
O Universo em grande escala:

das flutuações primordiais à formação das estruturas

on

What 
Why 

How

Armando Bernui



z = 1.4z = 6z = 18 z = 0

Local UniverseHercules Shapley

The challenge:





⦁ 100 mt. rasos

salto em distância

arremesso do peso
salto com vara
salto em altura

400 mt. rasos
1500 mt. rasos
110 mt. com barreiras

lançamento do disco
lançamento do dardo

⦁ 
⦁ 
⦁ 
⦁ 
⦁ 
⦁ 
⦁ 
⦁ 
⦁ 

Darlan Romani

Thiago Braz

⦁ 

Decatlo moderno



on

“É difícil passar a quem não sabe matemática 
a sensação da beleza profunda da natureza"

Richard Feynman

Para estas aulinhas eu assumi que vocês sabem:
cálculo dif. & integral; física geral, mecânica, 
electromagnetismo, termodinâmica básica, ondas,… 



LESSONS

1. The Minkowski and the curved spacetimes

2. The background and the clumpy spacetimes

3. The observed Universe: modern cosmological probes



LESSON 1

The Minkowski and the curved spacetimes



Circular motion Retrograde motion

on

Theory (model)       vs.    Observations (data)



exemplo: uma xícara c/café quente on

•  Theory (model) versus Observations (data):               

on

Por que a asa está fria

enquanto a xícara está 
quente?



Modelando a vida 

através das eq. diferenciais

ou, o por que as xícaras tem alça?

é a temperatura do ar

<latexit sha1_base64="QUbsUoxqL/tBJgmaYbm2ebeWZRw="></latexit>

dQ = ⌘A
T � ✓

l
dt

é a área da xícara 

é a largura da parede da xícara 

é a condutibilidade térmica do 
material da xícara

é o calor especifico do café

é a massa do café

cantidad de calor ganho

pelo ar no tempo      :

cantidad de calor perdida

pelo café no tempo      :
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 Seja uma xícara com café a temperatura T, 
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dQ = �cmdT

* Estamos assumindo que o café esfria pelas paredes laterais, não pela parte superior/inferior

*
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Modelando a vida 

através das eq. diferenciais
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é a temperatura do ar

 Seja uma xícara com café a temperatura T, 
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é o calor especifico do café

é a massa do café

cantidad de calor perdida
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 A solução é:

<latexit sha1_base64="SL+FTtOEG0nrN9jXa6ZEMmIh1p0="></latexit>c

ou, o por que as xícaras tem alça?

é a área da xícara 

é a largura da parede da xícara 

é a condutibilidade térmica do 
material da xícara

cantidad de calor ganho

pelo ar no tempo      :
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10 minutos
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<latexit sha1_base64="8oQHjpxJdtC5mvN0x55zGEW8QlU="></latexit>

T

<latexit sha1_base64="94fyYAUZD3nINzFGqq19zwVOnvY="></latexit>

t



cantidad de calor ganho

pelo ar no tempo
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dt
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pelo café no tempo
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de 1er. ordem ?

10 minutos
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- Dados ajustam parâmetros (de

  modelos) e validam teorias

- Teorias permitem fazer predições

- Predições podem ser contrastadas

Resumindo este toy-model de método científico:



“Nelle questioni naturali ... la 
cognizione degli effetti é quella 

che ci conduce all’investigazione 

e ritrovamento delle cause”

on



Circular motion Retrograde motion

Theory (model)       vs.    Observations (data)

on
Once upon a time…



•  Theory (model)  versus  Observations (data):               

on



Royal Astronomer (1546-1601)

Performed regular and 
precise astronomical 
observations of Mars orbit

Johannes Kepler: assistant of Tycho Brahe
from 1600 to 1601

Castle of Uraniborg, 

Dinamarca

Mathematician (1571-1630)

on

A first example



Tycho Brahe



Tycho BraheJohannes Kepler

x x•

1. Orbits are ellipses
2. A1=A2

3.
<latexit sha1_base64="NPpVr6mkJxIMClklgCc1Sa9IQSs="></latexit>

T 2 / R̄3

Corollary: The circle is a particular case of an ellipse.

A1

A2



A second example

•  Theory (model) versus Observations (data):               

on

● Investigating, in detail, the orbit of Urano, he (and 
John C. Adams) predicted the existence of Neptune!

● Studied the stability of the Solar system

Urbain Le Verrier (1811-1877)
Mathematician and Astronomer



Urbain Le Verrier (1811-1877)
Mathematician and Astronomer

● To explain the Mercury perihelion precession 
he postulated the existence of "Vulcano"

Dark Matter 
was invented  
for the 1st time

A second example

•  Theory (model) versus Observations (data):               

on

● Studied the stability of the Solar system

● Investigating, in detail, the orbit of Urano, he (and 
John C. Adams) predicted the existence of Neptune!



Séculos de avanço do conhecimento científico nos mostram 
que quando uma teoria ou modelo entra em crise, uma  
destas abordagens é adoptada:  
(i) novas hipóteses são propostas dentro da teoria em crise; 
(ii) uma nova teoria é proposta

O modelo geocêntrico entra em crise por causa do ….do que? 



Séculos de avanço do conhecimento científico nos mostram 
que quando uma teoria ou modelo entra em crise, uma  
destas abordagens é adoptada:  
(i) novas hipóteses são propostas dentro da teoria em crise; 
(ii) uma nova teoria é proposta

O modelo geocêntrico entra em crise por causa do mov.  
retrógrado; modelo heliocêntrico+Kepler sim "explica" ele



Séculos de avanço do conhecimento científico nos mostram 
que quando uma teoria ou modelo entra em crise, uma  
destas abordagens é adoptada:  
(i) novas hipóteses são propostas dentro da teoria em crise; 
(ii) uma nova teoria é proposta

O modelo geocêntrico entra em crise por causa do mov.  
retrógrado; modelo heliocêntrico+Kepler sim "explica" ele

O modelo heliocêntrico+Kepler não explica por que as orbitas são 
elípticas; Newton sim: nasce o conceito de potencial gravitacional



Mas, a mecânica Newtoniana não explica corretamente:  
-a precessão do perihelio de Mercurio 
-o lenteamento gravitacional da luz 
-o redshift gravitacional dos fótons

GR?

Séculos de avanço do conhecimento científico nos mostram 
que quando uma teoria ou modelo entra em crise, uma  
destas abordagens é adoptada:  
(i) novas hipóteses são propostas dentro da teoria em crise; 
(ii) uma nova teoria é proposta

O modelo geocêntrico entra em crise por causa do mov.  
retrógrado; modelo heliocêntrico+Kepler sim "explica" ele

O modelo heliocêntrico+Kepler não explica por que as orbitas são 
elípticas; Newton sim: nasce o conceito de potencial gravitacional



SR     versus    GR
on



In general relativity space and time are 
related variables of a unique entity:


the spacetime

General Relativity (GR)

In GR there is no distance between 2 points, as in 
Newtonian theory, there is a distance between


2 spacetime events; such distance is calculated using 
the spacetime metric



Introduction to General Relativity

Newton SR GR

-space and time are  
separate entities

-interactions at infty  
speed: t=const. means  
place of simultaneity

-space and time are  
part of  an entity: the 
spacetime 

-space and time are  
part of  an entity: the 
spacetime 

-interactions at light- 
speed c: t=const. means  
place of simultaneity  
for one observer

-interactions at light- 
speed c

-only relative motions 
at constant speed are 
well described (i.e., no 
accelerations!): local & 
global inertial frames

-gravity introduces 
accelerated motions; 
gravity avoids global 
inertial frames



The Minkowski spacetime metric is

Minkowski spacetime*

The structure of a spacetime, given by the metric, determines how geodesics move,
and introduces the concept/use of light-cones. 

<latexit sha1_base64="haFfdWUL6SAcQ8YeK9mEmbBHCgw="></latexit>

ds2 = �c2dt2 + �ijdx
idxj = �c2dt2 + dx2

event

*

.
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The Minkowski spacetime metric is

Minkowski spacetime

The structure of a spacetime, given by the metric, determines how geodesics move,
and introduces the concept/use of light-cones. 
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ds2 = �c2dt2 + �ijdx
idxj = �c2dt2 + dx2

event
. particle’s 

world line<latexit sha1_base64="p92G1sUGhNu+ZJRR6NtTG8iusa4="></latexit>
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particle’s 
world line

The particle's velocity is given by 
the tangent line to the world line

Particle’s world line: 
constant velocity

Particle’s world line: 
accelerated motion

<latexit sha1_base64="p92G1sUGhNu+ZJRR6NtTG8iusa4="></latexit>

O
<latexit sha1_base64="p92G1sUGhNu+ZJRR6NtTG8iusa4="></latexit>

O



Pergunta: qual partícula se move a maior  
velocidade (wrt     ): a lilás ou a verde?

<latexit sha1_base64="p92G1sUGhNu+ZJRR6NtTG8iusa4="></latexit>
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Minkowski spacetime metric
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ds2 = �c2dt2 + dx2

Minkowski spacetime



Minkowski spacetime metric Curved spacetime metric

?

Precisamos de conteúdo

para entender essa passagem!
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Continuando …
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Minkowski spacetime, or special relativity theory, 
can describe gravitational fields?



Is gravity a special force?

Minkowski spacetime, or special relativity theory, 
can describe gravitational fields?



To define an IF we need test particles that remain at rest there; 
this is possible for 3 known forces, but not for gravity, why? 

Inertial Frame (IF)

Attempting to define an IF at rest on Earth is vacuous, since no free 
particle (not even a photon) could be a physical tracer for an IF. 



To define an IF we need test particles that remain at rest there; 
this is possible for 3 known forces, but not for gravity, why? 

Inertial Frame (IF)

Attempting to define an IF at rest on Earth is vacuous, since no free 
particle (not even a photon) could be a physical tracer for an IF. 

A rigid frame cannot fall freely in the 
Earth’s field and still remain rigid



There is no single freely falling global frame which is everywhere
freely falling in Earth’s gravitational field and which is still rigid*

P.S.2: Einstein built GR by taking the hypothesis that local freely  
           falling frames are good IF!

P.S.1: Pound-Rebka-Snider experiment shows that local inertial frames 
          are possible!

Conclusion:

* rigid means Minkowskian



Is gravity a special force? Yes!

Gravity is distinguished from all other forces: all bodies given the 
same initial velocity follow the same trajectory in a gravitational 
field, regardless of their internal composition

Conclusion I:

Neither Minkowski spacetime nor the theory 
of special relativity works to describe  
(accelerated particles in) gravitational fields!



Is gravity a special force? Yes!

Gravity is distinguished from all other forces: all bodies given the 
same initial velocity follow the same trajectory in a gravitational 
field, regardless of their internal composition

Neither Minkowski spacetime nor the theory 
of special relativity works to describe  
(accelerated particles in) gravitational fields!

Conclusion I:

We need to construct a curved spacetime 
to describe gravitational fields!

Conclusion II:



Who helps with this transition  
(from Minkowski to curved spacetimes)?



The equivalence principles



assim nasce: (weak: only gravitation)The equivalence principle

The weak equivalence principle allows for the transition from SR to
GR (where spacetime is curved by gravity, but locally it remains flat)



(strong: grav.+other forces)The equivalence principlepor completeza:
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The equivalence principle (the old weak)

misc
elânea:



Curved Spacetime Theory

I. Constructing the

<latexit sha1_base64="sktnM7wd/wW2vwGjH6xS62DORyI="></latexit>
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Curved spacetime*

https://notes.invertedpassion.com/Universe/Demystifying+general+relativity*

manifold  M

Differential geometry



particle’s 
world lineevent

.

Minkowski spacetimeLembrando:

And where is encrypted the infor- 
mation regarding the spacetime?



Curved spacetime

Minkowski spacetime SpaceTime  diagrams



Curved spacetime

Curved spacetime SpaceTime  diagrams



Curved spacetime



Curved spacetime



Curved spacetime

called the strong equivalence principle



Pergunta: Por qué esta figura faz sentido?

manifold  M = curved spacetime
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ds2 = �c2dt2 + dx2
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ds2 = �c2dt2 + a2(t)dx2



Minkowski spacetime Curved spacetime

…. ….

<latexit sha1_base64="sktnM7wd/wW2vwGjH6xS62DORyI="></latexit>
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Curved Spacetime

II. Constructing the



We know that the source of a gravitational
field in a certain region is due to the 
presence of a mass body in the neighborhood.
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~Fg = �r�
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r2� = 4⇡G⇢ Poisson eq.
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⇢(r)

matter
density

Knowing the matter density distribution    , one 
solves this eq. to find the gravitational potential

<latexit sha1_base64="BXnCMoWUTsALhFkNB8+AvPJia1s="></latexit>

�

If     has spherical symmetry, then          has.
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� = �(r)

Newtonian theory of gravitation
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⇢(~r)



Misce
lâne

a:  
    

Given a mass distribution      
<latexit sha1_base64="hCZEzN+mANeeuUEao9FsZ88qOiU="></latexit>
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……      
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M

Poisson equation for mass distributions

<latexit sha1_base64="ZM2zthqyflympKOSIRBM7gI8OyM="></latexit>m

 , find
<latexit sha1_base64="cr/naBtJs0J+O5iPncloNC0KnvQ="></latexit>

⇢(~r)



<latexit sha1_base64="6DU0ZldEE2S1E2vTXNfmLJ3vrLs="></latexit>

r2� = 4⇡G⇢ Poisson eq.*

* Does everyone know how to solve it?

General Relativity theory (phenomenologically)



its solution for a point-like mass      , or very-very far from any mass distr., is
<latexit sha1_base64="H+NMA6/f4DV0uGdjkh4HNVwUzSI="></latexit>
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In Newtonian theory, mass is the source of the gravitational field. 
In GR, the source of gravity must be a relativistically meaningful concept:
invariant under spacetime coordinate transformations.

Exercise: what are the physical units of     ?
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�

<latexit sha1_base64="6DU0ZldEE2S1E2vTXNfmLJ3vrLs="></latexit>
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Its solution for a point-like mass      , or very-very far from any mass distr., is
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An invariant theory avoids introducing preferred coordinate systems
by using the whole of the stress-energy tensor T as the source of the
gravitational field. The generalization of the Poisson eq. is

where     is a constant, and O is a differential operator of the metric tensor g,
which is the generalization of     .
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In Newtonian theory, mass is the source of the gravitational field. 
In GR, the source of gravity must be a relativistically meaningful concept:
invariant under spacetime coordinate transformations.
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By analogy with Poisson eq., O should be a second order differential 
operator that produces a tensor of rank      , because in the eq.
O is associated to the       tensor T.
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◆

In other words, {          }  must be the components of a       tensor and
must be combinations of the metric        , and its derivatives
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From the field of Riemannian geometry, the Ricci tensor        
satisfies these conditions; more generally, any tensor of the form satisfies

<latexit sha1_base64="vBEn8IjBHAHo77igjUsJj5QYXvs="></latexit>

R↵�

<latexit sha1_base64="J/Cfzhqobxe3vwB+KEFyvaf17Gc="></latexit>

O
↵�

<latexit sha1_base64="OaeMBsEGuFk0rOqvrKPWLS0RgrI="></latexit>

O
↵� = R

↵� +ARg
↵� + ⇤g↵�

where A and      are constants. To determine the constant A we use the 
property of local conservation of energy and momentum (based on the
strong equivalence principle)
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where both eqs. must be valid for any metric tensor. Because 
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Due to the Bianchi identities, the combination                

satisfies 
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4 spacetime geometry:
metric, metric derivatives, 
curvature (intrinsic!)

Geometry

tensor constructed only from the Riemann tensor and the metric, 
and is divergence free: 

<latexit sha1_base64="xdaXiFTQ4aVlv4S1uOvklS0ftCA="></latexit>

G↵�
;� = 0



Due to the Bianchi identities, the combination                

satisfies 

<latexit sha1_base64="Ni33lCs4urJ8DT8o0QE5LQHSGbw="></latexit>

R↵� � 1

2
Rg↵�

<latexit sha1_base64="vOzd6piKgSriaYKemeqzRb/8ZFg="></latexit>

(R↵� � 1

2
Rg↵�);� = 0 , then 

<latexit sha1_base64="rAmJhYOPgYiMokBxpD/zlAwgEK0="></latexit>

A = �1/2

Usually, one defines
<latexit sha1_base64="br9wbExlPPf5JqXgfelbD4DgLQo="></latexit>

G↵� ⌘ R↵� � 1

2
Rg↵�

           is the Einstein tensor, since its importance for gravity was first 
noticed by him. Because of the local conservation of energy and 
momentum                     .
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Einstein’s  idea:

4 spacetime geometry:
metric, metric derivatives, 
curvature (intrinsic!)

matter-energy content: 
physical prop., 
conservation laws

Geometry Dynamics
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tensor constructed only from the Riemann tensor and the metric, 
and is divergence free: 
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4 spacetime geometry:
metric, metric derivatives, 
curvature (intrinsic!)

matter-energy content: 
physical prop., 
conservation laws

Geometry Dynamics

tensor constructed only from the Riemann tensor and the metric, 
and is divergence free: 
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G.F.B. Riemann (1826-1866)

Differential geometry
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How can I understand curvature, in practice?
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G.F.B. Riemann (1826-1866)

Differential geometry
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How can I understand curvature, in practice?

Attention: these are 2D exms.!
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G.F.B. Riemann (1826-1866) A. Einstein (1879-1955)

Differential geometry General Relativity
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Now, we have the basics to (try to)

describe the observed Universe



From Minkowski to a curved spacetime



Minkowski spacetime Curved spacetime
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the gravitational field 
affects timelike geodesics

?



Minkowski spacetime Curved spacetime
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Por que? the gravitational field 
affects timelike geodesics

?
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Gravitational Redshift



Gravitational Redshift

◆

First suggested by Einstein (191?),
experimentally proved by Pound &
Rebka (1960)
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A photon climbing in Earth’s gravitational field will lose energy
and will consequently be redshifted

top

bottom
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Gravitational redshift
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Corollary: A gravitational field induces

a time dilation in the spacetime metric



Minkowski spacetime Curved spacetime
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Minkowski spacetime Curved spacetime
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� = �GM/rAs a particular case  ,  is the gravitational potential of a mass M.
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More generally, the perturbed metric describes the clumpy spacetime:
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 ,  is the gravitational potential of a mass-density fluctuation
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Minkowski spacetime Curved spacetime
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Exercise: Calcule o valor de          na superfície da Terra, do Sol, 
de uma estrela de neutrons.
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More generally, the perturbed metric describes the clumpy spacetime:
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i.e., light-cone closes  
and timelike geodesics  
come together more 
and more!
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Physical interpretation:



Curved spacetime
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?

Exercise

?

Question: What is the source of
the gravitational field?

Exercise



The expanding spacetime

?

Edwin Hubble, 1929

• Theory (model)  versus  Observations:



Astronomical observations

Hubble, 1929

Hubble & 
Humason, 1931
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3-space

cosmic time

World lines of test particles:

Observer’s

world line

?
……

The particles velocity is given by 
the tangent line to the world line



cosmic time

(physical space)

Expanding spacetime:  the Hubble flow

3-space
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• Theory (model)  versus  Observation:

Edwin Hubble, 1929
3-space

cosmic time

The observed Universe
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O que aprendemos hoje?
(60 minutos em 5+1 slides)



Tycho Brahe

1. Orbits are ellipses
2. A1=A2

3.
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Observations

Model

Johannes Kepler

Observations determine the correct Model!
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Is gravity a special force? Yes!

Gravity is distinguished from all other forces: all bodies given the 
same initial velocity follow the same trajectory in a gravitational 
field, regardless of their internal composition

Neither Minkowski spacetime nor the theory 
of special relativity works to describe  
(accelerated particles in) gravitational fields!

Conclusion I:

We need to construct a curved spacetime 
to describe gravitational fields!

Conclusion II:

There is no single freely falling global frame which is everywhere
freely falling in Earth’s gravitational field and which is still rigid

Conclusion 0:

1



G.F.B. Riemann (1826-1866) A. Einstein (1879-1955)

Differential geometry General Relativity
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ds2 = �c2dt2 + dx2Minkowski spacetime

Curved  
spacetime 
of a mass 
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*Schwarzschild metric



Minkowski spacetime Curved spacetime
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More generally, the perturbed metric describes the clumpy spacetime:
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cosmic time

(physical space)

Expanding spacetime:  the Hubble flow

3-space
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Edwin Hubble, 1929
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Ficamos por 
aqui, a gente se 
vê na quarta  
…. cedo!!

não deixem de se inscrever no meu canal …. 
(se gostou, deixa uns likes 👍)



Não sou um
Selecione as infos sugestivas 
de um espaçotempo plano
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Large-scale surveys and
cosmic structure

By J.A. PEACOCK

Institute for Astronomy, University of Edinburgh,
Royal Observatory, Edinburgh EH9 3HJ, UK

These lectures deal with our current knowledge of the matter distribution in the universe, fo-
cusing on how this is studied via the large-scale structure seen in galaxy surveys. We first
assemble the necessary basics needed to understand the development of density fluctuations in
an expanding universe, and discuss how galaxies are located within the dark-matter density field.
Results from the 2dF Galaxy Redshift Survey are presented and contrasted with theoretical mod-
els. We show that the combination of large-scale structure and data on microwave-background
anisotropies can eliminate almost all degeneracies, and yield a completely specified cosmological
model. This is the ‘concordance’ universe: a geometrically flat combination of vacuum energy
and cold dark matter. The study of cosmic structure is able to establish this in a manner
independent of external information, such as the Hubble diagram; this extra information can
however be used to limit non-standard alternatives, such as a variable equation of state for the
vacuum.

1. Preamble

1.1. The perturbed universe

It has been clear since the 1930s that galaxies are not distributed at random in the
universe (Hubble 1934). For decades, our understanding of this fact was limited by the
lack of a three-dimensional picture, although some impressive progress was made: the
dedication of pioneers such as Shane & Wirtanen in compiling galaxy catalogues by eye
is humbling to consider. However, studies of the galaxy distribution came of age in the
1980s, via redshift surveys, in which Hubble’s v = Hd law is used to turn spectroscopic
redshifts into estimates of distance (e.g. Davis & Peebles 1983; de Lapparant, Geller &
Huchra 1986; Saunders et al. 1991). We were then able to see clearly (e.g. figure 1) a
wealth of large-scale structures of size exceeding 100 Mpc. The existence of these cosmo-
logical structures must be telling us something important about the initial conditions of
the big bang, and about the physical processes that have operated subsequently. These
lectures cover some of what we have learned in this regard.

Throughout, it will be convenient to adopt a notation in which the density (of mass,
light, or any property) is expressed in terms of a dimensionless density perturbation δ:

1 + δ(x) ≡ ρ(x)/〈ρ〉, (1)

where 〈ρ〉 is the global mean density. The quantity δ need not be small, but writing things
in this form naturally suggests an approach via perturbation theory in the important
linear case where δ $ 1. As we will see, this was a good approximation at early times.
The existence of this field in the universe raises two questions: what generated it, and
how does it evolve? A popular answer for the first question is inflation, in which quantum
fluctuations are able to seed density fluctuations. So far, despite some claims, this theory
is not tested, and we consider later some ways in which this might be accomplished.
Mainly, however, we will be concerned here with the question of evolution.
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4 Cosmic Sound Waves

In the early universe, photons and electrons were strongly interacting, while the electrons were

strongly coupled to protons. The combined system is often called the photon-baryon fluid. In

this section, we will study the evolution of sound waves in this medium. These waves will evolve

in an inhomogeneous spacetime whose perturbations are sourced by all forms of matter in the

universe (see Fig. 8).
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Figure 8. Interactions between the di↵erent forms of matter in the universe.

Our treatment in this section will be rather telegraphic and is just meant to give a flavor

for the beautiful physics underlying the CMB. Further details can be found in the notes of my

Advanced Cosmology course [7], or in the following textbooks [2, 8] and review articles [9–12].

4.1 Photon-Baryon Fluid

Combining the continuity and Euler equations for the photon-baryon fluid leads to an evolution

equation for the photon density perturbations [7]:

�̈� +
HR

1 + R
�̇� � c2sr2�� =

4

3
r2�+ 4 ̈+

4HR

1 + R
 ̇ , (4.1)

" " " "
friction pressure gravity time dilation

where R ⌘ 3

4
⇢̄b/⇢̄� is the ratio of the momentum densities of baryons and photons, and the sound

speed of the photon-baryon fluid is defined as

c2s ⌘
1

3(1 + R)
. (4.2)

Equation (4.1) is the master equation describing the entire CMB phenomenology. The most

important terms in the equation are the photon pressure term on the left-hand side and the
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