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Antes de começar deixem-me contar para vocês: 
as perguntas que começam com “Por que?” 
são as mais difíceis de responder. 
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LESSON 2

The background and the clumpy spacetimes



Tycho Brahe

1. Orbits are ellipses
2. A1=A2
3.

<latexit sha1_base64="NPpVr6mkJxIMClklgCc1Sa9IQSs="></latexit>

T 2 / R̄3

A1

A2

Observations

Model

Johannes Kepler

Observations determine the correct Model!

0



Is gravity a special force? Yes!

Gravity is distinguished from all other forces: all bodies given the 
same initial velocity follow the same trajectory in a gravitational 
field, regardless of their internal composition

Neither Minkowski spacetime nor the theory 
of special relativity works to describe  
(accelerated particles in) gravitational fields!

Conclusion I:

We need to construct a curved spacetime 
to describe gravitational fields!

Conclusion II:

There is no single freely falling global frame which is everywhere
freely falling in Earth’s gravitational field and which is still rigid

Conclusion 0:

1



G.F.B. Riemann (1826-1866) A. Einstein (1879-1955)

Differential geometry General Relativity
<latexit sha1_base64="neAbVkV3MxDXxSlisiTaIMDhITs="></latexit>

G↵� ⌘ R↵� � 1

2
Rg↵� =

8⇡

c4
T↵�

<latexit sha1_base64="0Adz0BPN9q4YB+/zoJxlwyDw/7s="></latexit>

R↵
�µ⌫

2



<latexit sha1_base64="4pekLPzh8CCCy/4EzabKaNYt9qU="></latexit>

ds2 = �c2dt2 + dx2Minkowski spacetime

Curved  
spacetime 
of a mass 

<latexit sha1_base64="12ybaY6vnR38vPonTNtS616thBk="></latexit>

M

<latexit sha1_base64="12ybaY6vnR38vPonTNtS616thBk="></latexit>

M

<latexit sha1_base64="y4+C4KdvWgFZFkUXX11PpdRyhsc="></latexit>

ds2 = �c2(1� 2GM

c2r
)dt2 + (1� 2GM

c2r
)�1dx2

3

*

*Schwarzschild metric



Minkowski spacetime Curved spacetime

<latexit sha1_base64="sktnM7wd/wW2vwGjH6xS62DORyI="></latexit>

M

<latexit sha1_base64="/iX29Rd43WDM4NqomZ6JO6i/Sjs="></latexit>

� = �GM/rAs a particular case  ,  is the gravitational potential of a mass M.
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More generally, the perturbed metric describes the clumpy spacetime:
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 ,  is the gravitational potential of a mass-density fluctuation
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cosmic time

(physical space)

Expanding spacetime:  the Hubble flow

3-space
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ds2 = �c2dt2 + a2(t)[dr2 + r2d⌦2]

Edwin Hubble, 1929
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Newtonian theory of gravitation
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Newton eq. for a particle, mass  , in a central field

angular momentum conservation
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particle in a central grav. potential
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energy conservation

performing the anti-derivative, one obtains:
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Perguntas: 
o que representam,
para a partícula 
num campo central,
ter energia total: 
E_1, E_2, E_3, E_4? 
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?

Motion information without formulas 
(from energy conservation)

- mov. limitado?

- mov. ilimitado?
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Motion information without formulas 
(from energy conservation)

Pergunta: o que carateriza os 
pontos de interseção da energia 
total com o potencial efetivo?
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2. A1=A2

A1

A2

e de:
2)será que estão 
relacionados?

Perguntas:

1) Quem descobriu a lei da conservação 
do momentum angular?
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Perguntas:

1) Quem descobriu a lei da conservação 
do momentum angular?

Exercício: M’q'
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e de:
2)será que estão 
relacionados?
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2. A1=A2

A1

A2
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With a change of variable, u=1/r, one can solve 
the diff. eq. of particle’s motion:
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But, astronomical observations 
show us a problem:

●
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But, astronomical observations 
show us a problem:

Orbital precession of Mercury

●
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Orbital precession of Mercury

But, astronomical observations 
show us a problem:

Why?

●
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Because space and time (vulgo: spacetime) are not Newtonian!
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Corollary: A gravitational field induces

a time dilation in the spacetime metric



From Newtonian theory of gravitation we learned: 
(i) the universality of conservation laws;
(ii) to develop perturbative calculus of Newton eqs.
(iii) the (concept of) gravitational potential is 
more useful than force, …

the concept of field     is born!
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Siméon-Denis Poisson (1781 - 1840) 
matemático e físico francês

Laplace e Lagrange foram professores de Poisson
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The background spacetime and the clumpy Universe

Edwin Hubble, 1929



Hubble, 1929

Relatório – Catálogo Alfalfa 

 

A partir do catálogo do Alfalfa selecionei os objetos de código 1 por ser um critério de 

confiabilidade da observação, esse critério te diz o quanto se pode confiar que é HI. 

Nesse catálogo os objetos com velocidade acima de 6000 km/s foram mapeados 

utilizando modelos cosmológicos, o grupo do Alfalfa que determinou esse valor mas 

acredito que seja por estarem mais distantes e a precisão não ser tão boa, por esse 

motivo fiz um corte e selecionei objetos com velocidade até 6000 km/s; estamos 

interessados em dados observacionais. 

O primeiro ajuste linear ficou desta forma: 

 

   

 

 

expected

observed

The problem:

velocidade
observada

velocidade
esperada
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a = T0/T

Considere um gas de fótons em equilibrio termodinâm. 
(        ) em um elemento de volume que expande 
com o Universo:

dQ = 0

⇥� = �T 4

V = V0 a(t)3

Da 1ra. lei da termodinâmica (+proc. adiabático):

dQ = dE + p dV ) �p�
dV

dt
=

dE�

dt

E = E� = ⇥�V = � T 4 V

p = p� = � T 4/3

um pouco de termodinâmica

p� = ! "� Excercise

+

spacetime 
metric

spacetime

3D-space

The proposal:
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The expanding Universe: Hubble flow

Hubble, 1929

v = H0 r



The Robertson-Walker (RW) metric of a homogeneous and isotropic spacetime is

where denotes de metric of a maximally symmetric 3-space, and 
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Hubble flow: the Friedmann-Lemaître-Robertson-Walker spacetime



Hubble flow: the Friedmann-Lemaître-Robertson-Walker spacetime

The Robertson-Walker (RW) metric of a homogeneous and isotropic spacetime is

where denotes de metric of a maximally symmetric 3-space, and 
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is the scale factor. For flat 3-space,  
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One can also write the RW metric in the form
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(r, ✓,') are the spherical coordinates 



Gaussian curvature:
R0

R0

R0

R0 ⇠ 1

= zero curvature
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Johann Carl Friedrich Gauss



A child prodigy: Carl Friedrich Gauss

https://www.youtube.com/watch?v=cD9rI4wSc7o (4 minutes)

miscelânea:
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4 spacetime geometry:
metric, metric derivatives, 
curvature (intrinsic!)

matter-energy content: 
physical prop., 
conservation laws

Geometry Dynamics

Einstein equations

) Friedmann equationsrepresents a perfect fluid*
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* see the Appendix Perfect Fluids



kinematic viscosity  ν = η/ρ 

viscosity <latexit sha1_base64="siZGXw2mPinm542Do9p3nRh1Y9w="></latexit>⌘

thermal conductivity  

Perfect Fluids

Fluid equation of state dependence: thermodynamic variables 
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For a perfect fluid*:
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*perfect fluid: homogeneous, isotropic, adiabatic,             , non-viscous, non-shear, etc.
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Appendix Perfect Fluids
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T↵� = diag(�c2⇢, p, p, p)Eq. of State:

….
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Friedmann equation(s)

H(t)2 =
8⇡G

3
⇢(t)� k c2

R2
0 a(t)

2

Alexander Friedmann 



Assuming that the Universe is filled with a perfect fluid, one 
solves the Einstein equations and find the Friedmann eq.

defining: H(t) ⌘ ȧ(t)

a(t)

H(t)2 =
8⇡G

3
⇢(t)� k c2

R2
0 a(t)

2
Friedmann equation

ȧ(t)2

a(t)2
=

8⇡G

3
⇢(t)� k c2

R2
0 a(t)

2
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Understanding, physically, the Friedmann eq.
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0 ȧ(t)
2 � 8⇡G

6
R2

0 a(t)
2⇢(t) = �1

2
k c2

<latexit sha1_base64="gaiRBRjhYyQLgxF19al6PQK1sxw="></latexit>

Ek + Ue↵ = E0

“Analogous"* to the Newtonian energy conservation law)
* Lembrando que toda analogia é limitada.

desfiando eq-Friedmann ȧ(t)2

a(t)2
=

8⇡G

3
⇢(t)� k c2

R2
0 a(t)

2

Kinetic energy? Potential energy? Total energy?



Understanding, physically, the Friedmann eq.
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Kinetic energy? Potential energy? Total energy?

* Lembrando que toda analogia é limitada.

?

dimensão??

“Analogous"* to the Newtonian energy conservation law)

desfiando eq-Friedmann
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Matter-energy conservation equation

a = T0/T

Considere um gas de fótons em equilibrio termodinâm. 
(        ) em um elemento de volume que expande 
com o Universo:

dQ = 0

⇥� = �T 4

V = V0 a(t)3

Da 1ra. lei da termodinâmica (+proc. adiabático):

dQ = dE + p dV ) �p�
dV

dt
=

dE�

dt

E = E� = ⇥�V = � T 4 V

p = p� = � T 4/3

um pouco de termodinâmica

p� = ! "� Excercise
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a = T0/T

Considere um gas de fótons em equilibrio termodinâm. 
(        ) em um elemento de volume que expande 
com o Universo:

dQ = 0

⇥� = �T 4

V = V0 a(t)3

Da 1ra. lei da termodinâmica (+proc. adiabático):

dQ = dE + p dV ) �p�
dV

dt
=

dE�

dt

E = E� = ⇥�V = � T 4 V

p = p� = � T 4/3

um pouco de termodinâmica

p� = ! "� Excercise
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From the 1st law of thermodynamics:
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Why?

matter-energy
conservation equation

<latexit sha1_base64="4dQwGZNMHPjbY6dlcJzyOjEdEno="></latexit>

E = "V = c2⇢V

<latexit sha1_base64="h6r0wPFMJ763nPnY3rVCXtmfdKw="></latexit>

V = V0 a(t)
3

<latexit sha1_base64="td8mD1P903dq8m62YylNBgfQChA="></latexit>

T↵�
;� = 0



CMB black-body radiation

"(f) =
8⇡h

c3
f3

exp(hf/kT )� 1

black-body radiation



What a harmonic oscillator does?

Black-body Radiation



Vocês sabem o que e’ um corpo negro termodinâmico?

(i.e., um objeto que radia com o espectro típico de corpo negro)
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Vocês sabem o que é um corpo negro termodinâmico?

(i.e., um objeto que radia com o espectro típico de corpo negro)

F. Reif, Física Estatística (vol.5, coleção Berkeley)

F. Reif, Fundamentos de física estatística e térmica

�t



o espectro de radiação dos corpos:

corpo negro

Exemplos de espectros



espectro de radiação 

de corpo negro

"� ⌘
Z 1

0
"(f)df = ↵T 4



The metric of the RW space-time is

where the function, a = a(t), termed the scale factor, is a

ds2 = �c2dt2 + a(t)2 [dr2 + r2d⌦2]

well-defined function of the cosmic time    , why?t



The metric of the RW space-time is

where the function, a = a(t), termed the scale factor, is a

well-defined function of the cosmic time    , why?t

)
Due to the
black-body
nature of 
the CMB

ds2 = �c2dt2 + a(t)2 [dr2 + r2d⌦2]

T (t) =
a0 T0

a(t)



In other words for the RW metric hypothesis, the fact that 
the CMB radiation is of a black-body type implies:

t = a�1[1/T ]

Thermal

history

of the 

Universe

for this reason, it makes sense to talk about the

= the cosmic time is well-defined!t

T (t) =
a0 T0

a(t)
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a(t) = a0 T0
T (t)) )



The expanding Universe and the fluid thermodynamics

T (t) =
a0 T0

a(t)

⇢� / a(t)�4
Corollary:
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Universe expansion and Thermodynamics

Consider a gas of photons in thermo-
dynamical equilibrium at    :
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"� = � T 4

in a volume     that expands with the Universe:
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V = V0 a(t)
3
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� T 4

Excercise:
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"� = � T 4What does this relation                   means? 

energy density of

the photons gas
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T

equation of state 

(of the fluid)

a = T0/T

Considere um gas de fótons em equilibrio termodinâm. 
(        ) em um elemento de volume que expande 
com o Universo:

dQ = 0

⇥� = �T 4

V = V0 a(t)3

Da 1ra. lei da termodinâmica (+proc. adiabático):

dQ = dE + p dV ) �p�
dV

dt
=

dE�

dt

E = E� = ⇥�V = � T 4 V

p = p� = � T 4/3

um pouco de termodinâmica

p� = ! "� Excercise

energy of the 
photons gas

)
)



�p�
dV

dt
=

dE�

dt

dividing all terms by: 

)

� V0 a(t)2 T 3

�T ȧ = 3T ȧ+ 4 a Ṫ [a(t)T (t)]˙ = 0

) a(t)T (t) = const.

T (t) =
a0 T0

a(t))

V = V0 a(t)
3 ; p� =

�

3
T (t)4 ; E� = � T (t)4 V0 a(t)

3 ; Ẋ ⌘ dX

dt

��

3
T 4 V0 3 a

2 ȧ = � T 4 V0 3 a
2 ȧ + � V0 a

3 4T 3 Ṫ
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dQ = dE + p dV

From the 1st law of thermodynamics in an adiabatic process (        )
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Simplifying the Friedmann eq.: 
Universe contents

⌦0 + ⌦k = 1

⌦0 ⌘ ⌦r + ⌦m + ⌦⇤



Critical density

⇢c(t) ⌘
3

8⇡G
H(t)2

We define the critical density as that required to the 3-space be flat,
i.e., the density such that the curvature of the 3-espace br k=0

H(t)2 =
8⇡G

3
⇢(t)� k c2

R2
0 a(t)

2

dividing the Friedmann eq.
by H(t)^2

Defining:

1 =
8⇡G

3

⇢(t)

H(t)2
� k c2

R2
0 a(t)

2H(t)2

1 =
⇢(t)

⇢c(t)
� k c2

R2
0 a(t)

2H(t)2

⌦(t) ⌘ ⇢(t)

⇢c(t)

)

) 1� ⌦(t) = � k c2

R2
0 a(t)

2H(t)2

which shows the case for one single component      ; what happens for more than one?⇢

Friedmann eq.



⌦k(t) ⌘ � k c2

R2
0 a(t)

2H(t)2

ou

1� ⌦(t) = � k c2

R2
0 a(t)

2H(t)2

1� ⌦(t) = ⌦k(t) ⌦(t) + ⌦k(t) = 1

For  t = today: ⌦0 + ⌦k = 1

Note that the symbols                                       are defined
for t = today, but we do not write them with sub-index zero

⌦m,⌦r,⌦⇤,⌦k

where ⌦0 ⌘ ⌦r + ⌦m + ⌦⇤

⌦ ! ⌦ ⌘ ⌦r + ⌦m + ⌦⇤

1� ⌦0 = ⌦k$



⌦0 ⌘ ⌦r + ⌦m + ⌦⇤

~ 10^(-5) ~ 0.3 ~ 0.7

MD

LD
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The Friedmann eq. and

the Universe epochs

H(t)2 =
8⇡G

3
⇢(t)� k c2

R2
0 a(t)

2



⇢̇ = �3
ȧ

a
(⇢+ p)

For Radiation:

Equation of state for a

perfect fluid (             ):

Matter-energy conservation eq.

p = !⇢
! = const.

⇢� = ⇢0 a
�4

! =
1

3)
Excercise



For Matter: ⇢m = ⇢0 a
�3

! = 0)
Excercise

⇢̇ = �3
ȧ

a
(⇢+ p)Matter-energy conservation eq.

Equation of state for a

perfect fluid (             ):! = const.

p = !⇢



⇢r ⇠ a�4

⇢m ⇠ a�3

a(teq) a

⇢

a(tm⇤)

a(trm)
a ⇠ t1/2

?
a ⇠ t2/3

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.0

0.5

1.0

1.5

2.0

⇢⇤ ⇠ const

RD universe MD universe

Universe content:
- photons 
- matter (barions + CDM) 
- lambda (cosmolog. const.)



Epochs of the primordial Universe:

Radiation dominated (RD):

⇢m � ⇢r

⇢r � ⇢m a = a0

✓
t

t0

◆1/2

a = a0

✓
t

t0

◆2/3

Matter dominated (MD):

a(t) ⇠ t
2

3(1+!)

Excercise: verify that 

⇢ ⇠ a�3(1+w)

! = 1/3, 0 (RD, MD) ! = 1/3, 0 (RD, MD)

Excercises: since the scale factor can be written as indicated, find

Excercise: verify that 
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The real Universe: 

how can one discover that the Universe is clumpy?

Figure 1: A face-on view of a slice 6,000 km s�1 thick, normal to the directionn of the pointing

vector r̂ = (0.604, 0.720,�0.342). The scale can be inferred from the signpost made of three 2000

km/s-long arrows anchored at the origin of Supergalactic Coordinate System (SGX,SGY,SGZ),

with Red, Green, Blue arrows associated with the SGX, SGY, SGZ axes, respectively. Three

different elements of the flow are presented: mapping of the velocity field by means of streamlines

(seeded randomly in the slice), red and grey surfaces present the knots and filaments of the V-web,

respectively and equipotential surfaces are shown in green and yellow. The potential surfaces are

enclosing the Dipole Repeller (in yellow) and the Shapley Attractor (in green) that dominate the

flow. The yellow arrow indicates the direction of the CMB dipole (gl = 276

�, gb = 30

�).

4

Until now we are talking about the background.



Hubble, 1929

Relatório – Catálogo Alfalfa 

 

A partir do catálogo do Alfalfa selecionei os objetos de código 1 por ser um critério de 

confiabilidade da observação, esse critério te diz o quanto se pode confiar que é HI. 

Nesse catálogo os objetos com velocidade acima de 6000 km/s foram mapeados 

utilizando modelos cosmológicos, o grupo do Alfalfa que determinou esse valor mas 

acredito que seja por estarem mais distantes e a precisão não ser tão boa, por esse 

motivo fiz um corte e selecionei objetos com velocidade até 6000 km/s; estamos 

interessados em dados observacionais. 

O primeiro ajuste linear ficou desta forma: 
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isotropic expansion
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condition that the fields are independent of the fifth coor-
dinate, and assumed instead that the fifth dimension is
rolled up in a tiny circle so that the fields are periodic in
that coordinate. Klein found that in this theory the part of
the metric tensor that links the fifth dimension to itself be-
haves like the wavefunction of an electrically charged par-
ticle, so for a moment it seemed to
Einstein that there was a chance
that not only gravitation and elec-
tromagnetism but also matter
would be governed by a unified
geometrical theory. Alas, it turned
out that if the electric charge of
the particle is identified with the
charge of the electron, then the
particle’s mass comes out too large
by a factor of about 1018.

It is a pity that Einstein gave
up on the Kaluza–Klein idea. If he
had extended it from five to six or
more spacetime dimensions, he
might have discovered the field
theory constructed in 1954 by
C. N. Yang and Robert Mills, and
its generalizations, some of which
later appeared as parts of our
modern theories of strong, weak,
and electromagnetic interactions.4

Einstein apparently gave no
thought to strong or weak nuclear
forces, I suppose because they
seem so different from gravitation
and electromagnetism. Today we
realize that the equations under-
lying all known forces aside from
gravitation are actually quite sim-

ilar, the difference in the phenomena arising from color
trapping for strong interactions and spontaneous symme-
try breaking for weak interactions. Even so, Einstein
would still probably be unhappy with today’s theories, be-
cause they are not unified with gravitation and because
matter—electrons, quarks, and so on—still has to be put
in by hand.

Even before Klein’s work, Einstein had started on a
different approach, based on a simple bit of counting. If
you give up the condition that the 4 × 4 metric tensor
should be symmetric, then it will have 16 rather than 10
independent components, and the extra 6 components will
have the right properties to be identified with the electric
and magnetic fields. Equivalently, one can assume that the
metric is complex, but Hermitian. The trouble with this
idea, as Einstein became painfully aware, is that there re-
ally is nothing in it that ties the 6 components of the elec-
tric and magnetic fields to the 10 components of the ordi-
nary metric tensor that describes gravitation, other than
that one is using the same letter of the alphabet for all
these fields. A Lorentz transformation or any other coor-
dinate transformation will convert electric or magnetic
fields into mixtures of electric and magnetic fields, but no
transformation mixes them with the gravitational field.
This purely formal approach, unlike the Kaluza–Klein
idea, has left no significant trace in current research. The
faith in mathematics as a source of physical inspiration,
which had served Einstein so well in his development of
general relativity, was now betraying him.

Even though it was a mistake for Einstein to turn
away from the exciting progress being made in the 1930s
and 1940s by younger physicists, it revealed one admirable
feature of his personality. Einstein never wanted to be a
mandarin. He never tried to induce physicists in general
to give up their work on nuclear and particle physics and
follow his ideas. He never tried to fill professorships at the
Institute for Advanced Studies with his collaborators or
acolytes. Einstein was not only a great man, but a good
one. His moral sense guided him in other matters: He

34 November 2005    Physics Today http://www.physicstoday.org
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Figure 2. Recessional velocities of nearby galaxies vary
linearly with distance as Edwin Hubble demonstrated in
these data from 1929. The graph’s filled circles and solid
linear fit describe individual galaxies, open circles and
the broken line correspond to galaxies combined into
groups, and the cross represents the mean velocity and
distance for a collection of 22 galaxies whose distances
could not be individually estimated. A parsec is 3.26
light-years. Note that the slope of the graph, about
500 (km/s)/Mpc, is some seven times the now-accepted
value. (Adapted from ref. 5.)
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Figure 3. Measurements on distant supernovae show that the universe contains
a preponderance of dark energy that behaves like a cosmological constant. Here
the apparent brightness is a measure of distance, and the redshift a measure of
recessional velocity. The brightness magnitudes are relative to those in an empty
universe with no cosmological constant (black line). For the red curve that best
fits the data, 70% of the cosmic energy density is attributed to a cosmological
constant. A positive slope in a curve indicates cosmic acceleration; a negative
slope corresponds to deceleration. The present-day universe is accelerating, but
in an earlier epoch (high z) during which the universe was much smaller, the re-
pulsive force associated with the cosmological constant was overwhelmed by
matter’s conventional gravitational attraction. The blue line, which assumes no
cosmological constant, poorly fits the data. (Adapted from ref. 6.)
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3 Análise de dados

Utilizando todas as considerações anteriores foi posśıvel fazer análise dos dados e
obter os seguintes resultados:

Figura 2: Correção das velocidades - Todos os dados.

3

??

How do we solve this?
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Local Universe3 Análise de dados

Utilizando todas as considerações anteriores foi posśıvel fazer análise dos dados e
obter os seguintes resultados:

Figura 2: Correção das velocidades - Todos os dados.

3

Conclusion: If deviations from the Hubble

flow are due to clustered matter, then peculiar

velocities traces the clumpy Universe!*

* Nick Kaiser, MNRAS, 1987
https://ui.adsabs.harvard.edu/abs/
1987MNRAS.227....1K/abstract
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Local Universe

3 Análise de dados

Utilizando todas as considerações anteriores foi posśıvel fazer análise dos dados e
obter os seguintes resultados:

Figura 2: Correção das velocidades - Todos os dados.

3

Still, we need a model to interpret these data 

Conclusion: If deviations from the Hubble

flow are due to clustered matter, then peculiar

velocities traces the clumpy Universe!



The solution:
Cosmological Perturbations of Einstein eqs.

grav. field (due to        )          space-time curvature()

�⇢

⇢(t, r)

Any mass fluctuation modifies 
the space-time curvature

gµ⌫(t, r) = g0µ⌫(t) + hµ⌫(t, r) ; |hµ⌫ | ⌧ |g0µ⌫ |

ds

2 = g

0
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µ
dx

⌫ + hµ⌫dx
µ
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⌫

hµ⌫ / Scalar � V ector � Tensor
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2 = gµ⌫dx
µ
dx

⌫G↵� = G↵�(gµ⌫) ;



Perturbed metric

After many calculations, the perturbed metric in Newtonian gauge is
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Perturbed metric

After many calculations, the perturbed metric in Newtonian gauge is

where the perturbation field         plays the role of the gravitacional potential

r2� = 4⇡G �⇢

Poisson eq.
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perturbationbackground
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Perturbed metric

After many calculations, the perturbed metric in Newtonian gauge is

r2� = 4⇡G �⇢

Poisson eq.

ds
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0
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background perturbation
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Perturbed Einstein eqs.:  Continuity, Euler, Laplace

Figure 25: The peak-background split model.

are needed to cross the threshold. When �0 ! �c, F ! 1 because the entire region will then be

interpreted as a collapsed halo of mass M0. The fraction of mass in halos with mass in the range M

to M + dM is

f(M |�0, S0)
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dS

dM

�����dM ⌘ dF (M |�0, S0)

dM
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=
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so that regions with smoothed density �0 on scale S0 contain, on average,

N (M |�0, S0)dM =
M0

M
f(M |�0, S0)

�����
dS

dM

�����dM (731)

halos in this mass range. The quantity of interest is the relative over-abundance of halos in dense

regions compared to the mean abundance of halos,

�Lhalo =
N (M |�0, S0)

(dn(M)/dM)V0
� 1, (732)

where dn(M)/dM is the mean number density of halos in a mass range of width dM about M . The

superscript L indicates that this is the overdensity in the initial Lagrangian space determined by the

mass distribution at some very early time, ignoring the dynamical evolution of the overdense patch.

The relative overdensity of halos in large overdense and underdense patches is easy to compute.

In su�ciently large regions, S0 ⌧ S, �0 ⌧ �c. Expanding Eq. (732) to first order in the variables

S0/S and �0/�c gives a simple relation between halo abundance and dark matter density

�Lhalo =
⌫2 � 1

�c
�0, (733)
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Harmonic analyses in 1-d
A vibrating string with fixed boundaries: it can vibrate in fundamental
harmonics (FH): 1stharm., 2ndharm.,etc. Then, an arbitrary pertur-

bation of the string can be represented as a superposition of the FH:

the amplitude for each frequency = spectrum of the perturbation
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Dark Matter & Baryons!

Baryons follow Dark Matter 

Coupled Perturbations: 

Evolution of perturbations that contain distinct components (e.g., baryons & dark matter) 

Time dependence of two different modes means that baryons can fall into dark potential wells and

 quickly match the dark matter perturbations. This means that Universes containing dark matter can

 produce small anisotropies in the microwave background: radiation drag allows dark matter to
 undergo growth between matter-radiation equality and recombination, while the baryons cannot.  

Two collapse scenarios: 
Initial collapse 

(top down) 

Hierarchical merging 

(bottom up) 

! 

' 

! 

' 

! 

' 

! 

' 

! 

' 

! 

' 

Fragmentation 

Merging 

Bender, IMPRS Astrophysics Introductory Course 

Cold dark matter 
•" Devised to explain rotation curves and missing mass in clusters. 

•" Assumed non-interacting except via gravity.  

•" Also required to explain large-scale structure and CMB. 

•" Numerical simulations on cosmological scales  

•" Power law of initial fluctuations set at CMB surface.  

•" Growth via gravity alone.  

•" Robust prediction of Large Scale Structure.  

•" Halo build-up via hierarchical merging.  

•" Testable under assumption light traces matter  

•" Numerical simulations can now predict dark matter distributions

 very well (20 million particles+gravity) 

Figure 25: The peak-background split model.

are needed to cross the threshold. When �0 ! �c, F ! 1 because the entire region will then be

interpreted as a collapsed halo of mass M0. The fraction of mass in halos with mass in the range M
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halos in this mass range. The quantity of interest is the relative over-abundance of halos in dense

regions compared to the mean abundance of halos,

�Lhalo =
N (M |�0, S0)

(dn(M)/dM)V0
� 1, (732)

where dn(M)/dM is the mean number density of halos in a mass range of width dM about M . The

superscript L indicates that this is the overdensity in the initial Lagrangian space determined by the

mass distribution at some very early time, ignoring the dynamical evolution of the overdense patch.

The relative overdensity of halos in large overdense and underdense patches is easy to compute.

In su�ciently large regions, S0 ⌧ S, �0 ⌧ �c. Expanding Eq. (732) to first order in the variables

S0/S and �0/�c gives a simple relation between halo abundance and dark matter density

�Lhalo =
⌫2 � 1

�c
�0, (733)
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Nature of density fluctuations (intuitive, phenomenological)

Primordial Universe (smooth 
with tiny homogeneities)

comoving 
volume

Evolution of small inhomogeneities due to gravitational instability

primordial density perturbations



Evolution of small inhomogeneities due to gravitational instability

overdensity

region

underdensity

region



Evolution of small inhomogeneities due to gravitational instability

Note that this illustrative exm. only considers 

gravitational instability (i.e., it holds for DM, but…)

Conclusion: the nature of temp. fluct. is …

overdensity

region

underdensity

region



Note that this illustrative exm. only considers 

gravitational instability (i.e., it holds for DM, but…)

Conclusion: the nature of temp. fluct. is … �⇢�b(t, r) ⇠ �T (t, r)

�(x, t) ⌘ ⇢(x, t)� ⇢̄(t)

⇢̄(t)

Figure 25: The peak-background split model.
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interpreted as a collapsed halo of mass M0. The fraction of mass in halos with mass in the range M

to M + dM is
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halos in this mass range. The quantity of interest is the relative over-abundance of halos in dense

regions compared to the mean abundance of halos,

�Lhalo =
N (M |�0, S0)

(dn(M)/dM)V0
� 1, (732)

where dn(M)/dM is the mean number density of halos in a mass range of width dM about M . The

superscript L indicates that this is the overdensity in the initial Lagrangian space determined by the

mass distribution at some very early time, ignoring the dynamical evolution of the overdense patch.

The relative overdensity of halos in large overdense and underdense patches is easy to compute.

In su�ciently large regions, S0 ⌧ S, �0 ⌧ �c. Expanding Eq. (732) to first order in the variables

S0/S and �0/�c gives a simple relation between halo abundance and dark matter density

�Lhalo =
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Evolution of small inhomogeneities due to gravitational instability
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Evolution of small inhomogeneities due to gravitational instability
Galaxy assembling
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Evolution of small inhomogeneities due to gravitational instability
Galaxy assembling
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Evolution of small inhomogeneities due to gravitational instability
Galaxy assembling

overdensity

region

underdensity

region



Galaxy assembling
Evolution of small inhomogeneities due to gravitational instability



Perturbation theory
From the theory of cosmological perturbations, 
one obtains the hydrodynamical equations  
(the fluid evolution eqs.):

• Continuity, Euler, Poisson equations



Fluid evolution equations
Continuity, Euler, Poisson eqs.
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density fluctuations field: �(t0 , r)

�4⇡G⇢̄(t)�(t, r)



�4⇡G⇢̄(t)�(t, r)

�c2s r2�(t, r)

a(t)2

> = <

density fluctuations field: �(t0 , r)



Structures formation: gravitational instability

(first proposed by Sir James Jeans, 1902)



desfiando eqs-CEP
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diation pressure 
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Poisson eq.
source of the 
gravitational fieldgravitational 

field

Newton’s second 
law for a fluid
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term

action of 
two effects

MD: After matter-radiation decoupling*, z < 1100, this eq. 
has two solutions:                 ,  the second one decreases!
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this solution form gravitational potential wells that are the seeds  
to form structures (by gravitational instability)!

*In this case, the term                     is absent because ….
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109 5. Structure Formation

Exercise.—Explain the asymptotic scalings of the matter power spectrum

P�(k) =

8
<

:

k k < keq

k�3 k > keq

. (5.2.35)

5.2.4 Baryons⇤

Let us say a few (non-examinable!) words about the evolution of baryons.

Before Decoupling

At early times, z > zdec ⇡ 1100, photons and baryons are coupled strongly to each other via

Compton scattering. We can therefore treat the photons and baryons a single fluid, with v� = vb

and �� = 4
3�b. The pressure of the photons supports oscillations on small scales (see fig. 5.5).

Since the dark matter density contrast �c grows like a after matter-radiation equality, it follows

that just after decoupling, �c � �b. Subsequently, the baryons fall into the potential wells

sourced mainly by the dark matter and �b ! �c as we shall now show.

baryons

photons

CDM

photons

baryons

CDM

de
ns

ity
 p

er
tu

rb
at

io
ns

Figure 5.5: Evolution of photons, baryons and dark matter.

After Decoupling

After decoupling, the baryons lose the pressure support of the photons and gravitational insta-

bility kicks in. Ignoring baryon pressure, the coupled dynamics of the baryon fluid and the dark

small scales

large scales

�c, �b, ��



�LSS =?
�b/LSS =?

�cdm/LSS =?

�b/LSS ' 10�5

�cdm/LSS ' 10�2 � 10�3 �
b+cdm/today

' 1

Figure 25: The peak-background split model.

are needed to cross the threshold. When �0 ! �c, F ! 1 because the entire region will then be

interpreted as a collapsed halo of mass M0. The fraction of mass in halos with mass in the range M

to M + dM is

f(M |�0, S0)

�����
dS

dM

�����dM ⌘ dF (M |�0, S0)

dM
dM

=
1p
2⇡

�c � �0
(S � S0)3/2

�����
dS

dM

����� exp

"
� (�c � �0)2

2(S � S0)

#
dM, (730)

so that regions with smoothed density �0 on scale S0 contain, on average,

N (M |�0, S0)dM =
M0

M
f(M |�0, S0)

�����
dS

dM

�����dM (731)

halos in this mass range. The quantity of interest is the relative over-abundance of halos in dense

regions compared to the mean abundance of halos,

�Lhalo =
N (M |�0, S0)

(dn(M)/dM)V0
� 1, (732)

where dn(M)/dM is the mean number density of halos in a mass range of width dM about M . The

superscript L indicates that this is the overdensity in the initial Lagrangian space determined by the

mass distribution at some very early time, ignoring the dynamical evolution of the overdense patch.

The relative overdensity of halos in large overdense and underdense patches is easy to compute.

In su�ciently large regions, S0 ⌧ S, �0 ⌧ �c. Expanding Eq. (732) to first order in the variables

S0/S and �0/�c gives a simple relation between halo abundance and dark matter density

�Lhalo =
⌫2 � 1

�c
�0, (733)

166

1D 3D

�(x, t) ⌘ ⇢(x, t)� ⇢̄(t)

⇢̄(t)

density contrast:

z=1100
z=0
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miscelânea:
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2-point angular correlation function



2-point correlation function

The 2-point statistics                       provide a complete 
statistical description of the density field under Gaussian 
initial conditions and linear growth of fluctuations

(P (k), ⇠(r))

How to measure matter clustering?



If you are sitting on a galaxy, the probability dP that you will find 
another galaxy in a volume dV a distance r away from you is given 
by

2-p correlation function (2PCF):

)](1[  rdVndP ξ+=

r

dV

where n is the average number density of galaxies. 

dP is the number of galaxies you expect to find in a volume dV.

⇠(r)



How does one calculate the 2pt correlation function given a distribution 
of galaxies is space? – Count the number of pairs of galaxies for every  
value of separation r.  Then divide this histogram by the number of pairs  
expected if the spatial distribution of galaxies were random, and subtract 1.

clustered

random

# pairs

separation r

separation r

)(rξ

1 

0 

-1

Correlation functions measure 
the fractional excess of pairs  
compared to a random distrib.

1)(
)()( −= rN
rNr

random

realξ

clustered

ra
nd

om

Estimating 2point correlation function (2PCF)

What does the 2PCF measures?

⇠(r) =
DD(r)

RR(r)
� 1



2-point correlation function

⇠(r)

r

⇠(r) =
⇣r0

r

⌘↵

⇠(r) / r�↵

2PCF

Figura 5.4: Função de correlação !(✓) calculada utilizando a equação 3.17. Os pares
DD, RR e DR são calculados em intervalos de 1o. A curva laranja é o melhor ajuste
da função exponencial 4.6. As barras de erro foram obtidas pelo desvio padrão sobre
20 catálogos aleatórios.

Figura 5.5: N (< ✓) e D
2

(✓) para o estimador E3. Através do ajuste polinomial
de quinta ordem, a escala angular de homogeneidade foi obtida, concordando bem
entre os gráficos.
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How to count pairs in a data catalogue?
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How many data pairs did we get?
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Now, we generate a random catalogue

in the same region of the data sample
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⇠(r) =
DD(r)

RR(r)
� 1

2-point correlation function

Peebles-Hauser

⇠(r) =
DD(r)� 2DR(r) +RR(r)

RR(r)
Landy-Szalay

⇠(r) =
1

N

NX

i=1

DD(r)�RRi(r)

RRi(r)



Peebles-Hauser

Landy-Szalay
Homework

Compute           

- 2D with data on a sphere with:                      ,✓ 2 [✓1, ✓2] � 2 [�1,�2]

!(�)

� = cos

�1
[cos(✓1) cos(✓2) + sin(✓1) sin(✓2) cos(�1 � �2)

2-point angular correlation function
<latexit sha1_base64="j8U7pVK9TkzW0Vj8yXZkw7klPQw="></latexit>

!(�) =
DD(�)� 2DR(�) +RR(�)

RR(�)

<latexit sha1_base64="0kJwF6qw9cUI9nCxwnE6Cj2jUOg="></latexit>

!(�) =
DD(�)�RR(�)

RR(�)
<latexit sha1_base64="03cLMTV+xeQdPa4Z1PXcRamzOow="></latexit>

!(�) =
1

N

NX

i=1

DD(�)�RRi(�)

RRi(�)

for a sample of HI sources from ALFALFA survey
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ALFALFA
SDSS



GitHub: 2PACF
https://github.com/mavipoppi/wsON_correlationfunction

Gentileza de: Maria Vitoria Lazarin
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O que aprendemos hoje?
(60 minutos em 7+1 slides)



From Newtonian theory of gravitation we learned: 
(i) the universality of conservation laws;
(ii) to develop perturbative calculus of Newton eqs.
(iii) the (concept of) gravitational potential is 
more useful than grav. force, …

the concept of field     is born!
<latexit sha1_base64="hAX6JA9TEghYv9ydS3yGv/Itr1c="></latexit>

�(~r)

0



The expanding Universe cools:

T (t) =
a0 T0

a(t)a = T0/T

Considere um gas de fótons em equilibrio termodinâm. 
(        ) em um elemento de volume que expande 
com o Universo:

dQ = 0

⇥� = �T 4

V = V0 a(t)3

Da 1ra. lei da termodinâmica (+proc. adiabático):

dQ = dE + p dV ) �p�
dV

dt
=

dE�

dt

E = E� = ⇥�V = � T 4 V

p = p� = � T 4/3

um pouco de termodinâmica

p� = ! "� Excercise

1
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a(z) =
a0

1 + z

O desvio para o vermelho
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Cosmological redshift:
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a = a(t) is the scale factor 



Assuming that the Universe is filled with a perfect fluid, one 
solves the Einstein equations and find the Friedmann eq.

defining: H(t) ⌘ ȧ(t)

a(t)

H(t)2 =
8⇡G

3
⇢(t)� k c2

R2
0 a(t)

2

Friedmann equation

ȧ(t)2

a(t)2
=

8⇡G

3
⇢(t)� k c2

R2
0 a(t)

2
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ȧ ⌘ da

dt
and

2

matter-energy
conservation equation
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⇢̇ = �3
ȧ

a
(⇢+

p

c2
)
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a = a(t) is the scale factor 



⇢r ⇠ a�4

⇢m ⇠ a�3

a(teq) a

⇢

a(tm⇤)

a(trm)
a ⇠ t1/2

?
a ⇠ t2/3

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.0

0.5

1.0

1.5

2.0

⇢⇤ ⇠ const

RD universe MD universe

Universe content:
- photons 
- matter (barions + CDM) 
- lambda (cosmolog. const.)
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Hubble, 1929

Relatório – Catálogo Alfalfa 

 

A partir do catálogo do Alfalfa selecionei os objetos de código 1 por ser um critério de 

confiabilidade da observação, esse critério te diz o quanto se pode confiar que é HI. 

Nesse catálogo os objetos com velocidade acima de 6000 km/s foram mapeados 

utilizando modelos cosmológicos, o grupo do Alfalfa que determinou esse valor mas 

acredito que seja por estarem mais distantes e a precisão não ser tão boa, por esse 

motivo fiz um corte e selecionei objetos com velocidade até 6000 km/s; estamos 

interessados em dados observacionais. 

O primeiro ajuste linear ficou desta forma: 

 

   

 

 

expected

observed

The problem:

velocidade
observada

velocidade
esperada
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Local Universe

3 Análise de dados

Utilizando todas as considerações anteriores foi posśıvel fazer análise dos dados e
obter os seguintes resultados:

Figura 2: Correção das velocidades - Todos os dados.

3

Still, we need a model to interpret these data 

Conclusion: If deviations from the Hubble

flow are due to clustered matter, then peculiar

velocities traces the clumpy Universe!

5
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ds2 = c2dt2 + a(t)2dx2
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ds2 = �c2(1 +
2�

c2
)dt2 + (1� 2�

c2
)dx2spacetime 

metric

The proposal:
+

3D-space

<latexit sha1_base64="h6r0wPFMJ763nPnY3rVCXtmfdKw="></latexit>

V = V0 a(t)
3
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ds

2 = �(1 +
2�

c

2
)c2dt2 + a(t)2(1� 2�

c

2
) �ijdx

i
dx

jspacetime 
metric

a = T0/T

Considere um gas de fótons em equilibrio termodinâm. 
(        ) em um elemento de volume que expande 
com o Universo:

dQ = 0

⇥� = �T 4

V = V0 a(t)3

Da 1ra. lei da termodinâmica (+proc. adiabático):

dQ = dE + p dV ) �p�
dV

dt
=

dE�

dt

E = E� = ⇥�V = � T 4 V

p = p� = � T 4/3

um pouco de termodinâmica

p� = ! "� Excercise

3D-space

The solution:

6

�(x, t) ⌘ ⇢(x, t)� ⇢̄(t)

⇢̄(t)
density contrast

Figure 25: The peak-background split model.

are needed to cross the threshold. When �0 ! �c, F ! 1 because the entire region will then be

interpreted as a collapsed halo of mass M0. The fraction of mass in halos with mass in the range M

to M + dM is

f(M |�0, S0)

�����
dS

dM

�����dM ⌘ dF (M |�0, S0)

dM
dM

=
1p
2⇡

�c � �0
(S � S0)3/2

�����
dS

dM

����� exp

"
� (�c � �0)2

2(S � S0)

#
dM, (730)

so that regions with smoothed density �0 on scale S0 contain, on average,

N (M |�0, S0)dM =
M0

M
f(M |�0, S0)

�����
dS

dM

�����dM (731)

halos in this mass range. The quantity of interest is the relative over-abundance of halos in dense

regions compared to the mean abundance of halos,

�Lhalo =
N (M |�0, S0)

(dn(M)/dM)V0
� 1, (732)

where dn(M)/dM is the mean number density of halos in a mass range of width dM about M . The

superscript L indicates that this is the overdensity in the initial Lagrangian space determined by the

mass distribution at some very early time, ignoring the dynamical evolution of the overdense patch.

The relative overdensity of halos in large overdense and underdense patches is easy to compute.

In su�ciently large regions, S0 ⌧ S, �0 ⌧ �c. Expanding Eq. (732) to first order in the variables

S0/S and �0/�c gives a simple relation between halo abundance and dark matter density

�Lhalo =
⌫2 � 1

�c
�0, (733)
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Fluid evolution equations
Continuity, Euler, Poisson eqs.

@~v

@t
+

ȧ

a
~v = �1

a
r�� c2s

a
r�
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�̇ ⌘ @�

@t

; ~v ⌘ d~x

dt

<latexit sha1_base64="Tp2agvUyiiVIW/gsP3zX/iXCLkM="></latexit>

�̇ +
1

a
r · ~v = 0
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r2� = 4⇡G⇢̄ a2�

<latexit sha1_base64="DzrSyIUDy1lmNj7AjP1HEudYM5Y="></latexit>

�(t, ~x) = �

k

(t) ei
~

k·~x

pressure repulsion
gravitational attraction

Hypothesis:

)

c2s ⌘ c2
@p

@⇢

7

MD:   z < 1100
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�+(t) = �0 t
2/3 / a(t)

damping due to coupling
w/expanding universe
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