimate the unreconstructed power spectrum P (k) or
correlation function ⇠(r).

(ii) Estimate the galaxy bias b and the linear growth rate,
f ⌘ d lnD/d ln a ⇠⌦0.55

M (Carroll et al. 1992; Linder 2005),
where D(a) is the linear growth function as a function of
scale factor a and ⌦M is the matter density relative to the
critical density.

(iii) Embed the survey into a larger volume, chosen such
that the boundaries of this larger volume are su�ciently
separated from the survey.

(iv) Gaussian smooth the density field.
(v) Generate a constrained Gaussian realization that

matches the observed density and interpolates over masked
and unobserved regions (§2.3).

(vi) Estimate the displacement field  within the
Zel’dovich approximation (§2.4).

(vii) Shift the galaxies by � . Since linear redshift-
space distortions arise from the same velocity field, we shift
the galaxies by an additional �f( · ŝ)ŝ (where ŝ is the
radial direction). In the limit of linear theory (i.e. large
scales), this term exactly removes redshift-space distortions
(Kaiser 1987; Hamilton 1998; Scoccimarro 2004). Denote
these points by D.

(viii) Construct a sample of points randomly distributed
according to the angular and radial selection function and
shift them by � . Note that we do not correct these for
redshift-space distortions. Denote these points by S.

c� 0000 RAS, MNRAS 000, 000–000

ideal real



https://www.youtube.com/watch?v=jpXuYc-wzk4

2-point correlation function

BAO: standard cosmological ruler

— Small but detectable signal



Eisenstein et al.
(SDSS), 2005

2-point 
correlation 
function

BAO 3D



E. de Carvalho et al.: BAO angular scale at ze↵ = 0.11 with the SDSS blue galaxies

Considering blue galaxies in a redshift shell, the 2PACF mea-
sures the angular diameter distance DA due to the transverse BAO
signal of the sound horizon scale there, where this signature ap-
pears as a bump at certain angular scale. The expression for the
2PACF estimator, !(✓), is given by

!(✓) ⌘ DD(✓) � 2DR(✓) + RR(✓)
RR(✓)

, (2)

with ✓ the angular separation between any pair of blue galaxies
A, B, given by

✓ = arccos[sin �A sin �B + cos �A cos �B cos(↵A � ↵B)] ,

where ↵A,↵B and �A, �B are the right ascension and declination
coordinates of the blue galaxies A and B, respectively (Landy &
Szalay 1993; Sánchez et al. 2011).

To find the angular scale ✓
fit

of the BAO bump in the 2PACF,
!(✓), we used the method proposed by Sánchez et al. (2011),
which is based on the empirical parameterization of ! = !(✓),

!(✓) = A + B ✓ � +C exp�(✓�✓FIT)2/2�2
FIT , (3)

where A, B, �, C, ✓
fit

, and �
fit

are free parameters. Therefore
this equation provides the BAO bump best-fit, ✓

fit

, and the width
of the bump is �

fit

.
The final measurement of the acoustic peak was obtained af-

ter accounting for the shift due to the projection e↵ect (Sánchez
et al. 2011; Carnero et al. 2012; Carvalho et al. 2016). In the 2D
analyses, all galaxies in the redshift bin in the study with thick-
ness �z are assumed to be projected onto the celestial sphere.
Thus, the finite thickness of the shell, �z , 0, produces a shift of
the BAO peak. This shift is estimated through numerical analysis
by assuming a fiducial cosmology (as we show in Sect. 4.2), but
the results show that for thin shells, the shift is small and weakly
dependent on the cosmological parameters (for details, see, e.g.,
Sánchez et al. 2011; Carvalho et al. 2016). The redshift shell
should be as thin as possible to minimize the projection e↵ect
that a↵ects the measurement by erasing the acoustic signature,
but at the same time, it should be a numerically dense data set,
enough to obtain a good BAO S/N. We calculate the shift to be
applied to ✓

fit

due the projection e↵ect in Sect. 4.2.

3.2. Covariance matrix estimation

To estimate the covariance matrix and the significance of our re-
sults, we used the galaxy mocks described above (see Sect. 2.2).
For each mock, we extracted the 2PACF information from a set
of Nb bins in which the interval of ✓ values was divided. The
covariance matrix for !(✓) was estimated using the expression

Covi j =
1
N

NX

k=1

h
wk(✓i) � w(✓i)

ih
wk(✓ j) � w(✓ j)

i
, (4)

where the i and j indices represent each ✓ bin, i, j = 1, . . . ,Nb,
and wk is the 2PACF for the k-th mock catalog, with k =
1, . . . ,N; w(✓i) is the mean value for this statistics over the
N = 1, 000 mocks in that bin. Finally, the error of w(✓i) is the
square root of the main diagonal, �w(✓i) =

p
Covii.

4. Clustering analyses in 2D

We studied the clustering of the SDSS blue galaxy sample per-
forming 2D analysis. Using the estimator given by Eq. (2),

5 10 15 20 25 30
� [deg]

0.025

0.050

0.075

�
(�

) �FIT =19.42 ±0.95 deg

Adjust

data

Fig. 2. BAO signature obtained in the 2PACF by analyzing the sample
in the redshift interval z 2 [0.105, 0.115], with �z = 0.01. The bin size
in this 2PACF is 1.25�, and we use 50 random catalogs with the same
observational features as the galaxy catalog.

Parameters Equation (3)

A 9.92 ± 6.41 (⇥10�3)
B 0.77 ± 2.05 (⇥10�4)
� 2.86 ± 1.06
C 19.29 ± 7.43 (⇥10�3)
�FIT 3.26�±0.96�

✓FIT 19.42�±0.95� (stat)

Table 1. Best-fit parameters of Eq. (3), obtained through the �2 statis-
tics, Eq. (5), using the covariance matrix shown in Fig. 3.

!(✓), we calculated the 2PACF for our sample of Ng = 15, 942
galaxies in the redshift interval z 2 [0.105, 0.115], with ef-
fective redshift ze↵ = 0.11. The 2PACF was calculated using
TREECORR (Jarvis et al. 2004) for equally spaced values of ✓ in
the interval 5�  ✓  30�, in a total of Nb = 20 bins, which means
that the bin size was 1.25�. To extract the BAO bump position,
we used Eq. (3) to fit the 2PACF data through a least-squares
method; the errors in the parameters correspond to the statistical
uncertainties provided by the fitting procedure (the estimated co-
variance matrix of the parameters). The result is shown in Fig. 2,
where ✓

fit

= 19.42�. Our result for this procedure is summarized
in Table 1, where we display the best-fit parameters obtained in
this fitting approach using Eq. (3).

4.1. Statistical significance

The statistical significance of the BAO angular measurement was
obtained through the �2 method,

�2(↵) =
h
w � wfit(↵)

iT
Cov�1

h
w � wfit(↵)

i
, (5)

where we used the inverse of the covariance matrix, Cov, esti-
mated as described in Sect. 3.2 and shown in Fig. 3. The sym-
bols [ ] and [ ]T represent column vectors and row vectors, re-
spectively.

Following de Carvalho et al. (2018), we adjusted the pa-
rameters of Eq. (3) based on the minimum �2 method for ↵ 2
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Perturbed Einstein eqs.:  Continuity, Euler, Laplace

Figure 25: The peak-background split model.

are needed to cross the threshold. When �0 ! �c, F ! 1 because the entire region will then be

interpreted as a collapsed halo of mass M0. The fraction of mass in halos with mass in the range M

to M + dM is

f(M |�0, S0)

�����
dS

dM

�����dM ⌘ dF (M |�0, S0)

dM
dM

=
1p
2⇡

�c � �0
(S � S0)3/2

�����
dS

dM

����� exp

"
� (�c � �0)2

2(S � S0)

#
dM, (730)

so that regions with smoothed density �0 on scale S0 contain, on average,

N (M |�0, S0)dM =
M0

M
f(M |�0, S0)

�����
dS

dM

�����dM (731)

halos in this mass range. The quantity of interest is the relative over-abundance of halos in dense

regions compared to the mean abundance of halos,

�Lhalo =
N (M |�0, S0)

(dn(M)/dM)V0
� 1, (732)

where dn(M)/dM is the mean number density of halos in a mass range of width dM about M . The

superscript L indicates that this is the overdensity in the initial Lagrangian space determined by the

mass distribution at some very early time, ignoring the dynamical evolution of the overdense patch.

The relative overdensity of halos in large overdense and underdense patches is easy to compute.

In su�ciently large regions, S0 ⌧ S, �0 ⌧ �c. Expanding Eq. (732) to first order in the variables

S0/S and �0/�c gives a simple relation between halo abundance and dark matter density

�Lhalo =
⌫2 � 1

�c
�0, (733)
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109 5. Structure Formation

Exercise.—Explain the asymptotic scalings of the matter power spectrum

P�(k) =

8
<

:

k k < keq

k�3 k > keq

. (5.2.35)

5.2.4 Baryons⇤

Let us say a few (non-examinable!) words about the evolution of baryons.

Before Decoupling

At early times, z > zdec ⇡ 1100, photons and baryons are coupled strongly to each other via

Compton scattering. We can therefore treat the photons and baryons a single fluid, with v� = vb

and �� = 4
3�b. The pressure of the photons supports oscillations on small scales (see fig. 5.5).

Since the dark matter density contrast �c grows like a after matter-radiation equality, it follows

that just after decoupling, �c � �b. Subsequently, the baryons fall into the potential wells

sourced mainly by the dark matter and �b ! �c as we shall now show.

baryons
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Figure 5.5: Evolution of photons, baryons and dark matter.

After Decoupling

After decoupling, the baryons lose the pressure support of the photons and gravitational insta-

bility kicks in. Ignoring baryon pressure, the coupled dynamics of the baryon fluid and the dark

small scales

large scales
�c, �b, ��
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Harmonic analyses in 1-d
A vibrating string with fixed boundaries: it can vibrate in fundamental
harmonics (FH): 1stharm., 2ndharm.,etc. Then, an arbitrary pertur-

bation of the string can be represented as a superposition of the FH:

the amplitude for each frequency = spectrum of the perturbation
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Dark Matter & Baryons!

Baryons follow Dark Matter 

Coupled Perturbations: 

Evolution of perturbations that contain distinct components (e.g., baryons & dark matter) 

Time dependence of two different modes means that baryons can fall into dark potential wells and

 quickly match the dark matter perturbations. This means that Universes containing dark matter can

 produce small anisotropies in the microwave background: radiation drag allows dark matter to
 undergo growth between matter-radiation equality and recombination, while the baryons cannot.  

Two collapse scenarios: 
Initial collapse 

(top down) 

Hierarchical merging 

(bottom up) 

! 

' 

! 

' 

! 

' 

! 

' 

! 

' 

! 

' 

Fragmentation 

Merging 

Bender, IMPRS Astrophysics Introductory Course 

Cold dark matter 
•" Devised to explain rotation curves and missing mass in clusters. 

•" Assumed non-interacting except via gravity.  

•" Also required to explain large-scale structure and CMB. 

•" Numerical simulations on cosmological scales  

•" Power law of initial fluctuations set at CMB surface.  

•" Growth via gravity alone.  

•" Robust prediction of Large Scale Structure.  

•" Halo build-up via hierarchical merging.  

•" Testable under assumption light traces matter  

•" Numerical simulations can now predict dark matter distributions

 very well (20 million particles+gravity) 

Figure 25: The peak-background split model.

are needed to cross the threshold. When �0 ! �c, F ! 1 because the entire region will then be

interpreted as a collapsed halo of mass M0. The fraction of mass in halos with mass in the range M

to M + dM is
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so that regions with smoothed density �0 on scale S0 contain, on average,

N (M |�0, S0)dM =
M0

M
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halos in this mass range. The quantity of interest is the relative over-abundance of halos in dense

regions compared to the mean abundance of halos,

�Lhalo =
N (M |�0, S0)

(dn(M)/dM)V0
� 1, (732)

where dn(M)/dM is the mean number density of halos in a mass range of width dM about M . The

superscript L indicates that this is the overdensity in the initial Lagrangian space determined by the

mass distribution at some very early time, ignoring the dynamical evolution of the overdense patch.

The relative overdensity of halos in large overdense and underdense patches is easy to compute.

In su�ciently large regions, S0 ⌧ S, �0 ⌧ �c. Expanding Eq. (732) to first order in the variables

S0/S and �0/�c gives a simple relation between halo abundance and dark matter density

�Lhalo =
⌫2 � 1

�c
�0, (733)
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dark matter-only (N-body) dark matter + baryons (hydrodynamical)

Aquarius

Via Lactea

Latte / FIRE

Auriga

Illustris IllustrisTNG

EAGLE

Millennium-XXL

ELVIS

Millennium Horizon-AGN

Phoenix

Aquarius

Massiveblack-II

Bolshoi

GHALO

APOSTLE

Romulus25

Millennium-II

Dark Sky

NIHAO

Magneticum

Eris

Simba

Figure 1. Visual representations of some selected recent structure and galaxy formation simulations. The simulations
are divided in large volume simulations providing statistical samples of galaxies, and zoom simulations resolving smaller
scales in more detail. Furthermore, they are also divided in dark matter-only, i.e. N-body, and dark matter plus baryons,
i.e. hydrodynamical simulations. Dark matter-only simulations have now converged on a wide range of predictions for the
large-scale clustering of dark matter and the dark matter distribution within gravitationally bound dark matter halos. Recent
hydrodynamical simulations reproduce galaxy populations that agree remarkably well with observational data. However, many
detailed predictions of these simulations are still sensitive to the underlying implementation of baryonic physics.

sampling is subject to Poisson noise, and high particle numbers are therefore desirable to reduce noise
in these estimates. To avoid unphysical two-body scatterings between nearby particles, gravitational
interactions are softened on small scales so that the particle collection represents a smoothed density field.
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Modern Observational Probes:

▶︎ CMB temperature fluctuations:

what is the shape of the Universe?

Do we live in an isotropic Universe?



CMB sphere?



Esfera S2 Projeção Mollweide sobre um plano

K. Mollweide (1774-1825)
Matemático



Esfera S2 Projeção Mollweide sobre um plano



Mapas da Radiação Cósmica de Fundo

I a esfera celeste é dividida em N pixels da mesma área

I as flut. de temp. da RCF �T representam-se usando uma

escala linear de cores: azul (= ḿın.), verde ( � 0 ), e verme-

lho (=máx.). Representamos: �T (�,⇥)
TPlanck

= ⇥⌅, m a⌅ mY⌅ m(�,⇥).

I os pixels são tão pequenos que os mapas parecem

um cont́ınuo de manchas coloridas, mas ... basta degradar o

mapa para observar eles:



Informações úteis dos mapas da Radiação Cósmica de Fundo:

I a esfera celeste é dividida em N pixels, todos de igual

área, seguindo o esquema de pixelização (healpix)

I depois, a esfera é mapeada no plano: S2 � R2



Harmonic analyses in 2-d

Analogously, on the spherical surface S2 any function �T =
�T (�, ⌅) can be represented as a combination of the spherical

harmonics Y⇥ m

=
�T (�, ⇤)

To
= ⇥⇥, m a⇥ mY⇥ m(�, ⇤)

where the coe⇤cients a⇥ m have the complete information about
the spectrum perturbation �T , where the variable ⌥ (also called
multipole order) is associated to the angular scale � (� ⇥/⌥)
and the variable m is associated to the angular scale ⌅.
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Planck Collaboration: Cosmological parameters

0

1000

2000

3000

4000

5000

6000

D
T

T
�

[µ
K

2
]

30 500 1000 1500 2000 2500
�

-60
-30
0
30
60

�
D

T
T

�

2 10
-600
-300

0
300
600

Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is

8

CMB temperature fluctuations: Angular Power Spectrum



Going to small scales!

Sudeep Das for the ACT collaboration!
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Is the CMB field isotropic?

• Null hypothesis: “the observed universe is isotropic”. 
Does current observational data show evidence against 
this hypothesis?

Em um universo estat́ısticamente isotrópico
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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FIG. 5. Two-point angular correlation function, C(✓), com-
puted in pixel space, for three di↵erent bands masked with
the KQ75 mask (from WMAP 5 year data). Also shown is
the correlation function for the ILC map with and without
the mask, and the value expected for a statistically isotropic
sky with best-fit ⇤CDM cosmology together with 68% cosmic
variance error bars. Even by eye, it is apparent that masked
maps have C(✓) that is consistent with zero at ✓ >⇠ 60 deg.
We also show the C(✓) computed from the “o�cial” pub-
lished maximum likelihood estimator-based C`. Clearly, the
MLE-based C`, as well as C(✓) computed from the full-sky
ILC maps, are in significant disagreement with the angular
correlation function computed from cut-sky maps. Adopted
from Ref. [31].

skies had lower values of S1/2 than the observed one-year
WMAP sky.

Applying this statistic we have found that the two-
point function computed from the various cut-sky maps
shows an even stronger lack of power, for WMAP 5 year
maps significant at the 0.037%-0.025% level depending on
the map used; see Fig. (5). However, we also found that,
while C(✓) computed in pixel space over the masked sky
agrees with the harmonic space calculation that uses the
pseudo-C

`

estimator, it disagrees with the C
`

obtained
using the MLE (advocated in the 3rd year WMAP re-
lease [4]). The MLE-based C

`

lead to C(✓) that is low
(according to the S1/2 statistic) only at the 4.6% level.

There are actually two interesting questions one can
ask:

(i) Is the correlation function measured on the cut sky
compatible with cut-sky expectation from the Gaus-
sian random, isotropic underlying model?

(ii) Is the reconstruction of the full sky correlation func-
tion from partial information compatible with the
expectation from the Gaussian random, isotropic
underlying model?

Our results refer to the first question above. The second
question, while also extremely interesting, is more di�-
cult to be robustly resolved because the reconstruction
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FIG. 6. The two-point angular correlation function from the
WMAP 5 year results. Plotted are C(✓) for the ILC calcu-
lated separately on the part of the sky outside the KQ75 cut
(dashed line), inside the KQ75 cut (dotted line), and on the
part of the sky with at least on point inside the KQ75 cut
(dotted-dashed line). For better comparison to the full-sky
C(✓) (solid line), the partial-sky C(✓) have been scaled by the
fraction of the sky over which they are calculated. Adopted
from Ref. [31].

uses assumptions about statistical isotropy (see the next
subsection).
The little large-angle correlation that does appear in

the full sky maps (for example the solid, black line in
Fig. 5) is associated with points inside the masked region.
Shown in Fig. 6 are the normalized contributions to C(✓)
from di↵erent parts of the map. In particular, we see that
almost all of the contribution to the full sky two-point
angular correlation function comes from correlations with
at least one point inside the masked region. Conversely,
there is essentially no large-angle correlation for points
outside the masked region and even very little among the
points completely inside the mask. We also see that all
the curves cross zero at nearly the same angle, ✓ ⇠ 90�.
We have no explanation for these results though they
may point to systematics in the data.

C. Alternative Statistics

The two-point angular correlation function, C(✓), as
defined above in Eq. (15) is a simple pixel based measure
of correlations. It makes no assumptions about the un-
derlying theory, which can be taken as a feature or as a
flaw. On the positive side, Eq. (15) does not assume that
the standard model is correct and try to “force” it on the
data. On the negative side we are not utilizing the full
information available when comparing to the standard
model.
Various approaches have been taken to incorporate the
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global properties: 

without boundary, size, isometries, 
simple vs. multi-connectedness,…

local properties: angles, 

distances, areas, parallelism,…

the geometry of the Universe?

the topology of the Universe?

UNI-VERSO

The form of the Universe



3D geometry

Euclidian Postulate #5

Attention: these are 2D exms.!

What is the relation between Euclides, Riemann, and Lobachevsky geometries?
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simple vs. multiple-connectedness
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Large angular scale CMB anomalies 
•  Few reports on breakdown of statistical isotropy of CMB at large angular scales 

(consistent for WMAP and Planck data): 

•  Lack of correlation at large scales 

•  Hemispherical asymmetry 

•  Quadrupole-octopole alignment 

•  Power spectrum asymmetry 

•  Power spectrum deficit for large scales (l < 50) 

•  Low variance 

•  Point-parity asymmetry 

•  The cold spot 

•  ... 

Rencontres de Moriond, 2016 

Pavel Bielewicz, 2016



“extraordinary claims require extraordinary evidence” C. Sagan

,
)
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CMB anomalies         anisotropic Universe?

Anomalies

Cosmic Topology
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Is the CMB sphere anomalous?

- Quadrupole-Octopole alignment

- Hemispherical asymmetry

- Lack of large-angle correlations

- Low quadrupole: C2 << 1150 muK (LCDM)
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Is the CMB sphere anomalous?

- Quadrupole-Octopole alignment

- Hemispherical asymmetry

- Lack of large-angle correlations

- Low quadrupole: C2 << 1150 muK (LCDM)
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quadrupole

intrinsic

modulation

modulated

WMAP

octopole

-33.8 23.9µK -37.1 37.1µK

-39.1 34.5µK -43.0 43.0µK

-18.2 18.2µK -33.7 33.7µK

FIG. 7. A realization of the multiplicative model where the
quadrupole (left column) and octopole (right column) exhibit
an alignment similar to WMAP. First row: intrinsic (unmodu-
lated) sky from a Gaussian random isotropic realization. Sec-
ond row (single column): the quadrupolar modulation with
f = �1 and w2 = �7 (see Eq. (21)) in the dipole direction.
Third row: the modulated sky of the observed CMB. Fourth
row: WMAP full-sky quadrupole and octopole. Adopted from
Ref. [40].

a factor of exp (16/2) and, at the same time, increase the
probability of obtaining a sky with more alignment (e.g.
higher angular momentum statistic) 200 times, to 45%;
see Fig. 7. Indeed, Groeneboom et al. [42], building on
the work of Groeneboom & Eriksen [43] and Hanson &
Lewis [44] and motivated by a model due to Ackerman
et al. [45], have identified a 9� quadrupolar power asym-
metry, recently confirmed by the WMAP team [46]; this
anomaly can, however, be fully explained by accounting
for asymmetric beams [47]. Recently, Hoftuft et al. [48]
found a greater than 3-� evidence for nonzero dipolar
modulation of the power.

B. Astrophysical explanations

One fairly obvious possibility is that there is a perni-
cious foreground that contaminates the primordial CMB
and leads to the observed anomalies. Such foregrounds
are, of course, additive mechanisms, in the sense of the
preceding section, and so su↵er from the shortcomings
described therein. Moreover, most such foregrounds are
Galactic, while the observed alignments are with respect
to the ecliptic plane. One would expect that Galactic
foregrounds should lead to Galactic and not ecliptic fore-
grounds. This simple expectation was confirmed in [14],
where we showed that, by artificially adding a large ad-
mixture of Galactic foregrounds to WMAP CMB maps,
the quadrupole vectors move near the z-axis and the nor-
mal into the Galactic plane, while for the octopole all

three normals become close to the Galactic disk at 90�

from the Galactic center. Therefore, as expected Galac-
tic foregrounds lead to Galactic, and not ecliptic, corre-
lations of the quadrupole and octopole (see also studies
by [49, 50]).
Moreover, in [14], we have shown that the known

Galactic foregrounds possess a multipole vector struc-
ture very di↵erent from that of the observed quadrupole
and octopole. The quadrupole is nearly pure Y22 in the
frame where the z-axis is parallel to the dipole (or ŵ(2,1,2)

or any nearly equivalent direction), while the octopole is
dominantly Y33 in the same frame. Mechanisms which
produce an alteration of the microwave signal from a rel-
atively small patch of sky — and all of the recent pro-
posals fall into this class — are most likely to produce
aligned Y20 and Y30. This is essentially because the low-`
multipole vectors will all be parallel to each other, lead-
ing to a Y

`0 in this frame.
A number of authors have attempted to explain the

observed quadrupole-octopole correlations in terms of a
new foreground — for example the Rees-Sciama e↵ect
[38, 51], interstellar dust [52], local voids [53], or the
Sunyaev-Zeldovich e↵ect [54]. Most if not all of these
proposals have a di�cult time explaining the anomalies
without severe fine tuning. For example, Vale [55] clev-
erly suggested that the moving lens e↵ect, with the Great
Attractor as a source, might be responsible for the extra
anisotropy; however Cooray & Seto [56] have argued that
the lensing e↵ect is far too small and requires too large
a mass of the Attractor.
It is also interesting to ask if any known or unknown

Solar system physics could lead to the observed align-
ments. Dikarev et al. [57, 58] studied the question of
whether solar system dust could give rise to sizable levels
of microwave emission or absorption. Surprisingly, very
little is known about dust grains of mm to cm size in
the Solar system, and their absorption/emission prop-
erties strongly depend on their chemical composition.
While iron and ice particles can definitely be excluded
to contribute at significant levels, carboneous and sili-
cate dust grains might contribute up to a few µK close
to the ecliptic plane, e.g. due to the trans-Neptunian ob-
ject belt. Such an extra contribution along the eclip-
tic could give rise to CMB structures aligned with the
ecliptic, but those would look very di↵erent from the ob-
served ones. On top of that, Solar system dust would
be a new additive foreground and could not explain the
lack of large angle correlations. Thus it seems unlikely
that Solar system dust grains cause the reported large an-
gle anomalies, nevertheless they are sources of microwave
absorption and emission and may become important to
precision measurements in the future.
Finally, it has often been suggested to some of us in

private communications that the anomalies may not re-
flect an unknown foreground that has been neglected,
but rather the “mis-subtraction” of a known foreground.
However, it has never quite been clear to us how this
leads to the observed alignments or lack or large angle

… planar and aligned  

Quadrupole-Octopole alignment

Why is this a CMB anomaly?
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Fig. 2. N -point correlation functions determined from the N

side

=64 Planck CMB 2015 temperature maps. Results are shown for
the 2-point, pseudo-collapsed 3-point (upper left and right panels, respectively), equilateral 3-point, and connected rhombic 4-point
functions (lower left and right panels, respectively). The red dot-dot-dot-dashed, orange dashed, green dot-dashed, and blue long
dashed lines correspond to the Commander, NILC, SEVEM, and SMICA maps, respectively. Note that the lines lie on top of each other.
The black solid line indicates the mean determined from 1000 SMICA simulations. The shaded dark and light grey regions indicate
the corresponding 68 % and 95 % confidence regions, respectively. See Sect. 4.3 for the definition of the separation angle ◊.
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Since this factorization is still valid in the weakly non-

Gaussian case, we can use the normalized MFs, v
k

, to focus
on deviations from Gaussianity, with a reduced sensitivity
to cosmic variance.

Apart from the characterization of the MFs using full-
resolution temperature sky maps, we also consider results
at di�erent angular scales. In this paper, two di�erent ap-
proaches are considered to study these degrees of freedom:
in real space via a standard Gaussian smoothing and degra-
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Fig. 2. N -point correlation functions determined from the N

side

=64 Planck CMB 2015 temperature maps. Results are shown for
the 2-point, pseudo-collapsed 3-point (upper left and right panels, respectively), equilateral 3-point, and connected rhombic 4-point
functions (lower left and right panels, respectively). The red dot-dot-dot-dashed, orange dashed, green dot-dashed, and blue long
dashed lines correspond to the Commander, NILC, SEVEM, and SMICA maps, respectively. Note that the lines lie on top of each other.
The black solid line indicates the mean determined from 1000 SMICA simulations. The shaded dark and light grey regions indicate
the corresponding 68 % and 95 % confidence regions, respectively. See Sect. 4.3 for the definition of the separation angle ◊.
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proaches are considered to study these degrees of freedom:
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Is the CMB sphere anomalous?

- Quadrupole-Octopole alignment

- Hemispherical asymmetry

- Lack of large-angle correlations

- Low quadrupole: C2 << 1150 muK (LCDM)



Anomalias na RCF: assimetria Norte-Sul

Primeiro detectada, por Eriksen et al. (2003), nos hemis. Galác. �

� AB, T. Villela, C.A. Wuensche, R. Leonardi, I. Ferreira, A&A 2006

However, NS-asymmetry is maximal in the hemispheres:

How one can find the asymmetric hemispheres?

AB, B. Mota, R. Tavakol, M.J. Rebouças, A&A 2007

However, NS-asymmetry is maximal in the hemispheres:

How one can find the asymmetric hemispheres?

AB, B. Mota, R. Tavakol, M.J. Rebouças, A&A 2007

WMAP3, 2006

Hemispherical asymmetry
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Planck Collaboration: Cosmological parameters
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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In the last ~23 years of CMB-anomalies literature: 

- dozens of models (hypotheses, explanations,..)

- hundreds of papers (data analyses &/ models) 

- thousands of citations 

(1) the correct model/solution should explain all the CMB anomalies!


(2) the model should provide one global preferred axis!

What we conclude:



B. Mota et al. astro-ph/0309371

“a generic detectable non-flat manifold is locally indistinguishable from either a cylindrical (R2×S1) 
or toroidal (R×T2) manifold, irrespective of its global shape, with the former being more likely”

Suitability: cosmic topology provides manifolds with 

             one global preferred axis, but…which one?

Why not study features there …

“If the universe underwent an inflationary phase st:   

                          , then

|⌦K | < 0.005

R2 ⇥ S1

R⇥ T2

Planck XIII, arXiv:1502.01589

|⌦0 � 1| = |⌦K | ⌧ 1

Current limit:

Motivation:



M3 = R2 ⇥ S1

with the current limit: L/�rec > 1.12

L/�rec = 0.5

toy-slab:

the slab-space (3d):

!"#$ !.#&'%
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1�

R2 ⇥ S1

Proposal of solution: slab-space
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FIG. 2: Mean 2PACF C(✓) from simulations of a slab topol-
ogy with Lz/�rec

= {1.15, 1.4, 1.9} (with orientation [i]), and
from the statistically isotropic ⇤CDM simulations. “One-
sigma” cosmic-variance regions for Lz/�rec

= 1.4 (blue) and
SI (grey) are shown.

CMB maps log[S1/2]
p (%) p (%) p (%) p (%)
[a] [b] [c] [d]

SMICA 3.39 40.0 15.2 3.3 0.3
SEVEM 3.40 41.9 15.7 3.6 0.3
NILC 3.42 43.9 17.0 3.8 0.3

Commander 3.43 45.1 17.5 4.1 0.4

TABLE I: p-values for the PDF of the S1/2 values
obtained comparing the four foreground-cleaned Planck
maps [20] to ensembles of 103 simulations for each of the
Lz/�rec

= (1.15, 1.4, 1.9,1) (respectively models [a], [b], [c]
and [d].)

topologies in comparison with SSMICA

1/2

, for the four chosen

directions ([i]-[iv]).
For the simply connected (statistically isotropic) case

[d], these p-values are consistent with those found in [10]
and quite small, p ' 0.3%. Smaller L

z

increases that p.
The smallest slab (L

z

= 1.15�
rec

) produces quite high
p-values (p ' 40%) but appears, at least by eye to over-
suppress large-angle C(✓) and low-` C

`

. The largest slab
(L

z

= 1.9�
rec

) produces significant gains in the S
1/2

p-
value compared to the covering space (p ' 3%), but
seems to under-suppress C(✓) and low-` C

`

. L
z

= 1.4�
rec

appears to be the Goldilocks value – just the right sup-
pression of both C(✓) and C

`

, and a credible p ' 15%
for the observed S

1/2

. We caution the reader that a sim-
ple chi-square test is inconclusive in deciding among the
models for C(✓).

A Bayesian analysis carried out by the Planck team
with their 2015 data found that, for the slab topology,
L > 1.12�

rec

at the 99% confidence level [3]. Despite
including a back-to-back matched-circles search [24] ap-
plicable to the slab topology, this Planck limit is un-
expectedly weaker than the equivalent WMAP limit of
L
z

& 1.9�
rec

[5]. However, the Planck circle search, used

Orientation \ data sets
p (%) p (%) p (%) p (%)
[a] [b] [c] [d]

[i] 40.4 15.2 3.3 0.3
[ii] 43.2 14.3 4.3 0.3
[iii] 39.1 12.2 3.5 0.3
[iv] 36.4 10.8 3.1 0.3

TABLE II: p-values for S1/2 of the SMICA map among simu-
lated ensembles for Lz/�rec

= (1.15, 1.4, 1.9,1) (i.e., models
[a], [b], [c] and [d]); and for the four orientations specified in
the text.

a sky with approximately 25% of the pixels masked –
mostly near the Galactic plane. Such masking is typically
dictated by the presence of Galactic foregrounds. The
matched circles (or other correlations) of a slab topol-
ogy are easily hidden in the masked region. In contrast,
the WMAP search recognized that the circle search re-
lies predominantly on the Sachs-Wolfe e↵ect at the LSS,
which is dominated by contributions in the first Doppler
peak of the CMB at ` ' 200. This small-angular-scale
signal is believed to be accurately represented in full-sky
foreground-cleaned maps, so [5] used the full-sky Inde-
pendent Linear Combinations (ILC) map, originally de-
veloped precisely for this search. The same search was
repeated for the Planck 2013 maps, and a marginally
more stringent unpublished limit was obtained [6]. A
L
z

/�
rec

= 1.4 slab topology is thus firmly ruled out.
Meanwhile, the slab topology also does not explain

other large-angle anomalies – the parity anomaly [25],
the dipole asymmetry [13] (a.k.a. low northern vari-
ance [15, 26]), quadrupole-octopole planarity and align-
ment [27].
Conclusions: Large-angle CMB anomalies discovered

in COBE or WMAP data persist after Planck. No sat-
isfactory explanation has yet been proposed. We have
explored the lack of large-angle correlations as a possible
manifestation of a compact direction in the Universe, as
modeled by the slab topology R2⇥S1. We considered en-
sembles of simulated CMB maps consistent with a single
compact dimension of size L

z

/�
rec

= 1.15, 1.4, 1.9 rela-
tive to the LSS. We compared their ability to reproduce
Planck observations with simulations of the flat covering
space.
In a slab topology, the Sachs-Wolfe temperature fluc-

tuations were able to reproduce the observed suppres-
sion of large-angle correlations (small C(✓ & 60�) lead-
ing to small S

1/2

) simultaneously with the observed
low-` angular power spectrum, with its heavily sup-
pressed quadrupole, mildly suppressed octopole, and un-
suppressed higher multipoles (relative to the covering
space). A slab space with L

z

/�
rec

= 1.4 best reproduced
the qualitative features of C(✓) and C

`

seen in Planck
maps, and increased the p-value of S

1/2

from the cover-
ing space’s ⇠ 0.3% to ⇠ 15%. The ISW will not spoil
low S

1/2

[28].
Yet, a L

z

= 1.4�
rec

compact dimension is in conflict
with limits from WMAP and Planck. Also, this topol-
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ABSTRACT

We investigate the large-scale angular distribution of the short gamma-ray bursts (SGRBs) from BATSE experi-
ment, using a new coordinate-free method. The analyses performed take into account the angular correlations induced
by the nonuniform sky exposure during the experiment, and the uncertainty in the measured angular coordinates.
Comparing the large-scale angular correlations from the data with those expected from simulations using the expo-
sure function, we find similar features. In addition, confronting the large-angle correlations computed from the data
with those obtained from simulated maps produced under the assumption of statistical isotropy, we found that they are
incompatible at 95% confidence level. However, such differences are restricted to the angular scales 36!Y45!, which
are likely to be due to the nonuniform sky exposure. This result strongly suggests that the set of SGRBs from BATSE
are intrinsically isotropic. Moreover, we also investigated a possible large-angle correlation of these data with the
supergalactic plane. No evidence for such large-scale anisotropy was found.

Subject headinggs: gamma rays: bursts — large-scale structure of universe — methods: statistical

1. INTRODUCTION

The apparent isotropy in the large-scale angular distribution of
the gamma-ray bursts (GRBs) is a long-standing debate (Meegan
et al. 1992; Briggs et al. 1996; Tegmark et al. 1996; Piran & Singh
1997; Metzger et al. 1997; Balázs et al. 1998; Mészáros et al.
2000). Since the first detectionwith the VELA satellite (Klebesadel
et al. 1973), the origin of these highly energetic events has remained
a challenge. Even if the origin of GRBs turns out to be extraga-
lactic or cosmological, as suggested by current data (see, e.g., Piran
2005; Zhang &Mészáros 2004; Mészáros 2002, 2006 and refer-
ences therein), this does not ensure that their distribution is iso-
tropic. Up to now, no dominant anisotropies has been found in the
angular distribution of GRBs. However, if detected, small aniso-
tropic effects may reveal valuable information about their origin.
In addition, the discovery of a large angular scale pattern in the sky
distribution of GRBs may be useful to identify their sources by
cross-correlating themwith catalogs of cosmic objects, e.g., early-
type galaxies, hardX-ray sources, etc. (Briggs et al. 1996; Tegmark
et al. 1996; Piran 2005; Mészáros 2006).

The reported statistical analyses of the all-sky survey data from
BATSE show that their large-scale angular distribution is consis-
tent with isotropy (Piran 2005; Mészáros 2006), although aspects
like observational artifacts have not been fully considered in some
of these studies. It is well known that anisotropies with distinct
origins manifest themselves on different angular scales and with
different magnitudes. In this connection, it is reasonable to consider
different approaches that can, in principle, provide information
about multiple types of anisotropy, imprinted as angular correla-
tion signatures (ACSs), that may be possibly present in the data.

Here we apply a new coordinates-free method to search for
large-scale ACSs ("18!) in a subset of the BATSE GRB data
(Meegan et al. 2000), namely, the short GRBs, and then investi-
gate their significance levels through the comparison with a large
number of Monte Carlo maps. Such simulated maps were pro-
duced under similar conditions as the catalog under analysis, that
is, taking into account the nonuniform sky exposure of BATSE
and the uncertainty in the coordinatesmeasurements. Furthermore,

for completeness, we also compare the ACSs of the catalog of
GRBs with those corresponding to statistically isotropic Monte
Carlomaps. Finally, we also investigated the possible large-scale
angular correlation between the set of short GRBs and the super-
galactic plane, in an attempt to search for likely host galaxies of
these events (as recently suggested by Ghirlanda et al. 2006).
The outline of this paper is as follows: In x 2 we use GRBs data

from the BATSE experiment to determine the short GRBs catalog
to be investigated, and in x 3, we describe the method em-
ployed in such studies. The data analyses and results are shown
in x 4, and finally in x 5 we formulate our conclusions.

2. THE SHORT GRBs FROM BATSE CATALOG

The physical analysis of GRBs utilizes their temporal and
spectral properties (Fishman & Meegan 1995). Despite the dif-
ferent light curves observed in the spectra of GRBs, a useful pa-
rameter to classify them is the burst duration T90 , defined as the
time interval during which 90% of the fluence is measured. The
current BATSE catalog 4Bc (Meegan et al. 2000) contains 2702
events, whereas only 2037 GRBs have their parameter T90 mea-
sured (Meegan et al. 2000).
At first, the T90 value was used to divide the set of GRBs into

two different subclasses: the short GRBs (SGRBs), with T90 <
2 s, and the long GRBs, with T90k10 s (Kouveliotou et al. 1993;
Zhang & Mészáros 2004; Mészáros 2002, 2006). However, the
use of this definition of SGRBs is instrument dependent and is
susceptible to observational biases (Hakkila et al. 2007a). For
this reason, one should consider in addition to the T90 criterion,
the parameter HR3=21 (Mukherjee et al. 1998), which is defined
as the 100Y300 keV fluence divided by the 25Y100 keV fluence
of eachGRB inBATSE 4Bc (Hakkila et al. 2007a, 2007b). Thus,
the appropriate definition for a catalog of SGRBs is (Hakkila
et al. 2007a,2007b): C ¼{516 events with 2 s $ T90 < 4:7 s and
HR3=21 > 3g.
With this information, and using a new coordinates-free method

to be described in the next section, we perform a detailed analysis
of the large-scaleACSpresent in the sky distribution of the SGRBs
from BATSE.
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Fig. 1.— Sigma-maps in galactic coordinates and
with a graticule of 30◦. Top: This map is the
average of 100 of sigma-maps each computed from
a Monte Carlo simulation of the sky distribution
of SGRB events according to the NUSE function.
Bottom: This is the sigma-map calculated from
the catalog C of BATSE SGRBs data.

6

Fig. 3.— Plot of the angular power spectra in the
form ℓ (ℓ+1)Sℓ versus ℓ. The dashed (dot-dashed)
line corresponds to the mean angular power spec-
trum of 1 000 sigma-maps, each one computed
from a Monte Carlo isotropic map (anisotropic
map, according to the NUSE function). The shad-
owed region corresponds to 2 standard deviations
of the isotropic case. Together with these data we
plotted the angular power spectrum of the SGRBs
listed in C, represented as bullets.
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Planck Collaboration: Cosmological parameters
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.
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Abstract. Precise measurements of the Planck cosmic microwave background (CMB) angular
power spectrum (APS) at small angles have stimulated accurate statistical analyses of the
lensing amplitude parameter AL. To confirm if it satisfies the value expected by the flat-
�CDM concordance model, i.e. AL = 1, we investigate the spectrum di�erence obtained as
the di�erence of the measured Planck CMB APS and the Planck best-fit �CDM APS model.
To know if this residual spectrum corresponds to statistical noise or if it has a hidden signature
that can be accounted for with a larger lensing amplitude AL > 1, we apply the Ljung-Box
statistical test and find, with high statistical significance, that the spectrum di�erence is not
statistical noise. This spectrum di�erence is then analysed in detail using simulated APS,
based on the Planck �CDM best-fit model, where the lensing amplitude is a free parameter.
We explore di�erent binnations of the multipole order ¸ and look for the best-fit lensing
amplitude parameter that accounts for the spectrum di�erence in a ‰2 procedure. We find
that there is an excess of signal that is well explained by a �CDM APS with a non-null lensing
amplitude parameter Alens, with values in the interval [0.10, 0.29] at 68% confidence level.
Furthermore, the lensing parameter in the Planck APS should be 1 + Alens > 1 at ≥ 3‡ of
statistical confidence. Additionally, we perform statistical tests that confirm the robustness
of this result. Important to say that this excess of lensing amplitude, not accounted in the
Planck’s flat-�CDM model, could have an impact on the theoretical expectation of large-
scale structures formation once the scales where it was detected correspond to these matter
clustering processes.
Keywords: cosmological parameters from CMBR, CMBR experiments
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