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Férmula de 1t6

X! e X2 processos estocasticos em R.
f:R xR — R de classe C2.
Entdo:

gf (X2, X2)dXx} + / T (X2, X2)dXx?2
X1 X2

82f 1 2 1 2
+5 Z/ ax,ax (XL, X2)[dXt, dX?].

ij=1

Lembrar que [B;, B;] =t ou

[dBt7 dBt] = dt
Além disso [t, B;] = 0 e [B}, B?] = 0 se B} e B? forem independentes.
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Parte |I:

Problema especifico.

Principio da média para difusdes em variedades folheadas:

Colaboradores: |. Gonzales-Gargate, P.H. da Costa, Michael Hogele
(Potsdam, Alemanha), Jan Gairing (Humboldt University, Berlin).
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Introduction

Averaging on submanifolds: System with two variables

Xt € L with invariant measure v in L
yreV the ‘main’ observable motion, ‘perturbed’ by x;
Such that
ye = F(xe, yt)

Main idea: approximation of F by its average in x:

Precisely: how close is y; to the solution of

ye = F(7)
where
FO) = [ Fr0) a7
“Averaging principle” = introducing a parameter dependence on € (in few

minutes) then yf converges to y;.
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In a simplified picture:
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The random dynamics

The unperturbed SDE:

dx: = Xo(xe)dt + > _ Xi(x:) o dBj
i=1

where each Xj(x) € TLy. The support theorem guarantees that x; lays in
the leaf L,,. We assume that it generates a unique ergodic invariant
measures iy in the leaf L.

The perturbed SDE:
dx; = Xo(x;)dt + Z Xi(xf) o dB] + eK(x{)dt,
i=1
where K is a ‘perturbing’ vector field transversal to the leaves.
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Main result

A média do campo transversal (perturbagdo) K é dada por
QK =(QK, ..., Q)

Hypothesis on the invariant measures:
QK is Lipschitz on the transversal space V' (which indexes the leaves).

Example: any nondegenerate diffusions on the leaves.

Consider the ODE in the transversal space V

& (@ Q) ()

with initial condition v(0) = m(xg) =0
(possible finite explosion time Tp).
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Main theorem

There exists a To > 0 such that for all 0 < t < Ty, 5 € (0,1/2) and
1< p<oo,

€

€ p % 2 Ct
E ( sup |7 (x;) — v(s)‘ < t\/e h(t,e) +7(t|Ine|? )e .
s<t
where h(t, €) is continuous for t,e > 0, converges to zero when (t,e) — 0,

C > 0 and ~(+) is the rate of convergence of the ergodic theorem in the
horizontal leaves.
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Interpretation of averaging:
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Example: (1) the geometry

@ Foliated space:
M =R\ {(0,0,2),z € R}

@ leaf through a point gy = (x0, Y0, 20), X0 > 0, is the horizontal circle
Ly = {(\/x% + y?cosf,/x? + y?sinf,z), 6 ¢c[0,2m)}.

@ Local foliated coordinates in U = R3\ {(x,0, z); x < 0; z € R} given by
cylindrical coordinates.

@ Hence, (r in this coordinates system, the transversal projection 7
7T1(X, Y, Z) =r

and
7rZ(Xayaz) =z
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Example: (2) the dynamics

Consider the foliated linear SDE on M consisting of random rotations:

0 -1 0
dXt = 1 0 0 Xt (A]_ dt + AZ o dBt).
0 0 O

(A, A2 #0.) The invariant probability measure p, in the leaf L, passing through
a point p € M is given by the normalized Lebesgue measures in L, ~ St.

We investigate the effective behaviour of the transversal component for a small
transversal perturbation of order e:

-1

0 0
d¢=1{ 1 0 0 |xf(\ dt+XdB)+eK(xP) dt.
0 0 0

with initial condition xo = (1,0, 0).
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Example: (3) the averaging

@ The invariant probability measures p, in the leaves L, passing through
points p € M are given by normalized Lebesgue measures in the circle L.
Hence they satisfy hypothesis.

@ We investigate the effective behaviour of the transversal component for a
small transversal perturbation of order e:
0 -1 0
dxi=11 0 0 |xf (M dt+X odB;)+eK(xf) dt.
0 0 O

with initial condition xo = (1,0, 0).
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Example: horizontal perturbation

constant horizontal perturbation:
Consider K = (ki, ko, 0) with respect to Euclidean coordinates in M.

Then Q™K = Q9mK = 0. Hence the transversal component in the Theorem is
constant v(t) = (r(0), z(0)) for all t > 0.

For comparison, the strong solution of the perturbed system is given by:
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cos (%—F)QB;) ki sin (%‘F)QBE) + ks cos (¥ +>\2B§) ke

0 0

For K =(1,0,0),

At
7T1(X§) = 14¢2 [2 + cos <: + )\28£>}
At At
—€ {cos2 <1 + /\28:) + sin <1 + /\28z>]
€ e € c

|7r1(XE) — 1] < h(t)e

Hence

according to the boundaries on the the rate of convergence stated in the theorem.
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Vertical perturbation

Constant vertical perturbations.
K = (0,0, k3), the radial average @' = 0 but Q*?> = k3 for every leave in

M. Hence the averaged system v(t) = (r(0), k3t).
For comparison, the solution of the perturbed system:

cos (% + A2 Bg)

X
a e+ M
I

sin (2 + \2B:)
kst
Hence, the comparison
|2 (XE) —v(t)|=0

for all t > 0 and the convergence of the theorem is trivially verified.
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Linear perturbation.

Linear perturbation of the form K(x,y,z) = (x,0,0).

z-coordinate Q9mK —= (.

For the radial component, we have that Ki(u) = rg cos® u, where u is the
angular coordinate of p whose distance to the z-axis (r-coordinate) is ro.
Hence the average with respect to the invariant measure on the leaves is
given by Q9™K = r/2 for leaves with radius r.

The transversal system stated in the Theorem is then

v(t) = (e2r(0), z(0)). Hence the main Theorem guarantees that the radial
part of x; must have a behaviour close to the exponential e? in the sense

that
1
P\ |~
[E <sup ™ (X ﬂ
s<t

goes to zero when € goes to zero.
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Proof of the theorem (main ideas)

Remind: v(t) is the solution of the ODE in the vertical space

&= (@, Q) ()

with initial condition v(0) = 7(xg) = 0.

Forall0 <t < Ty, f€(0,1/2) and 1 < p < o0,

m(x) - V(S)\pﬂ; < £y h(t, ) + At Ine| B)eCt.

€

[IE (sup
s<t
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Idea of the Proof

o () o<
),

_l’_

Ki(x) = Q(v(s))| ds

o (o) - ]
/OK;(XZ)dr—/O QKi(W(XE))dF

t
SCi/
0

i <x§> — Vi(S)‘ ds + |di(e, t)],

Where

e = [ K)o [ @t




Idea of the Proof

By Gronwall’'s Lemma we have that

7 (%) = w(0)] < e“laice, )l
All we have to do is to study the rate of convergence of |d;(e, t)| to zero.

O

This follows by a proposition.
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Open problems:

1) Change the model of perturbation: stochastic transversal perturbation
(work in progress with J. Gairing, Humboldt University).

2) Application: For a compact manifold L embedded in R". Consider a
tubular neighbourhood, and a Brownian motion in L perturbed in the
normal direction proportional to the curvature. Average transversal
behaviour depends on the Euler characteristic of L.
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Sobre dinamica estocastica

Um termo vasto, muitas areas e subareas. Por exemplo:

1) Dinadmica discreta

(no tempo ou no espa¢o). Atirar moedas, dados, sequéncias de saidas de
geradores aleatérios, medidas no clima, etc. Dindmica de particulas,
modelos de Ising, termodinamica. Dadas probabilidades de saltos, qual a
configuragdo estaciondria (medida invariante), etc.

2) Equacdes aleatdrias:
).(t = f(w, t’ Xt).

As solugdes tem trajetdrias diferencidveis.
Uma dnica aleatoriedade/sorteio determina toda a trajetdria!
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dinamica estocastica

3) Equagdes diferenciais estocasticas:

O ruido é introduzido permanentemente no sistema. Comparar com
sistema de controle:

: 1

x¢ = Ao(xe) + A1(xe)uy

Equacgdes estocasticas de 1t6 correspondem a controles aleatérios
(movimentos brownianos)
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Resumo do que falamos nesse mini-curso

Introducgao - linguagem basica.

Teoria da medida, processos estocasticos e equacdes diferenciais
estociasticas.

Referéncias: Muitas! Ver, por exemplo.

“Uma iniciagdo aos Sistemas Dinamicos Estocdsticos”. 3a. ed., IMPA,
2010.

www.ime.unicamp.br/~ruffino

Motivacdo de um problema especifico em dinamica estocastica.
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