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ABSTRACT

In 1916, Albert Einstein postulated the existence of gravitational waves (GW) as a
natural outcome of his Theory of General Relativity. These waves were predicted to
be transverse distortions of space-time that travel at the speed of light. A century
later, in 2015, the Advanced Laser Interferometer Gravitational-wave Observatory
(LIGO) confirmed the existence of gravitational waves during its first run (O1). This
groundbreaking discovery revolutionized astronomy by facilitating multi-messenger
observations. On the other hand, Alexandre Friedmann and Georges Lemaître inde-
pendently proposed the theoretical foundations for cosmic expansion. Edwin Hubble
later quantified the rate of cosmic expansion through his namesake law, which re-
lates recession velocity to distance. The Hubble constant (H0) is a critical cosmology
parameter representing the cosmic expansion rate. Its precise value has been the sub-
ject of extensive study, with various measurements yielding conflicting results. This
discrepancy, known as the Hubble Tension, poses a significant challenge in cosmol-
ogy. To address this issue, scientists are exploring the use of gravitational waves as
"standard sirens" (in analogy to "standard candles" in electromagnetic astrophysics).
Gravitational wave analysis offers a direct way to estimate cosmological distances,
without relying on traditional distance indicators. With the advancements in ground-
based interferometers like LIGO, Virgo, and KAGRA and future projects like the
Einstein Telescope (ET) and Cosmic Explorer (CE), the standard siren technique
hold promise for resolving the Hubble Tension. This dissertation delves into the
standard siren technique, employing GWDALI software to estimate gravitational
wave parameters from compact object mergers. We also investigate the strength of
next-generation detectors on constraining cosmological parameters via DL − z re-
lationships of ’bright’ standard sirens. For this task, we explore the efficiency and
efficacy of DALI methods in approximating cosmological posteriors.

Keywords: Standard Sirens. Hubble Tension. Gravitational Waves. Cosmology.
Multi-Messenger Astrophysics.
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DETERMINAÇÃO DA CONSTANTE DE HUBBLE ATRAVÉS DE
ASTROFÍSICA MULTI-MENSAGEIRA UTILIZANDO ONDAS

GRAVITACIONAIS

RESUMO

Em 1916, Albert Einstein previu a existência de ondas gravitacionais como uma con-
sequência natural de sua Teoria da Relatividade Geral. Essas ondas foram descritas
como distorções transversais do espaço-tempo que se propagam à velocidade da luz.
Um século depois, em 2015, a existência das ondas gravitacionais foi confirmada
pela colaboração do Advanced Laser Interferometer Gravitational-Wave Observa-
tory (Advanced LIGO), durante sua primeira campanha de observações (O1). Essa
descoberta revolucionou a astronomia ao inaugurar a era da astronomia multimen-
sageira com ondas gravitacionais.

Na década seguinte a formulação da RG, a descoberta da expansão do universo
foi realizada de forma independente por Alexander Friedmann e Georges Lemaître.
Posteriormente, Edwin Hubble quantificou essa expansão por meio da formulação
de sua lei, que relaciona a velocidade de recessão das galáxias com sua distância.
A constante de Hubble (H0) é um dos parâmetros fundamentais da cosmologia,
representando a taxa de expansão do universo. No entanto, sua determinação tem
sido alvo de extensos estudos, cujas medições independentes apresentam resultados
discrepantes. Essa divergência, conhecida como Tensão de Hubble, constitui um dos
principais desafios atuais da cosmologia observacional.

Diante desse cenário, uma abordagem promissora envolve o uso de ondas gravita-
cionais como "sirenes padrão", em analogia às "velas padrão"da astrofísica eletro-
magnética. A análise de sinais de ondas gravitacionais permite estimar diretamente
distâncias luminosas, sem recorrer aos tradicionais indicadores de distância. Com
os avanços dos interferômetros terrestres, como LIGO, Virgo e KAGRA, e com os
projetos futuros do Einstein Telescope (ET) e do Cosmic Explorer (CE), a técnica
das sirenes padrão se mostra promissora para contribuir na resolução da Tensão de
Hubble.

Esta dissertação investiga em profundidade a técnica das sirenes padrão, utilizando o
software GWDALI para estimar parâmetros associados a fontes de ondas gravitacio-
nais. Também é avaliado o potencial dos detectores de próxima geração na imposição
de restrições sobre parâmetros cosmológicos, por meio da relação DL–z obtida com
sirenes padrão. Para essa finalidade, são exploradas a eficiência e a precisão dos
métodos DALI na aproximação de distribuições posteriores cosmológicas.

Palavras-chave: Sirenes Padrão. Tensão de Hubble. Ondas Gravitacionais. Cosmo-
logia. Astrofísica Multi-Mensageira.
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1 INTRODUCTION

In the year 1916, Albert Einstein, after formulating the final set of field equations
of the Theory of General Relativity, postulated the existence of gravitational waves
(GW). He observed that the weak field equations, when linearized, give rise to wave
solutions, which manifested as transverse waves of spatial deformation propagating
at the speed of light, known as gravitational waves (MAGGIORE, 2008). This pre-
diction was confirmed a century later, on September 14, 2015. During the first run
(O1) of Advanced Laser Interferometer Gravitational-wave Observatories (LIGO),
located in Livingston, Louisiana and Hanford, Washington, USA, a signal was de-
tected, which upon analysis, was identified as the outcome of the collision of two
black holes in a binary system, having masses of 29 and 36M⊙ (ABBOTT et al.,
2016).

As of now, the LIGO collaboration has identified more than 90 confirmed
gravitational-wave detections up until the end of the third observing run (O3) in
2020. Since the O4 analysis, which began in May 2023, is still ongoing, a few dozen
significant candidate events have been detected by the LIGO detectors, though this
number is subject to change as the analysis progresses. These candidates are cur-
rently under analysis, and some are expected to be confirmed as gravitational-wave
detections. By the end of the O4 run in October 2025, the total number of detections
is expected to exceed 100.

Among these detections, one of the most notable was made by three interferometers
- two LIGO along with a Michelson detector located outside of Pisa, Italy, the
Virgo. This signal, known as GW170817 and identified on August 17, 2017, marked
the first signal ever detected from the merging of two neutron stars. Emitting both
gravitational and electromagnetic waves, in the form of a short gamma-ray burst
(GRB170817A), x-rays, ultraviolet, visible light, infrared, and radio, originated from
a distance of 40 megaparsecs (Mpc) (ABBOTT et al., 2017b; ABBOTT et al.,
2017d). Figure 1.1 depicts the signals detected from this event. The location of the
gravitational wave source derived by LIGO-Virgo was in line with the GRB, resulting
in the identification of a transient source called AT2017gfo (ABBOTT et al., 2017b;
STRATTA; PANNARALE, 2022), befitting with a kilonova. The coalescence signals
were detected in an wide eletromagnetic window by several observatories, marking
the beginning of a new era in multi-messenger astronomy.

When the General Relativity (GR) theory was published, astronomers thought the
universe was static (RYDEN, 2003). In fact, Einstein even modified his equations
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to align with this belief. However, Alexandre Friedmann’s articles in 1922 and
1924 proposed dynamic, expanding solutions to Einstein’s equations, while George
Lemaître made an independent discovery in 1927 that challenged this static universe
paradigm. It was not until 1929 that Edwin Hubble used astronomical observations
and Cepheids Variables as distance markers to establish a direct linear relation-
ship between recession velocity and galaxy distance, known as Hubble-Lemaître’s
Law (vr = H0d), confirming the universe’s expansion and measuring it through H0,
the Hubble constant. This discovery led to the search for the universe’s primordial
origin, a singular moment in which space and time emerged simultaneously.

In modern Cosmology, besides expressing the universe’s expansion rate, the square
of H0 relates the total energy density of the universe to its geometry, as well as
making it possible to calculate the age of the universe, the size of the observable
universe, and its radius of curvature, for that H0 is one of the most important pa-
rameters in Cosmology. Due to the relevance of the H0 numerous methods have been
developed and refined over decades, employing a diverse array of astronomical phe-
nomena such as Cepheid Variables, red-giant stars, supernovae (SNe), gravitational
lenses, galaxies, and the Cosmic Microwave Background (CMB). Among these, the
SH0ES Cepheid-SN distance ladder yields the most precise cosmological constraints
independent of specific cosmological models, with a value of 73.2 ± 1.7kms−1Mpc−1

(RIESS et al., 2022). Conversely, the most stringent constraints are derived from the
Planck CMB data, offering a value of 67.4 ± 0.5kms−1Mpc−1 (Planck Collaboration
2018), under the assumption of a standard ΛCDM cosmological model. This dis-
crepancy between measurements is called Hubble Tension, currently, it is estimated
to be at 4 − 5σ level. Figure 1.2 shows different measurements of H0.

Several endeavors have been made to reconcile the two results through new physics,
or improved astrophysical, experimental, and statistical modeling (FREEDMAN,
2021; FREEDMAN; MADORE, 2010). One of these attempts is the use of gravita-
tional waves as a standard siren, analog to standard candles. The GW analysis pro-
vides a direct way to estimate the luminosity distance at cosmological scales, without
the need for any intermediate astronomical distance measurements (FEENEY et al.,
2019; FISHBACH et al., 2019; HOLZ; HUGHES, 2005; Schutz, 1986). To determine
the distance, the signal must be observed by a worldwide network of three detec-
tors, preferably four (Schutz, 1986). Nowadays, there are two detectors with 4 km
arm-length, the LIGOs, two detectors with 3 km arm-length, the Virgo, and KA-
GRA (Japan), and one with a 600 m arm-length, the GEO600. Third-generation
ground-based interferometers in the project, the Einstein Telescope (ET) and Cos-
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mic Explorer (CE), will have 10 km and 40 km arm-lengths, respectively, and signif-
icantly enhanced sensitivity to detect farther sources. Besides those, there is LISA,
the first space-based observatory dedicated to studying gravitational waves of low
frequency (LISA CONSORTIUM, ). GW170817 provided proof of the principle that
the standard siren technique could measure the Hubble constant.

In this thesis, we explore the use of standard sirens through DALI (Derivative Ap-
proximation for LIkelihoods) to estimate gravitational wave (GW) parameters (GW-
DALI) and cosmological parameters from compact object coalescences. This analysis
employs Gaussian and Beyond-Gaussian likelihood approximations, focusing specif-
ically on DL − z measurements of bright sirens—standard sirens with electromag-
netic counterparts—within a dynamic cosmological model framework. The thesis is
structured as follows: It begins with the fundamental concepts of General Relativity
and Cosmology, providing the necessary background for understanding the problem.
This is followed by a detailed description of Gravitational Wave theory and the data
analysis methods used to address the main objectives of this work. Finally, the last
chapter presents our results and conclusions.
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Figure 1.1 - Hubble Constant Measurements.

Upper left panel: The gravitational wave signal from GW170817 depicted in the time-
frequency domain, alongside the associated short gamma-ray burst (GRB) independently
detected by Fermi and INTEGRAL. The temporal scale is centered on the coalescence
epoch (t − tc = 0), illustrating a clear 1.7-second lag of the GRB trigger following
the merger. Upper right panel: The nearly thermal optical spectrum of the kilonova
(AT2017gfo) captured at various epochs. Central panel: A timeline detailing the discov-
ery of the electromagnetic counterparts (GRB 170817A and AT2017gfo) throughout the
follow-up campaign. Lower left panel: Visual representations of AT2017gfo and its host
galaxy NGC 4993. Lower right panel: Visual representations of the X-ray and radio after-
glow of GRB 170817A.

SOURCE: Stratta and Pannarale (2022).
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Figure 1.2 - GW170817, GRB170817a and AT2017gfo signals.

Left: the figure includes results from distance ladder determinations (labeled HST Key
Project, Cepheids+SNIa (2011 and 2021), TRGB Dist Ladder), indirect CMB measure-
ments (WMAP9 + +, P lanckPR3 + +, both of which combine CMB with other data),
BAO in combination with baryon abundance (BAO+D/H), the thermal SZ effect (CHAN-
DRA+tSZ, XMM+Planck tsZ), strong gravitational lensing (Gravlens Time Delay) and
gravitational waves (LIGO+Virgo+KAGRA). Right: This figure illustrates recent H0 de-
terminations using only CMB data, uncombined with lower redshift measurements.

SOURCE: NASA / LAMBDA ARCHIVE TEAM (2024).
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2 FUNDAMENTAL PRINCIPLES OF GENERAL RELATIVITY AND
COSMOLOGY

This section provides an introduction to the fundamental concepts of modern cos-
mology. It is divided into two main parts: the principles of General Relativity, focus-
ing on elements such as the understanding and interpretation of the field equation,
and the main ideas in Cosmology. The latter includes discussions on the Cosmo-
logical Principle, the Friedmann equations derived from the Friedmann-Lemaître
Robertson-Walker metric, the Hubble-Lemaître law, and various definitions of cos-
mological distances. Additionally, this section discusses the ΛCDM model and its
extensions, specifically the w0waCDM model.

2.1 Principles of General Relativity

At the dawn of the 20th century, Albert Einstein formulated General Relativity (GR)
in 1915 (EINSTEIN, 1915). This framework redefined gravitational interactions,
which were previously described solely by Newtonian mechanics. While Newtonian
gravity successfully explained planetary motion, it failed under extreme conditions,
particularly in accounting for the finite propagation speed of gravitational interac-
tions (CARROLL, 2019). Before going deeper into these equations, it is important
to understand the foundational concepts and mathematical tools essential to this
theory of gravity.

2.1.1 Mathematical foundations of General Relativity

The mathematical formulation of General Relativity relies on differential geometry,
tensor calculus, and the theory of manifolds. A fundamental concept in GR is the
four-dimensional differentiable manifold M, representing spacetime (CARROLL,
2019; D’INVERNO, 1992). A manifold allows for local coordinate charts xµ, where
µ = 0, 1, 2, 3 labels spacetime coordinates. The principle of general covariance asserts
that the laws of physics should take the same form in all coordinate systems.

The metric tensor gµν defines the infinitesimal spacetime interval:

ds2 = gµνdx
µdxν , (2.1)

where gµν encodes the geometry of spacetime (CARROLL, 2019). For example, in
the absence of gravitational fields, spacetime is described by Minkowski space, a
flat four-dimensional spacetime used in Special Relativity. The Minkowski metric is
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given by:
ds2 = −c2dt2 + dx2 + dy2 + dz2. (2.2)

This metric describes the geometry of spacetime where inertial observers experi-
ence no gravitational effects, and the interval ds2 remains invariant under Lorentz
transformations.

• Tensor Calculus

Tensors generalize vectors and scalars to higher-dimensional spaces and are fun-
damental in GR since physical laws must be independent of coordinate choices. A
rank-(m,n) tensor transforms as (D’INVERNO, 1992)

T ′α1...αm
β1...βn

= ∂xα1

∂x′µ1
· · · ∂x

αm

∂x′µm

∂x′ν1

∂xβ1
· · · ∂x

′νn

∂xβn
T µ1...µm
ν1...νn

. (2.3)

Common tensors in GR include the metric tensor gµν , the stress-energy tensor Tµν ,
and the Riemann curvature tensor Rρ

σµν .

• Covariant Differentiation and Connections

In curved spacetime, differentiation must respect the manifold’s structure. The co-
variant derivative ∇µ generalizes the partial derivative and is defined using the
Christoffel symbols (CARROLL, 2019):

∇µT
ν = ∂µT

ν + ΓνµλT λ. (2.4)

The Christoffel symbols Γλµν , which describe how the coordinate basis changes from
point to point, are derived from the metric tensor:

Γλµν = 1
2g

λσ (∂µgσν + ∂νgσµ − ∂σgµν) . (2.5)

The Levi-Civita connection, a torsion-free connection, ensures that the metric is
preserved under parallel transport (MISNER K. S. THORNE, 1973).

2.2 Einstein field equations

The curvature of spacetime is described by the Riemann curvature tensor
(D’INVERNO, 1992):

Rρ
σµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ (2.6)
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This tensor encodes the intrinsic curvature of spacetime and describes how vectors
change when transported in parallel along a curved manifold.

The Ricci tensor Rµν is obtained by contracting the first and third indices of the
Riemann tensor:

Rµν = Rλ
µλν . (2.7)

Further contraction with the metric tensor yields the Ricci scalar R:

R = gµνRµν . (2.8)

This scalar represents a measure of curvature at a given point in spacetime.

Relating these curvature quantities to the stress-energy tensor gives the Einstein
field equations:

Rµν − 1
2gµνR + Λgµν = 8πG

c4 Tµν , (2.9)

whereG is the gravitational constant, c is the speed of light, and Λ is the cosmological
constant (EINSTEIN, 1915; D’INVERNO, 1992).

The right-hand side of the Einstein equations is related to the matter and energy,
and it is composed of the energy-momentum tensor Tµν . The energy-momentum
tensor quantitatively provides the densities and flows of energy and momentum gen-
erated by the sources present in space that will determine the geometry of spacetime
(ROOS, 2003). The energy-momentum tensor Tµν can be understood as the flow of
the quadri-momentum pµ through a constant surface xν

The Einstein equations predict some physical phenomena:

• Gravitational Time Dilation: Stronger gravitational fields slow down the
passage of time (ASHBY, 2003).

• Gravitational Waves: Metric perturbations propagate as ripples in space-
time (ABBOTT et al., 2016).

• Black Holes and Event Horizons: Certain solutions predict regions of in-
escapable gravitational pull (CHANDRASEKHAR, 1983).

• Cosmological Expansion: The field equations underpin modern cosmologi-
cal models (PEEBLES, 1993).

In the weak-field approximation (The weak-field approximation refers to the regime
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in which the gravitational field is sufficiently weak such that the spacetime met-
ric deviates only slightly from the flat Minkowski metric), GR should reduce to
Newtonian gravity.

2.3 Cosmology

2.3.1 Cosmological principle

In the 1930s, Edward A. Milne (1896-1950) introduced a fundamental concept in
modern cosmology, called the Cosmological Principle (RYDEN, 2003; BARTUSIAK,
2006). The Cosmological Principle states that, on large scales (> 100 Mpc), the
Universe is homogeneous and isotropic. This principle was implicitly considered
in Einstein’s early cosmological work (1917) and later formalized in the 1930s in
the context of General Relativity (RYDEN, 2003). According to this principle, the
Universe appears statistically the same to all observers who follow the Hubble flow,
implying that the distribution of matter and energy is uniform at sufficiently large
scales.

Homogeneity means that there is no privileged location in the Universe. Matter
is evenly distributed, meaning that any observer would perceive the same number
of galaxies, clusters, and superclusters regardless of their position. Isotropy, on the
other hand, implies that there is no preferred direction in the Universe; it appears
the same in all directions. To illustrate this concept, imagine a room with infinite
walls and a light bulb in the center. If different directions of the room have the
same luminosity, but there is a direction with greater luminosity where the lamp is
located, then there is a lack of isotropy. Therefore, homogeneity and isotropy are
not identical concepts. Figure 2.1 shows the different patterns that can arise: (a)
only homogeneous, (b) only isotropic, and (c) both homogeneous and isotropic.

2.3.2 FLRW metric and Friedmann’s equations

In 1922, based on the Cosmological Principle, Alexander Friedmann, a self-taught
student of General Relativity, derived the first expansionist solutions to Einstein’s
equations (BARTUSIAK, 2006). Friedmann’s model describes a dynamic, spatially
homogeneous, isotropic Universe that began from a divergent matter density sce-
nario (RYDEN, 2003). In 1927, Georges E. Lemaître independently obtained equa-
tions equivalent to Friedmann’s. Unlike his colleague, Lemaitre used the physics
and astronomy of the time to describe the Universe, attracting the interest of the
scientific community.
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Figure 2.1 - Cosmological Principle.

Illustrations representing what would be a: (a) homogeneous but not isotropic pattern.
(b) isotropic but not homogeneous pattern for an observer at the center. (c) isotropic and
homogeneous pattern.

SOURCE: Ryden (2003).

Cosmological distances are dynamic, requiring the use of comoving coordinates,
which expand with the universe. They can be visualized as a grid in which galaxies
remain fixed while the universe expands, as illustrated in Figure 2.2. The changes in
scale due to the universe’s expansion or contraction can be quantified using the scale
factor a(t), defined as a time-dependent function that parametrizes the expansion
of the universe through the distance between galaxies:

a(t) ∝ intergalactic distance. (2.10)

For convenience, a(t) is normalized such that a(t0) = 1 today. This normalization
is only valid in a spatially flat Universe; in models with non-zero spatial curvature,
rescaling a(t0) would alter the physical meaning of the curvature term K, which
appears in the metric as K/a(t)2 Distances at different epochs relate via:

a(t) = R(t)
R0

, (2.11)

where R(t) is the proper distance at time t, and R0 is the present-day comoving
distance. The metric describing a homogeneous, isotropic universe is the Friedmann-
Lemaître-Robertson-Walker (FLRW) metric:

ds2 = −c2dt2 + a2(t)
[

dr2

1 −Kr2 + r2(dθ2 + sin2 θdϕ2)
]
, (2.12)
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Figure 2.2 - Scale Factor.

Illustration showing the evolution of the scale factor over time. The black grids represent
the comoving coordinates, and note that galaxies appear “stuck” to the grid.

SOURCE: Author.

where K is called the curvature parameter, K = +1, 0,−1 represents closed, flat, or
open spatial geometry, respectively.

By inserting the FLRW metric into of Einstein’s equations, and assuming that the
energy-matter in the Universe behaves like a perfect fluid 1 it is possible to derive a
dynamical equation known as Friedmann’s equation:

H2 = 8πG
3 ρ(t) − K

a2(t) (2.13)

where H = ȧ/a is the Hubble parameter. The density term is the sum of all ener-
getic components of the Universe (ρ(t) = ∑

i ρi(t). For a given value of the Hubble

1A perfect fluid in cosmology is described by the energy-momentum tensor of the form Tµν =
(ρ + p)uµuν + pgµν , where ρ represents the energy density, p is the isotropic pressure, uµ is the
four-velocity of the fluid, and gµν is the spacetime metric tensor. This formulation assumes the
absence of viscosity and heat conduction and is widely used to model cosmic components such as
radiation, matter, and dark energy in relativistic cosmology (WEINBERG, 1972).
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parameter, there is a critical density ρc(t), defined by

ρc(t) = 3H(t)2

8πG . (2.14)

Defining the density parameter Ωi = ρi(t)/ρc(t), the second Friedmann equation
describing energy conservation is:

ρ̇ = −3H(ρ+ P ). (2.15)

2.3.3 Hubble-Lemaître law

In the past, when the Universe was considered to be stationary, it was predicted
that galaxies could move randomly. However, Edwin Hubble2, assisted by Milton
Humason, observed, using Cepheid Variables3, that most galaxies showed a redshift
(some blue). A redshift (or blueshift) is a change in the spectrum of electromagnetic
waves toward longer (or shorter) wavelengths, indicating a movement toward the
red (or blue) side of the spectrum, respectively.

Hubble and Humason (1929) confirmed a linear relation between redshift and dis-
tance, now known as the Hubble-Lemaître Law (RYDEN, 2003):

v = H0D. (2.16)

The observed redshift in an expanding universe results from three effects:

• Doppler shift (peculiar velocity)

• Gravitational redshift (gravitational potential differences)

• Cosmological redshift (metric expansion)

2Vesto Slipher was the first to calculate the speed with which Andromeda approaches the
Earth, as well as the speed of 2004 galaxies, although in 1910 galaxies were called spiral nebulae,
interpreted as solar systems in formation (BARTUSIAK, 2006). In 1927, George Lemaître used
a list containing 42 galaxies for which the wavelength shift had been calculated by Slipher and
concluded that the high velocities found (well above the velocity of the stars in the Milky Way)
could be the result of the expansion of the Universe

3Cepheid variables are high-luminosity supergiant stars [L⊙ = 400000 (solar luminosity)] and
periodically variant luminosities (RYDEN, 2003)
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The redshift is defined mathematically by the equation (RYDEN, 2003):

z = λo − λe
λe

(2.17)

where λo e λe represent the wavelengths of the light observed and emitted, respec-
tively. The value of the redshift can also be related to distance by Hubble-Lemaître
Law, expressed as:

z = v

c
= H0D

c
(2.18)

Observational data confirm the relationship between redshift and luminosity dis-
tance4. Figure 2.3 illustrates the relationship between the luminosity distance (dL)
and the redshift (z), using data from Union2.1, one of the largest catalogs of su-
pernova Ia. This relationship is essential for understanding the expansion of the
Universe and validating cosmological models.

4Luminosity distance is a measure of distance used to describe the relationship between the
intrinsic luminosity (or power emitted) of an astronomical object and its observed flux (brightness),
better discussed on the next section.
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Figure 2.3 - Relationship between luminosity distance (dL) and redshift (z).

Relationship between luminosity distance (dL) and redshift (z) for supernovae from the
Union2.1 catalog (SUZUKI et al., 2012). The error bars are shown in pink, while the
observed values are represented in orange.

SOURCE: Author.

In this context, the Hubble constant can be calculated by dividing the speed by the
distance, and its unit is km.s−1Mpc−1. If the galaxies are currently moving apart,
this implies that they were very close together in the past. Therefore, the time
elapsed since they were very close can be defined as:

t0 = 1
H0

(2.19)

Hubble’s time (t0) represents the current age of the Universe, calculated as approxi-
mately (13.74±0.40) billion years (RYDEN, 2003). This value is in line with the age
of the oldest astronomical objects ever observed. In addition, since “objects” with
large redshift values indicate a period when the Universe had a small scale factor,
while small redshift values suggest more recent eras, it is possible to establish a rela-
tionship between the redshift (z) and the scale factor. Let’s take an electromagnetic
signal emitted by an object of coordinates (r, θ, ϕ), at the instant te the first peak
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is emitted, at the instant te + δte a second peak is emitted. Both are observed by
the observer with coordinates (0,0,0) at the instant t0 and t0 + δt0, respectively. The
light signal travels along a null geodesic (ds2 = 0), where θ and ϕ are constants.
Through the definition of the scalar factor we have that:

1 + z = λo
λe

= a(to)
a(te)

(2.20)

This implies that the wavelength of the signal are stretching due the cosmic expan-
sion, by a factor equal to the ratio between the scale factor at the time of emission
and observation (ROOS, 2003).

Accurate determination of astronomical distances is fundamental to understanding
the scale, structure, and evolution of the universe. Over time, astronomers have
developed a series of interconnected methods known as the cosmic distance ladder,
each building on the precision of the previous to reach greater distances. These
methodologies, coupled with alternative approaches like the inverse distance ladder,
have become central to modern cosmology.

To better understand, the cosmic distance ladder is a hierarchical method used to
determine astronomical distances, addressing the challenge that no single method
can measure distances across all cosmic scales. Each "rung" of the ladder relies on
calibrations from the preceding one (RIESS et al., 2022). For instance, the SH0ES
team calibrated the luminosities of Classical Cepheids using parallaxes, maser dis-
tances to NGC 4258, and detached eclipsing binaries in the Large Magellanic Cloud
(RIESS et al., 1998). These Cepheid measurements then served to calibrate Type Ia
supernovae, which act as "standard candles" for measuring even greater distances.
Standard candles, such as Cepheids and supernovae, have well-defined luminosity
properties that allow their distances to be determined by comparing intrinsic and
observed brightness.

Challenges in using standard candles include accurate calibration of their absolute
brightness and ensuring precise categorization to avoid misclassifications. Type Ia
supernovae, critical for distances beyond 108 light-years, are particularly valuable
due to their uniform luminosity and consistent light curve patterns, enabling precise
distance measurements by analyzing peak brightness and light curve evolution.

An alternative approach, the inverse distance ladder, begins with the Cosmic Mi-
crowave Background (CMB) (CAMARENA; MARRA, 2020). Here, the sound hori-
zon (a standard ruler) is imprinted as acoustic peaks in the CMB’s angular power
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spectrum. By measuring the angular diameter distance to the CMB surface and
applying cosmological models, researchers can estimate key parameters like matter
density and the Hubble parameter.

However, these methodologies have highlighted a growing discrepancy, the Hubble
tension. Using the cosmic distance ladder, measurements of the Hubble constant
(H0) yield a value systematically higher than the value derived from the inverse
distance ladder using CMB data. A recent hypothesis, termed the “local bubble
effect,” suggests that this tension might be partly due to our location within an
underdense region of the universe (HUTERER; WU, 2024). Complementarily, re-
cent results from the DESI survey, when interpreted through a fundamental physics
lens, provide independent motivation for questioning the ΛCDM model. In partic-
ular, Brandenberger argues that a constant dark energy density — as assumed in
ΛCDM — may be theoretically inconsistent, based on the Trans-Planckian Cen-
sorship Conjecture and swampland criteria, and that current observations favor a
time-dependent dark energy component (BRANDENBERGER, 2025). Such efforts
highlight the complementary nature of these distance measurement techniques and
the challenges of unifying them under a consistent framework.

2.3.4 Distance in cosmology

In cosmology, there are several types of distances used to describe the vast scales
of the universe and the relationships between celestial bodies. Here are some of the
different types of distances commonly used.

2.3.4.1 Comoving distance

The concept of comoving quantities is related to the quantities that remain un-
changed with the expansion of the Universe (RYDEN, 2003; HOGG, 2000). Since it
is the space itself that is expanding, we can define a type of distance called the co-
moving distance, which remains constant. The comoving distance δDC is a measure
of the separation between two objects in the Universe that remains constant over
time if both objects move with the Hubble flow (RYDEN, 2003). In other words, it
represents the distance that would be observed between them at the time of obser-
vation (the proper distance), adjusted for the ratio of the scale factor of the Universe
at that time to its current value. Mathematically, it equals the proper distance mul-
tiplied by (1 + z), where z is the redshift There are two types of comoving distance:
the Line-of-Sight and the Transverse. These distances are derived directly from the
spacetime interval using the FLRW metric.
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To calculate the total line-of-sight comoving distance DC from us to a distant object,
one needs to integrate the infinitesimal contributions δDC between nearby events
along the radial ray from z = 0 to the object’s redshift. The line-of-sight comoving
distance, or simply comoving distance DC , is defined as such.

DC =
∫ z

0
c
dz

H(z) (2.21)

The transverse comoving distance, denoted as DM , represents the spatial separa-
tion between two points in the universe along a path perpendicular to the line of
sight, accounting for the universe’s expansion (HOGG, 2000). Unlike the line-of-
sight comoving distance, which is measured along the direction of observation, the
transverse comoving distance is measured perpendicular to this line. It provides a
crucial measure for understanding the universe’s geometry and is often used in cos-
mological calculations and models to describe the spatial distribution of celestial
objects. The transverse comoving distance is defined as

DM = 1√
K
sin

[√
K
∫ z

0
c
dz

H(z)

]
= DH√

Ωk,0
sinh


√

ΩK,0

DH

∫ z

0
c
dz

H(z)

 (2.22)

Where DH = 1
H0

is the Hubble Distance, K is the curvature parameter, and ΩK,0 is
the density parameter associated with the spatial curvature.

2.3.4.2 Angular diameter distance

The angular diameter distance, denoted as DA, represents the relationship between
the physical transverse size of an object and its angular size (measured in radians).
This distance measure is essential for converting angular separations observed in
telescope images into proper separations at the source. Notably, DA is characterized
by a unique feature: it does not increase indefinitely as a redshift (z) approaches in-
finity. Instead, it reaches a maximum turnover point at around z ∼ 1, beyond which
more distant objects appear larger in angular size. The angular diameter distance
is intricately connected to the transverse comoving distance, with the relationship
given by

DA = DM

1 + z
(2.23)
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2.3.4.3 Luminosity distance

The luminosity distance dL is defined by the relationship between the bolometric
flux S (integrated over all frequencies) and the bolometric luminosity L:

dL =
√

L

4πS (2.24)

We can also relate this to the transverse comoving distance and angular diameter
distance by

dL = (1 + z)DM = (1 + z)2DA (2.25)

2.3.5 The Universe

2.3.5.1 Dark matter

Dark matter was first inferred by Zwicky (1933) from galaxy cluster dynamics
(ZWICKY, 1933). Rubin and Ford (1970s) further confirmed its presence through
galaxy rotation curves (RUBIN; FORD, 1970). It is one of the greatest mysteries in
modern astrophysics. Despite not emitting, absorbing, or reflecting light, it exerts
significant gravitational influence in the universe. According to astrophysical obser-
vations, about 27% of the total composition of the universe is attributed to dark
matter (RYDEN, 2003).

Today, dark matter is studied not only through galactic dynamics but also via
phenomena such as gravitational lensing (BARTELMANN; SCHNEIDER, 2001).
Dark matter can be classified into two main categories based on the thermal velocity
of the particles and their influence on the universe’s structure (RYDEN, 2003). Cold
Dark Matter (CDM) consists of massive particles that move slowly and are essential
for the formation of structures like galaxies and galactic clusters. Hot Dark Matter
(HDM), composed of very light and fast particles such as neutrinos, is insufficient
to explain the formation of larger structures.

Several theoretical models have been proposed to explain the nature of dark matter.
Among them are Weakly Interacting Massive Particles (WIMPs), hypothetical sub-
atomic particles interacting only through gravitational and weak forces (BERTONE
et al., 2005). Another proposal is the Axion, an extremely light particle that can
form large-scale quantum condensates (MARSH, 2016).
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2.3.5.2 The ΛCDM model

The ΛCDM (Lambda-Cold Dark Matter) model is the prevailing paradigm in mod-
ern cosmology, offering a coherent description of the Universe’s evolution. It inte-
grates the cosmological constant Λ, originally introduced by Einstein in the frame-
work of general relativity (EINSTEIN, 1917), with cold dark matter (CDM), forming
the foundation for explaining large-scale observations, such as the cosmic microwave
background (CMB) (PENZIAS; WILSON, 1965; AGHANIM et al., 2020), galaxy
distribution (TEGMARK et al., 2004), and the Universe’s accelerated expansion
(PERLMUTTER et al., 1999; RIESS et al., 1998).

The model is governed by the Friedmann equation, which describes the expansion
dynamics of a homogeneous and isotropic Universe:

H2(a) = H2
0

[
Ωra

−4 + Ωma
−3 + Ωka

−2 + ΩΛ
]
, (2.26)

where H(a) is the Hubble parameter as a function of the scale factor a, H0 is the
present-day value of the Hubble parameter;Ωr, Ωm, Ωk, and ΩΛ are the density
parameters for radiation, matter, spatial curvature, and dark energy, respectively.

The cosmological constant Λ is linked to dark energy, which drives the Universe’s
accelerated expansion, as confirmed by Type Ia supernova observations (PERL-
MUTTER et al., 1999; RIESS et al., 1998). Dark energy constitutes approximately
68% of the Universe’s total energy budget, while cold dark matter and baryonic
matter contribute about 27% and 5%, respectively (AGHANIM et al., 2020).

2.3.5.3 The w0waCDM model

The w0waCDM model extends ΛCDM by allowing for a time-dependent dark energy
equation of state. Unlike the ΛCDM model, which assumes a constant equation of
state parameter w = −1, the w0waCDM model parametrizes the evolution of w as:

w(a) = w0 + wa(1 − a), (2.27)

where w0 is the present-day value of the dark energy equation of state; wa describes
the rate of change of w with time; and a is the scale factor, normalized such that
a = 1 today.

This formulation allows for deviations from the cosmological constant model, where
w0 = −1 and wa = 0. A commonly used case of this parameterization is the
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Chevallier-Polarski-Linder (CPL) model (CHEVALLIER et al., 2001; LINDER,
2003), which is designed to capture possible time evolution in the dark energy com-
ponent with a minimal set of parameters. The CPL parametrization is sometimes
alternatively written as:

w(a) = w0 + wa

(
a− 1
a

)
. (2.28)

This expression is mathematically equivalent to the standard form through the iden-
tity a−1

a
= −1−a

a
, which emerges when the original CPL model, typically written as

w(z) = w0 + wa
z

1+z , is re-expressed in terms of the scale factor via the relation
z = 1

a
− 1. Both forms describe the same physical model and converge to w0 as

a → 1, with the parameter wa encoding the first-order deviation from a constant
equation of state.

The Hubble parameter in the w0waCDM model is expressed as:

H2(a) = H2
0

[
Ωma

−3 + Ωra
−4 + Ωka

−2 + ΩDE(a)
]
, (2.29)

but with a time-dependent dark energy density parameter:

ΩDE(a) = ΩDE,0 exp
[
3
∫ 1

a

1 + w(a′)
a′ da′

]
. (2.30)

This formulation captures the potential time evolution of dark energy, distinguishing
the w0waCDM model from the standard ΛCDM paradigm (LINDER, 2003).

The w0waCDM model can contribute to resolving cosmological discrepancies, such
as the tension in Hubble constant measurements between early and late-Universe
probes. By incorporating a dynamic dark energy component, this model allows for
possible variations in cosmic acceleration, potentially reconciling differences in ex-
pansion rate estimates (RIESS et al., 2019; WONG et al., 2020). Despite its concep-
tual advantages, the w0waCDM model presents challenges in constraining wa due to
observational limitations. Current data remain largely consistent with the standard
ΛCDM framework, making it difficult to detect deviations. However, next-generation
surveys, such as the Vera C. Rubin Observatory’s Legacy Survey of Space and Time
(LSST) and the Euclid mission, are expected to enhance constraints on w0 and wa,
improving our understanding of dark energy (LEGACY COLLABORATION, 2021;
EUCLID CONSORTIUM, 2020).
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3 GRAVITATIONAL WAVES

Gravitational Waves are distortions in the fabric of spacetime, much like the distor-
tion that forms on the surface of a pond when you throw in a stone. However, instead
of water, these waves travel through spacetime itself. It arises from the motion of
mass-energy forms, much like how electromagnetic waves emerge from moving elec-
tric charges. This chapter covers the theoretical foundations, polarization states, and
role of gravitational waves in cosmology.

3.1 Linearized field equations

Einstein’s field equations are non-linear, meaning that you cannot simply add up
solutions as you might with ordinary linear equations. Moreover, computing the
Riemann tensor in strongly curved spacetime requires dealing with intricate second-
order partial differential equations (MILLER; YUNES, 2021). To simplify the anal-
ysis in weak-field approximations, we introduce the small perturbation hµν . Thus,
the metric is written as

gµν = ηµν + hµν , (3.1)

with the condition |hµν | ≪ 1. This assumption allows us to treat hµν as a small
perturbation superimposed on an otherwise smooth spacetime background, valid in
the weak-field limit (MAGGIORE, 2008). Since hµν is small, we ignore any terms
that are quadratic or higher in hµν , which simplifies Einstein’s equations.

The Christoffel symbols (first order hµν) are:

Γρµν = 1
2η

ρλ
(
∂µhλν + ∂νhλµ − ∂λhµν

)
. (3.2)

Note that we have already omitted any second-order contributions in hµν . The Rie-
mann curvature tensor simplifies to:

Rµνρσ = 1
2 (∂ν∂ρhµσ + ∂µ∂σhνρ − ∂µ∂ρhνσ − ∂ν∂σhµρ) , (3.3)

with all indices lowered using the flat Minkowski metric (MAGGIORE, 2008). The
Ricci tensor Rµν is obtained by contracting the Riemann tensor:

Rµν = Rρ
µρν = 1

2
(
∂σ∂µh

σ
ν + ∂σ∂νh

σ
µ − ∂µ∂νh− □hµν

)
, (3.4)

where the trace h = ηµνhµν , and the D’Alembertian operator is □ = ηµν∂µ∂ν
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To simplify the field equations further, we define:

h̄µν = hµν − 1
2ηµνh. (3.5)

This redefinition allows us to recast the Einstein equations into a more manageable
form:

□h̄µν + ηµν∂
ρ∂σh̄ρσ − ∂ρ∂ν h̄µρ − ∂ρ∂µh̄νρ = −16πG

c4 Tµν . (3.6)

General Relativity permits a great deal of gauge freedom, so we can impose addi-
tional conditions on the metric perturbation without altering the underlying physics.
A particularly effective choice is the harmonic gauge, also known as the Lorenz gauge.
The gauge condition is:

∂ν h̄µν = 0. (3.7)

When this condition is applied, several terms in the previous equation vanish, re-
ducing it to the gravitational waves equation:

□h̄µν = −16πG
c4 Tµν . (3.8)

In vacuum (Tµν), this further simplifies:

□h̄µν = 0. (3.9)

A crucial property of the Lorenz gauge condition 3.7 is that, even after imposing it,
we can still perform an additional gauge transformation (only in vacuum). For a de-
tailed discussion, see (SOUZA, 2023). By exploiting this residual gauge freedom, the
number of independent components of h̄µν is further reduced from six to two. These
two remaining degrees of freedom correspond to the physical radiative polarization
states of gravitational waves, which will be discussed in the following section.

3.2 Plane gravitational waves

For the detection and analysis of gravitational waves, we focus on radiative solutions
of Equation (3.9). Since the d’Alembertian operator (□) describes wave propagation
at the speed of light, the general solution satisfies the superposition principle and
can be expressed as a sum of plane waves:

h̄µν = ℜ
(
Aµνe

ikρxρ
)
, (3.10)
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Where Aµν is a complex amplitude tensor, and kµ is the wave vector, which consists
of the gravitational wave angular frequency ω and the spatial wave components ki.

Substituting the solution (3.10) into the wave Equation (3.9), we obtain the disper-
sion relation:

kρkρ = ηρσk
ρkσ = 0. (3.11)

This shows that the wave vector is null (lightlike), confirming that gravitational
waves propagate at the speed of light (v = c).

Additional constraints arise from the Lorenz gauge condition 3.7. Applying it to the
plane wave solution (3.10), we obtain:

kρAµρ = 0. (3.12)

This condition implies that the amplitude tensor Aµν is orthogonal to the wave vec-
tor, further reducing the number of independent components. By imposing further
gauge conditions on the metric perturbation, we arrive at the harmonic gauge. In
this gauge, the independent components satisfy:

h̄0µ = 0, h̄ii = 0, ∂ih̄ij = 0. (3.13)

Where the indexes i and j indicate the spatial coordinates. These constraints simplify
the gravitational wave structure, leading to the Transverse-Traceless (TT) gauge.
The perturbation metric on this specific gauge is denoted by hTTij . Assuming a plane
monochromatic gravitational wave propagating, the solution is

hTTij (x) = eij(k)eikx (3.14)

Here eij(k) is called the polarization tensor. For a single plane wave with a given
wave-vector k, n̂ = k/|k|. Considering that n̂ is along the z-axis, and that hij is
symmetric and traceless, we have

hTTij =


h+ h× 0
h× −h+ 0
0 0 0


ij

cos(ω(t− z/c)) (3.15)
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3.3 Multipole expansion

To analyze the gravitational wave field produced by a localized source, one can
employ a multipole expansion that decomposes the field into contributions from
various moments of the mass distribution. In this approach, the solution to the
wave equation can be expressed using a Green’s function method. Computing the
Green’s function, one can show that the solution of the GW equation can be given
by (MAGGIORE, 2008):

hµν(t,x) = 4G
∫
d3x′Tµν(t− |x − x′|/c,x′)

|x − x′|
. (3.16)

where Tµν is the energy-momentum tensor of the source. Since we are interested
in the far-field region where |x| >> |x′|, the denominator in Equation (3.16) can
be expanded in a Taylor series, and then it can obtained by applying the projector
tensor Λi,j,kl = PikPjl − 1

2PijPkl, where Pij = δij − ninj is the vectorial projector
tensor in a given direction n = x/|x|.

Substituting Equation 3.16 we obtain:

hTTij = 4G
r

Λi,j,kl

∫
d3x′T kl(x′, tr + x′.n) (3.17)

Where tr = t−r is the retarded time. Expanding Equation 3.17 around the retarded
time and defining the quadrupole moment M ij as

M ij =
∫
T 00xixjd3x, (3.18)

the Quadrupole Formula at leading order is

hTTij (t,x)|quadrupole = 2G
r

Λi, j, klM̈kl(tr). (3.19)

The expression above represents the leading-order contribution to the gravitational
waveform in a multipolar expansion. Here, leading order refers to the dominant term
in an expansion in powers of the small parameter ϵ ∼ v/c, where v is the typical
velocity of the source and c is the speed of light. This expansion is valid in the
weak-field, slow-motion regime of General Relativity and is analogous to the post-
Newtonian expansion. In this context, the quadrupole term is the first non-vanishing
contribution to gravitational radiation.

The lowest-order term in the multipole expansion is the monopole term, which rep-
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resents the total mass M of the system. However, in General Relativity, mass-energy
conservation prevents monopole radiation because this term remains constant. The
next term, the dipole moment, describes the center of mass of the system. Since
the total momentum of an isolated system is conserved, dipole radiation is also sup-
pressed. The quadrupole term is, therefore, the dominant source of gravitational
radiation. Higher-order multipoles, such as the octupole and higher moments, intro-
duce additional corrections to the gravitational wave signal, but their contributions
are typically much weaker than those of the quadrupole term.

3.4 Gravitational Waves Polarization

To determine the gravitational wave polarizations, we analyze the quadrupole radi-
ation from a binary system and decompose the resulting metric perturbation into
its transverse-traceless (TT) components. This approach allows us to compute the
waveforms observed by a distant detector.

We begin by defining the system’s fundamental quantities:

r̄0 = (x0, y0, z0) ≡ x̄1 − x̄2 (relative distance), (3.20)

R̄CM = (xCM , yCM , zCM) ≡ m1x̄1 +m2x̄2

m1 +m2
(center of mass), (3.21)

M = m1 +m2 (total mass), (3.22)

µ = m1m2

m1 +m2
(reduced mass). (3.23)

The energy density T 00 in the center-of-mass frame is given by:

T 00 = µ, δ(x− x0)δ(y − y0)δ(z − z0). (3.24)

Since the center-of-mass motion does not contribute to gravitational wave emission,
it is excluded from the expression. Following (MAGGIORE, 2008), under the circular
orbit approximation, the relative position of each is given by

x0 = R cos [Φs(t) + φ0] , (3.25)

y0 = R sin [Φs(t) + φ0] , (3.26)

where R is the orbital radius, Φs(t) is the orbital phase evolving as

From these expressions, we compute the quadrupole moment components and their
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second time derivatives. Since the motion is confined to the §†-plane, the mass
quadrupole component along the z-axis vanishes (M̈33 = 0). The leading components
of the second derivative of the quadrupole moment are:

M̈11 = −M̈22 ≈ 2µR2Φ̇2
s cos(2Φs), (3.27)

M̈12 ≈ 2µR2Φ̇2
s sin(2Φs). (3.28)

where Φs = Φs(t) + φ0. These expressions allow us to write the transverse-traceless
(TT) components of the quadrupole moment as

M̈TT = 2µ(RΦ̇s)2


cos(2Φs) sin(2Φs) 0
sin(2Φs) − cos(2Φs) 0

0 0 0

 . (3.29)

Using this quadrupole tensor, the gravitational wave strain hTTij at a distance r is
given by

hTT = 4
r
η (GM)5/3(πfgw)2/3


cos(2Φs) sin(2Φs) 0
sin(2Φs) − cos(2Φs) 0

0 0 0

 , (3.30)

where the gravitational wave frequency is fgw = 2fi. Since the quadrupole moment
oscillates at twice the orbital frequency, the observed gravitational wave frequency
is twice the binary’s orbital frequency.

The symmetric mass ratio is defined as:

η = m1m2

(m1 +m2)2 = µ

M
. (3.31)

To account for the inclination of the binary’s orbital plane relative to the observer,
we rotate the coordinate system by an angle l around the x-axis using the rotation
matrix:

R =


1 0 0
0 cos l − sin l
0 sin l cos l

 . (3.32)

By applying this transformation to the quadrupole moment tensor, we obtain the
new components:

M̈ ij
rotated = R i

k(t) M̈kl R j
l (t). (3.33)

28



For the inclined binary, the TT components of the gravitational wave polarizations
become

M̈TT
+ = 1

2
(
M̈11 − M̈22

)
= µ(πRfgw)2

(
1 + cos2 t

2

)
cos(2Φs), (3.34)

M̈TT
× = M̈12 = µ(πRfgw)2 cos t sin(2Φs). (3.35)

Finally, defining the chirp mass as

Mc ≡ µ3/5M2/5 = η3/5M, (3.36)

and noting that the gravitational wave phase is Φgw = 2Φs, we obtain the final
expressions for the gravitational wave polarizations.

h+(t) = 4
r

(
GMc

)5/3(
π fgw

)2/3
(

1 + cos2 i

2

)
cos
(
Φgw(t, r)

)
, (3.37)

h×(t) = −4
r

(
GMc

)5/3(
π fgw

)2/3
cos i sin

(
Φgw(t, r)

)
. (3.38)

Figure 3.1 illustrates the characteristic strain patterns of h+ and h×, showing their
effects on space-time as they propagate.

Figure 3.1 - Gravitational Waves polarizations.

Polarizations of gravitational waves, showcasing their distinctive patterns of stretching
and squeezing as they propagate through space.

SOURCE: Belahcene (2019).
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3.5 Gravitational waves from binary system

Compact binary systems consist of two massive, dense astrophysical objects—either
black holes or neutron stars—gravitationally bound in a relativistic orbit, emitting
gravitational waves as they evolve. There are three primary subclasses of compact
binary systems (ABBOTT et al., 2019): binary neutron star (BNS), binary black
hole (BBH), and neutron star-black hole binary (NSBH).

Unique gravitational wave patterns are generated by each binary pair, influenced by
factors such as mass, orbital orientation relative to Earth, and distance. However,
the wave generation mechanism remains the same across all systems, characterized
by three distinct stages: inspiral, merger, and ringdown. This process is illustrated in
Figure 3.2. During the inspiral phase, two compact objects orbit each other and emit
gravitational waves, gradually dissipating the system’s orbital energy over millions
of years. This energy loss causes the objects to move closer together, increasing
their orbital velocity and emitting stronger waves. As they spiral inward, the emitted
gravitational waves increase in frequency and amplitude, eventually reaching a stage
where the objects rapidly coalesce (MAGGIORE, 2008).

The inspiral phase is mathematically described by the post-Newtonian (PN) approx-
imation, an asymptotic expansion of general relativity that incorporates relativistic
corrections order by order in v/c. This approximation is valid when the binary sepa-
ration is large and velocities are small compared to the speed of light (MAGGIORE,
2008). Since gravitational waves are emitted due to the quadrupole moment oscil-
lations of the system, the dominant gravitational wave frequency is related to the
orbital frequency as:

fgw = 2forbital. (3.39)

As the binary inspiral continues, the post-Newtonian expansion breaks down when
the two objects enter a strong gravitational field regime. At this stage, the compact
objects plunge toward each other, rapidly merging into a single black hole or neu-
tron star (MAGGIORE, 2008). The merger phase cannot be described analytically
because it involves highly non-linear and dynamical gravitational interactions.

Instead, numerical relativity simulations are required to solve Einstein’s equations
and model the final moments before coalescence. The merger phase typically lasts
only a few milliseconds, during which the gravitational wave amplitude peaks (MAG-
GIORE, 2008).
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Figure 3.2 - Stages of a compact binary coalescence.

At the top, the estimated gravitational wave amplitude of GW150914 at the Hanford de-
tector is displayed. Above that, the Schwarzschild horizons of both merging black holes are
depicted, calculated numerically from the general theory of relativity. Below, the effective
distance of the black holes is represented in units of Schwarzschild radii (Rs), along with
the relative velocity in units of the speed of light.

SOURCE: Abbott et al. (2016).

The final remnant, if it is a black hole, undergoes quasi-normal mode (QNM) os-
cillations, emitting gravitational waves in the last stage known as the ringdown.
These damped oscillations resemble the vibrations of a bell and carry information
about the final mass and spin of the remnant black hole (MAGGIORE, 2008). The
ringdown phase is well described by perturbation theory in general relativity, where
the gravitational wave signal exhibits an exponentially decaying amplitude.
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All gravitational waves detected by LIGO so far have originated from compact bi-
nary coalescences. LIGO’s detectors are most sensitive to gravitational waves in the
frequency range 10 Hz to 10 kHz (ABBOTT et al., 2019). This range corresponds
to the inspiral and merger frequencies of stellar-mass black hole and neutron star
binaries.

3.6 Gravitational waves in cosmology

3.6.1 Primordial Gravitational Waves

Primordial gravitational waves (PGWs), also known as relic gravitational waves,
are tensor perturbations in the metric that originate from the early universe and
provide a cosmological background analogous to the Cosmic Microwave Background
(CMB) (WANG, 2024). These waves are predicted to be generated during the rapid
exponential expansion of the universe known as inflation, which likely occurred be-
tween 10−36 and 10−32 seconds after the Big Bang. During inflation, quantum fluc-
tuations in spacetime were stretched to macroscopic scales, producing a stochastic
background of gravitational waves (WEINBERG, 2008).

As the universe expanded, the comoving wavelengths of PGWs were redshifted,
placing them in the millihertz to nanohertz range today, depending on their pro-
duction epoch. Unlike electromagnetic radiation, primordial gravitational waves in-
teract weakly with matter, allowing them to traverse the cosmos largely unaltered
since their production. This makes them invaluable for probing the universe’s ear-
liest moments and testing theories of inflation and quantum gravity, Figure 3.3.
Detecting primordial gravitational waves remains a significant challenge. Their sig-
nals are expected to be incredibly faint, requiring advanced detectors and indirect
methods, such as analyzing their imprint on the polarization of the CMB. Current
and future experiments, including those using space-based observatories and pulsar
timing arrays (PTAs), aim to uncover evidence of these waves. While PTAs such
as NANOGrav provide constraints on nanohertz gravitational waves (AGAZIE et
al., 2023), their primary sensitivity is to backgrounds from supermassive black hole
binaries rather than inflationary PGWs (AGGARWAL et al., 2023). A successful
detection would provide a unique window into the physics of the Big Bang and offer
insights into the fundamental nature of spacetime (WANG, 2024).
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Figure 3.3 - Primordial Gravitational Waves.

Visualization of the early universe and the imprint of primordial gravitational waves on
the cosmic microwave background (CMB).

SOURCE: NEW SCIENTIST (2014).

3.6.2 Cosmological parameter estimation

Gravitational waves have become a powerful tool for investigating cosmological pa-
rameters following their first direct detections by the LIGO and Virgo detectors in
2015 (ABBOTT et al., 2016). The use of gravitational waves for estimating cos-
mological parameters such as the Hubble constant (H0), matter density (Ωm), and
parameters associated with dark energy (w0 and wa) relies on the relationship be-
tween the gravitational wave amplitude and the luminosity distance (dL) of the
source.

Gravitational wave sources can be classified as bright sirens and dark sirens. Bright
sirens refer to gravitational wave events with identifiable electromagnetic counter-
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parts, such as the GW170817 event, which resulted from the coalescence of neu-
tron stars and produced emissions across the electromagnetic spectrum, including
gamma rays and visible light (ABBOTT et al., 2017a). These counterparts enable
a direct association between the luminosity distance measured from gravitational
waves and the redshift of the host galaxy obtained from spectroscopic observations.
This combination allows for a direct estimation of the Hubble constant H0 through
the relation:

v = H0d, (3.40)

at low redshifts (z ≪ 1), where d represents the proper distance. Since the luminosity
distance is related to the proper distance by dL = (1+z)d, care must be taken when
using this relation in cosmological analyses.

The GW170817 event exemplifies the potential of bright sirens in cosmology. De-
tected by the Advanced LIGO and Virgo detectors on August 17, 2017, GW170817
marked the first observed binary neutron star merger. Its multi-messenger nature,
combining gravitational wave and electromagnetic signals, enabled the identification
of the host galaxy, NGC 4993, located at a distance of approximately 40 Mpc. The
redshift of the galaxy was measured to be z = 0.009783. Using the gravitational
wave strain amplitude to determine the luminosity distance, Abbott et al. (2017)
derived a value of H0 = 70.0+18.8

−8.8 km/s/Mpc, assuming a flat prior for cos ι, where
ι represents the inclination angle. This result demonstrated the feasibility of using
bright sirens for direct H0 estimation, independent of traditional distance ladder
methods.

On the other hand, dark sirens are gravitational wave events without observed elec-
tromagnetic counterparts. The absence of a clear identification of the host galaxy
requires the use of statistical techniques to estimate cosmological parameters. These
techniques rely on galaxy catalogs and redshift distributions to infer the probabil-
ity of the source belonging to a given galaxy. The likelihood for H0 in this case is
expressed as:

L(H0) ∝
∏
i

∫
P (diL|z,H0)P (z)dz, (3.41)

where P (diL|z,H0) is the probability of dL given z and H0, and P (z) represents
the redshift distribution of galaxies. Analyses of dark sirens, such as GW170814,
have derived H0 values by combining gravitational wave data with galaxy catalogs.
(PALMESE et al., 2020) demonstrated that a combination of dark sirens with large
galaxy surveys, such as the Dark Energy Survey (DES), can yield competitive con-
straints on H0. Although less precise than bright sirens for individual events, dark
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sirens can significantly contribute to cosmological studies when aggregated across
numerous detections. The next generation of detectors, such as the Einstein Tele-

Figure 3.4 - Comparison of H0 estimates using GW events.

The left panel shows posterior distributions of the Hubble constant (H0) inferred from
different gravitational wave (GW) analyses. The dark blue curve represents the con-
straint from dark sirens, while the dashed black line corresponds to the measurement
from GW170817, the first binary neutron star merger with an electromagnetic counter-
part. The black solid curve combines constraints from both bright and dark sirens. The
vertical bands indicate external measurements: R21 (gray) and Planck (blue).The right
panel displays probability distributions for H0 conditioned on gravitational wave and elec-
tromagnetic data from different sources. The black line represents the current work using
10 dark sirens, while the red and blue curves correspond to constraints from specific GW
events (GW190924-GW200202 and GW170814-GW190814, respectively). Other external
measurements, such as Palmese et al. (2023), SNIa (R22), Planck, and GWTC-3, are also
shown for comparison. Both plots highlight the potential of gravitational wave cosmology
in measuring the Hubble constant, with results that can be compared to traditional cosmic
probes.

SOURCE: Alfradique et al. (2024) & Palmese et al. (2020).

scope (ET) and the Cosmic Explorer (CE), will expand the range of gravitational
wave observations, enabling the detection of events at high redshifts (z > 2) and
improving the precision in determining cosmological parameters (MAGGIORE et
al., 2020). The Einstein Telescope is expected to detect events beyond z ∼ 5, while
Cosmic Explorer will provide complementary constraints at lower redshifts (CHEN
et al., 2018). These advances will allow bright sirens to play an even more central
role in observational cosmology, particularly in studies related to dark energy and
the accelerated expansion of the universe.

The use of gravitational waves in cosmology is just beginning, but it has already
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demonstrated its potential. With next-generation detectors, these measurements are
expected to further contribute to our understanding of the universe’s dynamics.
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4 DATA ANALYSIS TECHNIQUES IN GRAVITATIONAL WAVES
COSMOLOGY

Gravitational wave astronomy relies on sophisticated data analysis techniques to
extract meaningful signals from noisy detector data. In this section, we examine the
data analysis techniques employed in gravitational wave cosmology, with a specific
emphasis on their relevance for estimating cosmological parameters through the use
of bright sirens. We will discuss the functionality of gravitational wave interferome-
ters, focusing on antenna pattern functions and detector response, which are integral
to the accurate detection and interpretation of these signals. Additionally, we delve
into Bayesian inference for parameter estimation, highlighting its ability to combine
observational data with prior knowledge. The chapter concludes with a discussion
of approximation methods for likelihood analysis, including the Fisher Matrix, the
covariance matrix, and the DALI method, which provide efficient approaches for
quantifying uncertainties and understanding parameter correlations in gravitational
wave observations.

4.1 Gravitational waves interferometers

Gravitational waves affect matter by compressing objects along one axis while
stretching them along the perpendicular axis. This characteristic has led to the
development of gravitational wave detectors shaped like an "L". These detectors
employ interferometry to measure the relative lengths of their arms precisely. In-
terferometry relies on analyzing the interference patterns created by combining two
light sources, see Figure 4.1.
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Figure 4.1 - Simplified scheme of a Michelson Interferometer.

It works by splitting a laser beam evenly using a beam splitter and sending the light into
two arms of the interferometer. The light is reflected off the end mirrors and converges back
at the beam splitter. A photodetector detects the interference pattern. If a gravitational
wave is present, one arm of the interferometer lengthens while the other shortens.

SOURCE: Adapted from Koke (2022).

A GW observatory comprises a large-scale Michelson interferometer calibrated to
induce destructive interference (resulting in a dark fringe) of the laser light initially
split by a beam splitter onto the suspended mirrors (test masses) and later recom-
bined on a photodetector. The passage of a gravitational wave alters the interference
pattern upon interaction with the mirrors, inducing differential accelerations along
the interferometer arms. Consequently, the measurement directly involves monitor-
ing the separation between the mirrors. Laser interferometers exhibit sensitivity
across a broad frequency spectrum unlike resonant mass detectors. Currently, we
have the so-called second generation of ground-based detectors for gravitational
wave interference.

The LIGO observatories, short for Laser Interferometer of Gravitational Waves Ob-
servatory, are a pair of advanced detectors located in Hanford, Washington, US, and
Livingston, Louisiana, US, each featuring two equal arms that are perpendicular
to each other and extend up to 4km in an L-shaped configuration. The differential
displacement between these arms is a direct measure of the gravitational wave strain
amplitude (THORNE, 1995) and can be expressed as a dimensionless quantity of
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strain h:
h = ∆L

L
(4.1)

where δLx − δLy = ∆L and L = Lx = Ly. Alongside other sensors within the LVK
(LIGO-Virgo-KAGRA) collaboration, it undergoes cycles of observation and en-
hancement. These cycles involve alternating between data-gathering phases, known
as runs, and periods dedicated to technical enhancements aimed at boosting detector
sensitivity. Following each enhancement phase, a commissioning period ensues, aim-
ing to optimize detector performance with the upgraded components. This ensures
that subsequent observation periods commence with markedly improved sensitivity
compared to previous operations. Up to this point, there have been three complete
observational runs with LIGO, currently, it is happening in the second part of the
fourth run (O4b). At the end of the second observing run, in August 2017, Virgo
joined the LIGO detector. Located in Cascina, Italy, Virgo is another interferometer
that shares the same description as LIGO, however, it has 3-kilometer-long arms. In
2020, KAGRA, a fourth interferometer started operating, it is located in the depths
below the Kamioka mine, located in Kamioka-cho, Hida-city, Gifu-prefecture, Japan.

The next LIGO upgrade, along with the addition of the planned LIGO India facil-
ity, is expected to enhance detection capabilities (UNNIKRISHNAN, 2013). Beyond
these advancements, the third-generation ground-based detectors, Cosmic Explorer
(CE) and Einstein Telescope (ET), represent the next major leap in gravitational
wave observatories. The CE is designed as an L-shaped interferometer, similar to
LIGO and Virgo, but on a much larger scale. The length of its arms is still under
discussion, with proposed options of 20 km or 40 km each (COSMIC EXPLORER
PROJECT, 2024). Its exact site is not decided yet, but it is known that it will be
built in American territory. According to COSMIC EXPLORER PROJECT (2024),
the expectation is that Cosmic Explorer will be able to determine the nature of the
densest matter in the universe; reveal the universe’s binary black hole and neu-
tron star populations throughout cosmic time; provide an independent probe of the
history of the expanding universe; explore warped spacetime with unprecedented
fidelity; and expand our knowledge of how massive stars live, die, and create the
matter we see today (HALL et al., 2022).

The Einsteins Telescope is a proposed underground infrastructure in a triangle shape
with arms of 10km with 60◦ between them (EINSTEIN. . . , 2024). Each corner of the
triangle has a pair of interferometers, one for low frequencies and the other for high
frequencies. Therefore, the detector would be sensitive to gravitational waves coming
from any direction in the sky, unlike single and traditional L-shaped interferometers
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(EINSTEIN. . . , 2024). Figure 4.2, shows the ET design and a graphic comparing
the size of CE, ET, and LIGO.

Figure 4.2 - Third Generation Detector.

Comparison of next-generation gravitational wave detectors, focusing on the Cosmic Ex-
plorer and the Einstein Telescope. The Cosmic Explorer, featuring 40-kilometer-long arms,
is designed as a linear interferometer, similar in concept to current LIGO facilities but
with significantly extended arms to achieve greater sensitivity. In contrast, the Einstein
Telescope is envisioned as an underground triangular interferometer, with each side mea-
suring 10 kilometers. This design provides superior noise isolation and incorporates a
unique three-detector configuration. The arms of the Einstein Telescope are color-coded
to represent the pairs of interferometers located at each corner. These pairs consist of
two interferometers optimized for distinct frequency bands, enabling enhanced detection
of gravitational waves across a broad range of frequencies.

SOURCE: Lück et al. (2020).

4.1.1 Antenna pattern functions

The output of a gravitational wave detector is the sum of its instrumental noise n(t)
and the detector strain h(t),

O(t) = h(t) + n(t), (4.2)
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The detector strain is defined as the scalar product of the perturbation tensor h and
the detector tensorD, which encodes the detector’s geometric properties (WHELAN,
2013):

h(t) = D : h = D :
 ∑
A=+,×

hA(t)eA

 (4.3)

=
∑

A=+,×

[
Dije

(A)
ij

]
hA(t) =

[
Dije

(+)
ij

]
h+ +

[
Dije

(×)
ij

]
h× (4.4)

= F+h+(t) + F×h×(t) (4.5)

Where eA represents the polarization tensor basis of h (HILBORN, 2018). The co-
efficients F+ and F× are known as Antenna Pattern Functions; these depend on
the detector’s geometry, the source’s sky position, and the polarization angle. The
detector tensor D can be expressed as (WHELAN, 2013):

D = sin Ω
2


1 0 0
0 −1 0
0 0 0

 , (4.6)

where Ω is the angle between the arms of the interferometer.

In gravitational wave astronomy, the polarization tensors e+ and e× describe the two
independent polarization states of a gravitational wave. These tensors are typically
expressed in the source frame but must be transformed into the detector frame
to calculate the detector’s response (HILBORN, 2018). In the source frame, the
polarization tensors are defined as:

e+ = (x̂S ⊗ x̂S − ŷS ⊗ ŷS) =


1 0 0
0 −1 0
0 0 0

 , (4.7)

e× = (x̂S ⊗ ŷS + ŷS ⊗ x̂S) =


0 1 0
1 0 0
0 0 0

 . (4.8)

To transform the basis from the source frame (S) to the detector frame (D), we define
the rotation matrix R as a product of three simpler rotations, each associated with
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one of the angles αd, βd, or ψd:

R =


cosψd sinψd 0

− sinψd cosψd 0
0 0 1


︸ ︷︷ ︸

rotation by ψd


cos βd 0 − sin βd

0 1 0
sin βd 0 cos βd


︸ ︷︷ ︸

rotation by βd


cosαd sinαd 0

− sinαd cosαd 0
0 0 1


︸ ︷︷ ︸

rotation by αd

. (4.9)

Here, the subscript (d) indicates angles measured in the detector frame, αd, az-
imuthal angle in the detector plane; βd, polar angle from the detector’s z-axis; ψd
polarization angle, describing the rotation of the wave’s polarization axes.

Given a polarization tensor e(A,S) in the source frame (A can be + or ×), its com-
ponents in the detector frame are obtained via:

e(A,D) = RT e(A,S) R. (4.10)

By carrying out the matrix multiplication explicitly, one finds, for the (+) polariza-
tion in the detector frame:

e(+,D) =


r2

11 − r2
21 r11r12 − r21r22 r11r13 − r21r23

r12r11 − r22r21 r2
12 − r2

22 r12r13 − r22r23

r13r11 − r23r21 r13r12 − r23r22 r2
13 − r2

23

 , (4.11)

and for the (×) polarization:

e(×,D) =


2r21r11 r21r12 + r11r22 r21r13 + r11r23

r22r11 + r12r21 2r22r12 r22r13 + r12r23

r23r11 + r13r21 r23r12 + r13r22 2r23r13

 . (4.12)

In these expressions, rij are the elements of the simplified rotation matrix

R =


r11 r12 r13

r21 r22 r23

r31 r32 r33

 ,

which corresponds to R in the Equation 4.10. From the expressions (4.10), (4.11)
and the detector tensor D, we can calculate the Antenna Pattern Functions (WHE-
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LAN, 2013):
F+ = Dije+

ij = 1
2 sin2 Ω

[
(r2

11 − r2
21) − (r2

12 − r2
22)
]
, (4.13)

F× = Dije×
ij = sin 2Ω[r21r11 − r22r12]. (4.14)

Assuming ψ = 0, the simplified rotation matrix is (WHELAN, 2013):

Rαβ =


cos βd cosαd cos βd sinαd − sin βd

− sinαd cosαd 0
sin βd cosαd sin βd sinαd cos βd

 . (4.15)

Using this, we derive the explicit expressions for the Antenna Pattern Functions, if
the polarization angle ψ = 0 (WHELAN, 2013):

f+(α, βα) = 1
2 sin Ω(1 + cos2 βd) cos(2αd), (4.16)

f×(α, βα) = − sin Ω cos βd sin(2αd). (4.17)

Considering the polarization angle, the general Antenna Pattern Functions are given
by:

F+(αd, βd, ψd) = f+ cos(2ψd) + f× sin(2ψd), (4.18)

F×(αd, βd, ψd) = −f+ sin(2ψd) + f× cos(2ψd), (4.19)

f+(αd, βd) = 1
2 sin Ω

(
1 + cos2 βd

)
cos(2αd), (4.20)

f×(αd, βd) = − sin Ω cos βd sin(2αd). (4.21)

4.1.2 Detector response

The GW strain can be written as the linear combination of the GW polarizations:

h(t) = F+h+(t) + F×h×(t) (4.22)

Or
h(t) = F · [(cos ζ)h+ + (sin ζ)h×] (4.23)

where,
F (α, β) =

√
F 2

+ + F 2
× =

√
f 2

+ + f 2
× (4.24)
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tan ζ = F×

F+
(4.25)

The detector response is represented by the quantity F, which indicates the
detector’s sensitivity to the sky. All L-shaped detectors have four blind spots,
where F = 0. These blind spots occur in the plane of the detector, in directions
where the incoming gravitational waves deform both detector arms in the same
way. The figures below show the sky plot projected on the Earth’s surface of the
detector response for the 2G detectors individually and combined, highlighting
the necessity of using multiple detectors to eliminate areas of no sensitivity. The
combined detectors do not have blind spots in the sky, meaning that this detector
network is sensitive to all sky directions.
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Figure 4.3 - LIGO Livingston detector
response.
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Figure 4.4 - LIGO Hanford detector re-
sponse.
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Figure 4.5 - Virgo detector response.
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Figure 4.6 - KAGRA detector response.
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Figure 4.7 - Combined detector response.
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These plots illustrate the antenna response functions of different gravitational wave detec-
tors across the sky. Each plot represents how sensitive a specific detector is to gravitational
waves coming from different sky locations, using an all-sky projection with a color gradi-
ent and contour lines. The color bar indicates the relative sensitivity, with yellow regions
corresponding to higher sensitivity and purple regions to lower sensitivity. The combined
detector response (Figure 4.7) demonstrates how the network of gravitational wave obser-
vatories complements each other to provide better sky coverage and improved localization
of astrophysical sources.

SOURCE: Auhtor.
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When considering 3G detectors, CE will have a sensitivity map similar to those
of LIGO, Virgo, and KAGRA, resulting in four blind spots. On the other hand,
the shape of ET is still under discussion. If it takes on a triangular shape, it will
not have any blind spots. This is because it can function as a combination of three
separate detectors positioned in the same geographic location but with different
orientations (COSMIC EXPLORER PROJECT, 2024; EINSTEIN. . . , 2024). The
figures below illustrate the CE and ET detector responses.

Figure 4.8 - Cosmic Explorer detector response.
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SOURCE: Author.
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Figure 4.9 - Einstein Telescope detector response.
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SOURCE: Auhtor.

4.1.3 Source sky position and arrival time delay

Now that we understand how the GW observatories operate, it is important to know
how to use them to get some information about the source. When observing the
arrival of a wavefront, the time delays among observatories can be used to determine
the celestial coordinates of the gravitational wave source. When a gravitational wave
passes through Earth, it arrives at geographically separated detectors at different
times. These time delays depend on the distance between detectors and the direction
from which the wave is coming (HILBORN, 2018).

Let consider the 2G detectors. Thus, we define the position of the Hanford Observa-
tory relative to the Livingston Observatory as r⃗LH (see Figure 4.10(a)). Similarly,
the position of the Virgo Observatory is denoted as r⃗LV . These position vectors can
be calculated using the following formulas:

r⃗LH = (Ĥ − L̂)RE, (4.26)
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r⃗LV = (V̂ − L̂)RE, (4.27)

where RE is the radius of the Earth (approximately 6.37 × 103 km) (HILBORN,
2018). These vectors represent the spatial separations between the detectors and are
expressed in an Earth-fixed coordinate system.

The unit vector ŵz(αd, βd) points in the direction of the incoming gravitational wave.
It can be defined in terms of spherical coordinates using the angles α (latitude) and
β (longitude). In spherical coordinates, the unit vector can be decomposed along
the axes x̂E, ŷE, and ẑE as a combination of these directions, weighted by the angles
α and β. In Cartesian coordinates, the vector w⃗z in terms of αd and βd is expressed
as:

w⃗z = sin(αd) cos(βd)x̂E + sin(αd) sin(βd)ŷE + cos(αd)ẑE. (4.28)

However, for the propagation vector of the gravitational wave, we want the vector
to point in the opposite direction. Thus, we obtain the expression for −w⃗z:

−w⃗z = − sin(αd) cos(βd)x̂E − sin(αd) sin(βd)ŷE − cos(αd)ẑE. (4.29)

Rearranging the terms and considering the signs, we obtain the GW propagation
unit vector:

w⃗z(α, β) = − cos(αd) cos(βd)x̂E + cos(αd) sin(βd)ŷE − sin(α)ẑE. (4.30)

The time delay between two detectors, such as Livingston and Hanford, can be
calculated using the dot product:

∆tLH = ŵz(αd, βd) · r⃗LH
c

, (4.31)

Here c is the speed of light. Similarly, the time delay between Livingston and Virgo
is given by:

∆tLV = ŵz(αd, βd) · r⃗LV
c

. (4.32)
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The dot product ŵz · r⃗LH calculates the projection of the position vector r⃗LH in the
direction of the incoming wave, representing how much of this vector aligns with
the GW direction. Dividing by c converts this projection from a distance to a time
delay (HILBORN, 2018; WHELAN, 2013).

Figure 4.10 - Geometric representation of the time-delay analysis in a two-detector
gravitational-wave network.

(a) The relative positioning of the detectors on Earth’s surface, with Ĥ and L̂ denoting unit
vectors pointing to the respective detector locations. r⃗LH is the baseline vector between
the two detectors, and Re is Earth’s radius. (b) Orientation of the gravitational wave
propagation direction ŵz in a spherical coordinate system, defined by the azimuthal angle
αu and the polar angle βu. (c) The triangle formed by the wave propagation vector ŵz,
detector positions Ĥ and L̂.

SOURCE: Author.

When dealing with multiple detectors, we must know how to relate the observed
sky position of the GW source among different detectors. Because of that, we will
choose the geocentric coordinates as the common reference. The GW unity vector
aligned with the line of sight between the detector and source is described by the
Equation 4.30

w⃗z = sin(αu) cos(βu)x̂E + sin(αu) sin(βu)ŷE + cos(αu)ẑE.
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where u = d denotes the detector frame and u = g denotes the geocentric frame.
The rotation matrix R which transforms from detector frame to geocentric frame is
given by:

R =


cos ξu sin ξu 0

− sin ξu cos ξu 0
0 0 1




cos θu 0 − sin θu
0 1 0

sin θu 0 cos θu




cosϕu sinϕu 0
− sinϕu cosϕu 0

0 0 1

 , (4.33)

In which θu and ϕu are the detector coordinates, latitude, and longitude, and ξu is
the angular orientation of the detector to its normal ẑd. Equations 4.30 and 4.33,
lead to the sky position transformation (SOUZA, 2023):

αa = tan−1
(

cos ξaU − sin ξaV
sin ξaU + cos ξaV

)
, (4.34)

βa = tan−1
(√

1 −X2

X

)
, (4.35)

where,

U ≡ sin β0 sin(α0 − ϕa), (4.36)
V ≡ [sin β0 cos θa cos(α0 − ϕa) − cos β0 sin θa] , (4.37)
X ≡ cos θa cos β0 + sin θa sin β0 cos(α0 − ϕa). (4.38)

To conclude, the ability to precisely determine the sky position of a gravitational
wave source is crucial for multi-messenger astronomy, particularly in the context of
Bright Sirens. By combining the reconstructed sky localization from gravitational
wave data with electromagnetic counterparts, we can significantly refine distance
measurements.

4.2 Matched filtering

To gain deeper insights into the gravitational wave source, it is essential to analyze
the signal and extract meaningful information. Matched filtering is a technique used
to maximize the signal-to-noise ratio (SNR) in the search for a known waveform
within noisy data (JANQUART, 2019-2020). The method involves correlating the
incoming data stream with a set of precomputed theoretical waveforms, or tem-
plates, that represent the expected gravitational wave signals. These templates are
meticulously calculated using General Relativity and are based on detailed models
of astrophysical sources, such as binary black hole mergers or neutron star collisions,
ensuring optimal sensitivity to the targeted signals (MA et al., 2024; JANQUART,
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2019-2020).

Gravitational wave detectors measure tiny perturbations in spacetime caused by
passing GWs. As defined before 4.2, these perturbations are characterized by a
strain h(t), which is typically much smaller than the noise level in the detectors.
The noise, n(t), arises from various sources, including thermal vibrations, seismic
activity, and quantum fluctuations. The total data stream, O(t), can be expressed
as:

O(t) = h(t) + n(t),

where h(t) represents the GW signal, and n(t) is the noise. As shown in Figure 4.11,
detector characterization ensures data quality before applying advanced filtering
techniques.

Figure 4.11 - Schematic overview of the gravitational wave detection pipeline.

The process begins with calibrated data from interferometers subjected to detector charac-
terization and whitening. Matched filtering is employed to identify candidate signals, which
are subsequently validated and analyzed using Bayesian parameter estimation. Auxiliary
sensors monitor environmental and instrumental noise to ensure data quality.

SOURCE: Abbott et al. (2020).
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Detector Sensitivity. To identify the filter that closely matches the data, It is
needed not only the data but also the sensitivity of the detector and a catalog of
pre-computed waveforms. The sensitivity of a gravitational wave detector is char-
acterized by its noise power spectral density (PSD), Sn(f), which quantifies the
frequency-dependent noise background present in the data (JANQUART, 2019-
2020). The PSD is formally defined as the Fourier transform of the noise auto-
correlation function ⟨n(t)n(t+ τ)⟩ (MA et al., 2024),(JANQUART, 2019-2020):

Sn(f) = 2
∫ ∞

−∞
⟨n(t)n(t+ τ)⟩e−i2πfτdτ, (4.39)

where n(t) is the noise as a function of time, τ is the time lag, f is the frequency,
and ⟨·⟩ represents the ensemble average over noise realizations.

For real-world analyses, where data are collected over a finite observation time T ,
the PSD is estimated using the finite-duration time series n(t). In this case, Sn(f)
can be expressed as (MAGGIORE, 2008):

Sn(f) = 2
T

〈
|ñ(f)|2

〉
, (4.40)

where ñ(f) is the Fourier transform of the noise over the time interval T , defined
as:

ñ(f) =
∫ T/2

−T/2
n(t)e−i2πftdt, (4.41)

and |ñ(f)|2 is the periodogram, which represents the squared magnitude of the
Fourier transform. The factor 2/T normalizes the PSD, accounting for the finite
duration of the data. In practice, the ensemble average ⟨·⟩ is often approximated
by averaging over multiple noise realizations or adjacent frequency bins. The noise
power spectral density (Sn(f)) provides insight into the frequency-dependent sen-
sitivity of gravitational wave detectors. Figure 4.12 illustrates the Sn(f) curves for
various detectors, highlighting their sensitivity across different frequency bands. This
visualization is critical for understanding the regions where each detector is most
effective at identifying gravitational wave signals.
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Figure 4.12 - Noise power spectral density.

Noise power spectral density Sn(f) for various gravitational wave detectors, showing the
frequency-dependent sensitivity of each detector. The characteristic strain

√
f · Sn(f)

highlights the regions of maximum sensitivity.

SOURCE: Author.

Signal to Noise Ratio. The noise power spectral density Sn(f) not only char-
acterizes the detector’s sensitivity but also plays a critical role in quantifying the
detectability of a signal, as it directly enters the calculation of the signal-to-noise
ratio (SNR), which determines the strength of a gravitational wave signal relative to
the noise background (SAULSON, 1990; MARTYNOV et al., 2016). The quantity
of signal S is determined by the expected value of the output and the desired filter
K(t):

S =
∫ +∞

−∞
⟨O(t)K(t)⟩dt =

∫ +∞

−∞
[h(t) + n(t)]K(t)dt =

∫ +∞

−∞
h(t)K(t)dt, (4.42)

If the equation above and the quantity of noise N are modeled in terms of frequency,
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the ratio between the signal S and the noise N is given by:

ρ ≡ S

N
= 2

Re
{∫∞

0 h̃(f)K̃∗(f)df
}

√∫∞
0 Sn(f)|K̃(f)|2df

, (4.43)

So, to find the filter that maximizes ρ there is a new quantity ∨ related to the filter
as ∨̃(f) ≡ K̃(f)Sn(f). The new equation is

ρ = 2
Re

{∫∞
0

h̃(f)ṽ∗(f)
Sn(f) df

}
√∫∞

0
|ṽ(f)|2
Sn(f) df

. (4.44)

The optimal filter that maximizes the signal-to-noise ratio is ∨̃(f) = h̃(f), where
h̃(f) represents the Fourier transform of the gravitational wave signal (MAGGIORE,
2008)

ρopt =

√√√√4
∫ ∞

0

|h̃(f)|2
Sn(f) df. (4.45)

In practice, we only have one instance of noise instead of several. Because of this, we
cannot average the output O(t) over multiple noise instances. Instead, we calculate
the signal-to-noise ratio from Equation (4.44). We replace h̃(f) with Õ(f) and ṽ(f)
with h̃fe

2πiftc .

ρ(tc) = 2
Re

{∫∞
0

Õ(f)h̃∗
f (f)e−2πiftc

Sn(f) df
}

√∫∞
0

|h̃f (f)|2
Sn(f) df

. (4.46)

In gravitational wave detection, an SNR threshold of 8 is commonly used as a cri-
terion to ensure the reliability of detected signals. This threshold corresponds to a
false alarm probability on the order of 10−4 to 10−5, which significantly reduces the
chances of identifying noise as a gravitational wave event.

The choice of SNR > 8 is informed by the weak nature of gravitational wave signals
and the various types of noise present in interferometers (LIGO/VIRGO/KAGRA
COLLABORATION, 2024). Thermal noise, arising from vibrational excitation in
materials, seismic noise due to ground vibrations, and quantum noise associated
with the light’s quantum properties all contribute to the background noise (MAR-
TYNOV et al., 2016). These noise sources create a challenging environment for signal
detection, making it crucial to set a robust threshold for identifying real events.
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4.3 Bayesian inference

After matched filtering confirms the presence of the gravitational wave (GW) signal
in the detector output, the next step is to estimate the astrophysical parameters of
the GW source using Bayesian statistics (MAGGIORE, 2008). Bayesian inference is
a statistical approach based on Bayes’ theorem, providing a mathematical framework
to update the probability of a hypothesis in light of new evidence. This methodology
has been applied in various fields, such as physics, biology, social sciences, and
engineering, due to its ability to integrate prior knowledge with observational data
coherently and flexibly. Bayes’ theorem can be mathematically expressed as:

P (θi | d) = P (d | θi)P (θi)
P (d) , (4.47)

Where:

• P (θi | d): the posterior distribution, the probability of the hypothesis given
the data ;

• P (d | θi): the likelihood, represents the probability of observing the data
given a specific set of parameters.

• P (θi): the prior distribution, reflecting prior knowledge about the param-
eters of a statistical model, encapsulates our initial beliefs or assumptions
before observing any data;

• P (d): the evidence or normalization factor, ensuring that the sum of pos-
terior probabilities equals 1. It is calculated as:

P (d) =
∫
P (d | θi)P (θi)dθ. (4.48)

Prior distributions represent the initial state of knowledge about the parameter θi
before observing the data. They can be informative, incorporating relevant prior
knowledge, or non-informative, aiming to minimize subjective influences (GELMAN
et al., 2013). The likelihood is derived from a probabilistic model describing how
the data are generated. Choosing an appropriate model is crucial to ensure valid
inferences. The posterior distribution combines the prior with the observed data
through the likelihood, representing the updated state of knowledge.

The inference process involves several steps. First, the problem must be defined
by identifying the parameter to be inferred and collecting the data. Then, a prior
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distribution is chosen to represent prior knowledge about. Afterward, a likelihood
function is constructed to model the probability of the data given the parameter.
Applying Bayes’ theorem updates the distribution, resulting in the posterior. Finally,
analyses such as point estimation, interval estimation, or hypothesis testing are
performed.

4.4 Approximation methods for likelihood analysis

Bayesian inference provides a rigorous framework for parameter estimation, com-
bining observational data and prior information using Bayes’ theorem. However, the
direct application of this formalism can be computationally challenging, especially
for models with high-dimensional parametric spaces. To deal with these difficulties,
approximate likelihood analysis methods play a crucial role.

4.4.1 The Fisher matrix method

The Fisher matrix method is used to quantify the amount of information a dataset
provides about a set of parameters (WITTMAN, 2016). It can also be described as
a statistical tool that leverages observational information to evaluate uncertainties
in parameter estimation. Crucially, it is useful not only when data are already in
hand but also for forecasting precision limits in future experiments (TEGMARK,
1997; WITTMAN, 2016).

In many practical scenarios, the observed data di are assumed to be drawn from
independent Gaussian distributions whose means are given by a theoretical model
M(θi) and whose variances are σ2

i . In this case, the likelihood function for N data
points can be written as:

L(θ) =
N∏
i=1

1√
2π σi

exp
[
−1

2
(di −M(θ)i))2

σ2
i

]
. (4.49)

Taking the natural logarithm of L(θ) yields:

ln L(θ) = −1
2

N∑
i=1

[
(di −M(θi))2

σ2
i

+ ln
(
2π σ2

i

)]
. (4.50)

Thus, we apply an expansion of the logarithm of the likelihood up to the second
order in the parameter displacement (∆θi = θi − θ̂i).

log L(θi) = log L|θ̂i
+
∑
i

∂ log L
∂θi

∣∣∣∣
θ̂i

∆θi + 1
2
∂2 log L
∂θi∂θj

∣∣∣∣
θ̂i

∆θi∆θj + O(3) (4.51)
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where L(θ) is the likelihood function associated with the dataset, θ is the vector of
model parameters. As stated in (COE, 2009), the initial term (green) remains con-
stant and is incorporated into the normalization. The subsequent term (red) assesses
the first derivative of the likelihood at its peak value (which is 0 by definition). The
final term (blue) represents the quadratic term, where its coefficients characterize
the Fisher Matrix Fij. It can be written as:

Fij = −
〈
∂2 ln L(θ)
∂θi∂θj

〉
, (4.52)

where

• Fij is an element of the Fisher matrix,

• ⟨·⟩ denotes the expected value (averaging over possible data realizations).

A key outcome of the Fisher matrix is its relationship to the Cramér-Rao bound
(Var(θi) ≥

(
F−1

)
ii
), it defines that the diagonal elements of F−1 gives a lower

bound of the variance of the estimated parameters (TEGMARK, 1997).

4.4.2 Covariance matrix

The covariance matrix describes the uncertainty associated with estimating the
model parameters (COE, 2009). It can be defined through the inverse of the Fisher
matrix:

C = F−1, (4.53)

where C is the covariance matrix and F is the Fisher matrix. Each element Cij of
the covariance matrix represents the variance or covariance between the parameters
θi and θj.

4.4.3 DALI method

The Derivative Approximation for Likelihood (DALI) method was developed to over-
come the limitations of the Fisher information matrix in analyzing non-Gaussian
probability distributions. The Fisher matrix assumes that the likelihood function is
approximately Gaussian around its maximum, an assumption that does not always
hold in cosmological and gravitational wave applications (SELLENTIN et al., 2014).
DALI extends this approach by incorporating higher-order derivatives, allowing it
to capture the non-Gaussianities inherent in the parameter space, thus improving
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parameter estimation. For that, we use the Taylor expansion of the likelihood loga-
rithm.

log L(θi) = log L|θ̂i
+
∑
i

∂ log L
∂θi

∣∣∣∣
θ̂i

∆θi + 1
2!
∂2 log L
∂θi∂θj

∣∣∣∣
θ̂i

∆θi∆θj

+ 1
3!

∂3 log L
∂θi∂θj∂θk

∣∣∣∣
θ̂i

∆θi∆θj∆θk + 1
4!

∂4 log L
∂θi∂θj∂θk∂θl

∣∣∣∣
θ̂i

∆θi∆θj∆θk∆θl

(4.54)

The blue term corresponds to the Fisher term, as is well known. The red term is
referred to as the Flexion tensor, while the green term is known as the Quarxion
tensor (SELLENTIN et al., 2014). A common issue that arises when using Taylor
expansions for distributions is that higher-order terms can lead to non-normalizable
contributions. To address this problem, (SELLENTIN et al., 2014) proposed an
expansion based on the derivatives of the model function.

For the cosmological model, the DALI likelihood function is given by:

log Lα = − 1
2(∂iµ̂)M(∂jµ̂)∆θij

−
[1
2(∂ijµ̂)M(∂kµ̂)∆θijk + 1

8(∂jiµ̂)M(∂jkµ̂)∆θijkl
]

−
[1
6(∂iµ̂)M(∂ijkµ̂)∆θijkl − 1

12(∂ijµ̂)M(∂kmµ̂)∆θijklm
]

− 1
72(∂ijkµ̂)M(∂lmnµ̂)∆θijklmn

(4.55)

where ∂iµ̂ = ∂µ̂
∂θi

represents the first-order derivatives of the theoretical model,
∂ijµ̂ = ∂2µ̂

∂θi∂θj
are second-order derivatives. Higher-order derivatives such as ∂ijkµ̂

and ∂ijklµ̂ account for nonlinear effects in parameter space. The matrix M repre-
sents the inverse of the covariance of measurements.

To illustrate how DALI works, Figure 4.13 illustrates the confidence contours for the
cosmological parameters ω0 and Ωm using different derivative approximation meth-
ods: Fisher, Doublet, and Exact Likelihood (gray area). These contours highlight the
impact of considering higher-order derivatives in capturing the non-Gaussianities of
the likelihood function.
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Figure 4.13 - Derivative Approximation for Likelihood.

Distributions of ω0 and ΩM using different derivative approximation methods. The confi-
dence contours are Fisher and Doublet, and the gray area is the exact likelihood.

SOURCE: Sellentin et al. (2014).

In the context of gravitational waves, the DALI likelihood is (SOUZA, 2023):

logL ≈ log L0 −

1
2
∑
i,j

(∂ih(θ)|∂jh(θ))0∆θi∆θj


−

1
2
∑
i,j,k

(∂ih(θ)|∂j∂kh(θ))0∆θijk + 1
8
∑
i,j,k,l

(∂i∂jh(θ)|∂k∂lh(θ))0∆θijkl


−

1
6
∑
i,...,l

(∂ih|∂j∂k∂lh)∆θijkl + 1
12

∑
i,...,m

(∂i∂jh|∂k∂l∂mh)∆θijklm


+ 1
72

∑
i,...,n

(∂i∂j∂kh|∂l∂m∂nh)∆θijklmn

+O(O4)
(4.56)

where the terms have analogous interpretations as in the cosmological context, with
derivatives now acting on the waveform model h(θ).
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5 SURFING THE COSMIC WAVES: CONFRONTING THE HUBBLE
TENSION WITH COSMO(GW)DALI

In this section, we present the results of our extensive research, which aims to address
our results in cosmology through the analysis of gravitational wave data.

5.1 GWDALI

The detection and analysis of gravitational waves have revolutionized astrophysics,
providing unprecedented precision in measuring fundamental parameters such as
the masses, luminosity distances, and orbital inclinations of merging compact ob-
jects. As discussed by (SELLENTIN et al., 2014), traditional methods for param-
eter estimation often rely on Gaussian approximations of the likelihood function,
a simplification that can prove inadequate in scenarios involving highly non-linear
parameter spaces or degenerate likelihood surfaces. To address these limitations,
GWDALI, a Python-based software, has been developed. Leveraging the Derivative
Approximation for Likelihoods (DALI) method and the Fisher Matrix formalism,
GWDALI enhances the accuracy and robustness of gravitational wave parameter
estimation. By offering both Gaussian and non-Gaussian likelihood approximations,
this software extends the applicability of parameter inference for signals observed
by ground-based detector networks, enabling more reliable analyses in complex as-
trophysical scenarios (SOUZA, 2023; SOUZA; STURANI, 2023).

One of the software’s key features is its ability to handle cases where the determi-
nant of the Fisher matrix approaches zero. Unlike traditional methods that fail under
these conditions, the program makes use of the DALI framework to estimate uncer-
tainties using a combination of Monte Carlo 1 sampling and higher-order likelihood
approximations (SOUZA, 2023).

1Monte Carlo sampling is a statistical technique widely employed to approximate probability
distributions and evaluate integrals in high-dimensional parameter spaces. The method relies on
generating random samples from a given distribution and using statistical analysis to estimate prop-
erties such as expectations, variances, or posterior distributions Metropolis1949. One of its most
significant applications is in Bayesian inference, where Monte Carlo methods, particularly Markov
Chain Monte Carlo (MCMC), are used to explore complex likelihood functions and posterior distri-
butions Gelman2013. In gravitational wave astronomy, Monte Carlo sampling plays a crucial role
in parameter estimation by efficiently probing the likelihood function associated with observed
signals, allowing for accurate determination of source properties such as luminosity distance and
sky location Veitch2010. Similarly, in cosmology, these methods are used to infer parameters of
models such as the w0waCDM framework, where likelihood evaluations involve integrating over
multidimensional data spaces Lewis2002. The robustness of Monte Carlo techniques makes them
indispensable for problems involving complex statistical distributions, particularly when analytical
solutions are computationally intractable.
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Unlike the Fisher matrix, which can struggle with degeneracies in inclination and
distance, GWDALI incorporates higher-order corrections to improve luminosity dis-
tance precision. Besides, the tool is also equipped to forecast the precision of pa-
rameter estimation for arbitrary networks of gravitational wave detectors. It allows
researchers to simulate the performance of current observatories, such as LIGO and
Virgo, as well as future facilities, like the Einstein Telescope and Cosmic Explorer
(like in this work). This functionality is critical for optimizing detector designs and
ensuring maximal scientific output from gravitational wave observations (WANG et
al., 2022). In addition to its theoretical advances, the software seamlessly integrates
with existing data analysis tools. It supports the optional use of the LSC Algorithm
Library (LAL) and Bilby, which enable exact or approximate likelihood sampling.
These integrations make the program a versatile tool for both parameter estimation
and methodological validation through extensive simulations (SOUZA; STURANI,
2023).

Furthermore, the software allows the selection of a method depending on the desired
level of accuracy and computational feasibility: Fisher, Fisher Sampling, Doublet,
and Triplet. Each method progressively incorporates higher-order corrections to im-
prove the parameter estimation accuracy, and they are described in Table 5.1.
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Table 5.1 - Summary of methods used to approximate the likelihood function in parameter
estimation.

Method Description Usage

Fisher Uses only the Fisher ma-
trix to approximate the like-
lihood. Calculates the covari-
ance matrix by inverting the
Fisher matrix. It can fail
when the Fisher matrix is not
invertible due to degeneracies
in parameter space.

Fast parameter uncertainty
estimation with reasonable
accuracy.

Fisher Sampling Similar to the Fisher method
but incorporates stochastic
sampling of the likelihood to
estimate uncertainties. Uses a
Monte Carlo algorithm to ob-
tain posterior distributions,
providing a more reliable esti-
mate when the Fisher matrix
approximation fails.

Comparing Fisher-based re-
sults with Monte Carlo sam-
pling to assess approximation
validity.

Doublet Expands the likelihood be-
yond the Fisher matrix by
incorporating terms involv-
ing up to second-order deriva-
tives. Includes the Flexion
Tensor (third derivative) and
the two-derivative part of
the Quarxion Tensor (fourth
derivative). Improves uncer-
tainty estimates in cases
where the Fisher matrix fails.

Useful when correlations or
degeneracies affect the Fisher
approximation.

Triplet Further refines the likelihood
approximation by including
terms involving up to third-
order derivatives. Incorpo-
rates additional contributions
from the Quarxion Tensor, P-
Tensor (fifth derivative), and
H-Tensor (sixth derivative),
providing a more accurate
representation of the likeli-
hood.

Capturing highly non-
Gaussian uncertainties and
improving precision in com-
plex parameter spaces.

SOURCE: Souza and Sturani (2023).
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The open-source nature of the tool ensures accessibility to the broader scientific
community, fostering collaboration and driving further advancements in gravita-
tional wave science. Recently, the software was used in the study by Ferri et al.
(2024). He proposed and tested the Peak Sirens method, which uses the correlation
between binary black holes (BBHs) detected by gravitational waves (dark sirens)
and galaxies mapped by redshifts to measure the expansion of the universe in a
way that is independent of cosmological models. To do this, the authors carried out
thousands of full-sky simulations, incorporating gravitational lensing effects, errors
in the location of BBHs, and the Milky Way mask. For that, the GWDALI code was
used to estimate the uncertainties in the three-dimensional positions of gravitational
wave events, taking into account errors in the luminous distance and angular loca-
tion and the impact of the rotation of the Earth on the accuracy of the detectors.
The results indicate that the method can determine H0 with 7% accuracy using only
LVK O5 and with less than 1% when employing future networks such as ET + 2CE,
which makes it a promising tool to clarify Hubble tension (FERRI et al., 2024).

5.2 Mock data

In this study, due to the large amount of data, we used computing resources from a
LIGO cluster based at the California Institute of Technology. The cluster’s certifica-
tion is managed by the LIGO Data Grid (LDG), and communication is established
via Secure Shell Protocol (SSH). The LDG integrates the computational and data
storage resources of the LIGO Scientific Collaboration (LSC) into a grid computing
framework.

We generated 1000 simulated catalogs of bright sirens, each containing 300 gravita-
tional wave detections with electromagnetic counterparts and a signal-to-noise ratio
(SNR) greater than 8. These simulations assumed detection by third-generation (3G)
detectors: Cosmic Explorer and Einstein Telescope 2.This extensive simulation is mo-
tivated by the fact that, to date, only one multi-messenger event (GW170817) has
been observed, highlighting the need to explore a broader parameter space for future
detections. To construct these catalogs, we employed the function get_strain_snr
3 from the gw dali package using the ’TaylorF2_py’ 4 approximant with frequency

2Since both detectors are still in the design phase and their sites are not yet fully defined, we
consider the following geolocations: Detector 0 (CE): Longitude −119◦, Latitude 46◦, Rotation
45◦, Shape 90◦. Detector 1 (ET): Longitude 10◦, Latitude 43◦, Rotation 0◦, Shape 60◦. Detector
2 (ET): Longitude 10◦, Latitude 43◦, Rotation 120◦, Shape 60◦. Detector 3 (ET): Longitude 10◦,
Latitude 43◦, Rotation −120◦, Shape 60◦.

3We developed our own code to generate the the GW signals, but thinking about time efficiency
we decided to use the GWDALI function.

4he TaylorF2 waveform is derived by expanding the orbital dynamics in powers of the orbital
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parameters fmin = 1 Hz, fmax = 104 Hz, and fsize = 3 × 103.

The simulated source parameters included component masses (m1 and m2), right
ascension (RA), declination (Dec), luminosity distance (dL), inclination angle (ι),
polarization angle (ψ), coalescence time (tcoal), and coalescence phase (ϕcoal). The
angular parameters such as RA and Dec were isotopically sampled uniformly to
ensure a realistic sky distribution, m1 and m2 were modeled as 1.5 × (1 + z[i]) to
account for redshift effects, while dL was directly determined from the luminosity
distance corresponding to each redshift z[i] assuming the FlatLambdaCDM model
H0 = 70km/Mpc/s, Ωm = 0.3.

The redshift range [0.05, 1]. Although 3G detectors could detect sources up to 2 (be-
ing very optimistic) (SOUZA; STURANI, 2021), we focus on a smaller range, as EM
counterpart detections can be too difficult to observe. The range is chosen because it
balances detectability and signal strength, ensuring sufficient signal-to-noise ratios
for detection by current and future observatories while remaining compatible with
galaxy surveys like DES, LSST, and Euclid for host galaxy identification ((LEGACY
COLLABORATION, 2021), (EUCLID CONSORTIUM, 2020)). It spans the tran-
sition from the matter-dominated to the dark energy-dominated regime (RYDEN,
2003), making it suitable for inferring the Hubble constant and cosmological pa-
rameters. Additionally, it aligns with astrophysical predictions that the majority of
detectable compact binary mergers occur. This selection enhances statistical signif-
icance while avoiding challenges associated with very low (z < 0.05) or high (z > 1)
redshifts, such as limited volume, weak signals, and difficulty in obtaining redshifts
from electromagnetic counterparts considering future instruments.

Figure 5.1 presents the correlation matrix (See Appendice A) from one arbitrary
source for the parameters simulated in our gravitational wave catalogs, including
chirp mass (Mc), symmetric mass ratio (η), luminosity distance (dL), inclination
angle (ι), polarization angle (ψ), and coalescence phase (ϕ). Notably, Mc and η

show correlation, while ψ and ϕ exhibit negative correlation. Furthermore, dL and

velocity, where the lowest-order terms describe the motion in the non-relativistic limit and higher-
order terms include corrections due to the system’s gravitational radiation. The model includes
terms up to the 3.5 PN order, which captures a significant portion of the dynamics during the
inspiral phase (BLANCHET, 2006; ARUN et al., 2009). These higher-order terms are essential
for accurate modeling of the gravitational wave signal, particularly when considering the complex
dynamics of compact binary systems. The TaylorF2 approximation is based on a post-Newtonian
(PN) expansion, which provides a series of corrections to the Newtonian description of the orbital
dynamics, incorporating relativistic effects as the objects spiral toward each other. The TaylorF2
model is commonly used in Bayesian inference methods for parameter estimation of binary systems,
where it serves as a template for matching observed signals (VEITCH et al., 2015).
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Figure 5.1 - Parameters correlation.

Correlation matrix of the main parameters simulated in the gravitational wave catalogs,
including chirp mass (Mc), symmetric mass ratio (η), luminosity distance (dL), inclination
angle (ι), polarization angle (ψ), and coalescence phase (ϕ).

SOURCE: Author.

ι display a high positive correlation. The strong correlations observed suggest that
these parameters are not entirely independent, which can complicate their mutual
estimation in gravitational wave analyses. Specifically, gravitational waves with in-
clinations closer to ι = 0◦ or ι = 180◦ produce stronger signals than those closer to
ι = 90◦. As a result, a system may appear to be farther away than it actually is
when it is oriented face-on, leading to a degeneracy between the luminosity distance
dL and the inclination ι (VITALE; EVANS, 2017). By contrast, parameter pairs
with near-zero correlations (e.g., Mc and ψ) suggest more independent variations,
potentially leading to more robust individual parameter estimates.
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5.2.1 Bright Siren redshift distribution

The redshift distribution function used in this study takes into account a realistic
scenario that assesses how far the proposed THESEUS5 mission can detect the elec-
tromagnetic counterparts of coalescing neutron binaries. This distribution is modeled
using the following expression (BELGACEM et al., 2019):

P (z) = 1
N

z3

1 + exp(10.6z0.6) , (5.1)

where N is a normalization factor ensuring the distribution is properly normalized.
This function represents the analytical fit of the bright siren distribution to be
observed by combining THESEUS and ET (SOUZA; STURANI, 2021).

Recent studies, (BELGACEM et al., 2019), have explored potential coordination
between the Einstein Telescope and THESEUS, examining the expected distribution
profile of bright siren detections. It is anticipated that there will be around 500
detections over 10 years in optimistic scenarios, while pessimistic scenarios predict
approximately 125 detections during the same timeframe (BELGACEM et al., 2019).
In this context, we will utilize the analytical fit of these distributions as presented
in (BELGACEM et al., 2019; SOUZA; STURANI, 2021). The comparison between
the simulated redshift values (blue) and the analytic redshift distribution function
P (z) (red) is shown in Figure 5.2, illustrating the expected distribution of bright
sirens detected by THESEUS.

5.3 Parameter estimation

5.3.1 Gravitational waves

After generating the sources, we proceeded to the parameter estimation phase using
GWDALI. We chose six parameters for our analysis: the chirp mass (Mc), the
symmetric mass ratio (η), the luminosity distance (dL), the inclination angle (ι), the
polarization angle (ψ), and the coalescence phase (ϕ). Although our study focuses
on bright sirens, we do not include the source’s sky position (right ascension and
declination) as free parameters. This is because we assume these coordinates are
well-constrained, given that we start from a known redshift for each source. The
estimations were done for Fisher and Doublet; for both methods, we used the sampler

5Transient High-Energy Sky and Early Universe Surveyor (THESEUS) is a proposed space-
based observatory designed to detect and study transient astrophysical phenomena, particularly
gamma-ray bursts. It aims to enhance multi-messenger astronomy by providing rapid electromag-
netic counterparts to gravitational wave events.
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Figure 5.2 - Brigth siren distribution.

Histogram of simulated redshift values compared with the analytic redshift distribution
function P (z).

SOURCE: Author.

Nestle (nested sampling) with 300 live points.

Initially, we applied the Fisher method to obtain the uncertainties associated with
the system’s parameters. Prior definitions were unnecessary while running Fisher
because in the GWDALI, Fisher considers the priors to be flat or uniform. The
results of the Fisher method for the luminosity distance dL for an arbitrary source
are shown in Figure 5.3.

For Doublet analysis, it was necessary to define priors for each parameter. The prior
distributions for the angular parameters (Euler Angles) used are listed in Table 5.2.

Table 5.2 - Prior distributions used in parameter estimation.

Parameter Prior Distribution Range / Details

ι Sine [0, π]
ψ Uniform [0, π]
ϕcoal Uniform [0, 2π]
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Figure 5.3 - GWDALI Fisher.

Parameter estimation using the Fisher method for the luminosity distance dL.
SOURCE: Author.

For the parameters ι (inclination) and ψ (polarization), we used sine and uniform
distributions, respectively. The uniform distribution for ψ and ϕcoal (coalescence
phase) assumes that all orientations are equally probable. The range for ι is typically
chosen to be [0, π], corresponding to a complete sweep of possible orientations of the
binary system’s orbital plane relative to the observer.

This range is selected due to some reasons (MAGGIORE, 2008); the value of ι =
0 = π corresponds to a face-on system, where the orbital plane is perpendicular to
the line of sight of the observer. In contrast, ι = π/2 represents an edge-on system,
where the orbital motion is observed from the side, resulting in the most significant
modulation of the gravitational wave signal. Due to the symmetry of gravitational
waveforms, the face-on and edge-on configurations are indistinguishable from their
inverted counterparts, making the range of ι span from 0 to π radians; Binary
systems are generally expected to be more likely to have orbital planes oriented
at intermediate angles, and the sine distribution ensures that these orientations
are favored in the parameter estimation process (HOLZ; HUGHES, 2005; FARR
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et al., 2010). Table 5.3 summarizes the custom prior distributions for the chirp
mass (Mc) and symmetric mass ratio (η), defined within a restricted range: In the

Table 5.3 - Custom prior distributions for Mc and η, represented as discretized uniform
distributions.

Parameter Prior Distribution Range

Chirp Mass (Mc) Uniform (discretized) [Mc(1 − 10−3),Mc(1 + 10−3)]
Symmetric Mass Ratio (η) Uniform (discretized) [η(1 − 10−3), η(1 + 10−3)]

context of GWDALI, when using the DOUBLET method, it is necessary to define the
luminosity distance dL in terms of its inverse and set its prior through the Jacobian
transformation π(dL) → π(dL)−1. This is done to correct the bimodality between
dL and ι. Table 5.4 summarizes the priors. The impact of this transformation on
the posterior distribution of dL is shown in Figure 5.4. Comparing both, we can see
that, when using inv_dL the peak of spurious bimodality is eliminated. This effect
was also observed by (WANG et al., 2022).

Figure 5.4 - Comparison between DOUBLET with prior inv_dL and dL.

Doublet ( inv_dL) Doublet dL
(A)Posterior distribution of 1/dL using the DOUBLET method, applying the Jacobian trans-
formation. (B) Posterior distribution of dL using the DOUBLET method.

SOURCE: Author.
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Table 5.4 - Properties of the prior distribution for dL. The prior in inv_dL is obtained
via jacobian transformation of the prior in dL, i.e. π(dL) = π(dL) ∗ d2

L.

Parameter Prior Distribution Range

dL Uniform [0.02 Gpc, 8 Gpc]

For both methods, to quantify the uncertainty in parameter estimations, we used
quantiles, which are statistics that divide an ordered distribution into equal proba-
bility parts. In the case of uncertainty with a 0.68 confidence level (CL), we consid-
ered the interquartile range (from the 16th to the 84th percentile), corresponding to
approximately 1σ coverage in normal distributions. Thus, the errors in parameter
estimation were obtained by:

∆θ = θ84 − θ16

2 . (5.2)

This method provides a robust estimation of uncertainties, avoiding the need to
assume specific error distributions. To illustrate these results, we present Figure 5.5,
which provides a direct visual comparison of the Fisher and Doublet estimations for
dL.

The top-left panel shows the luminosity distance as a function of redshift, with both
the Fisher and Doublet methods yielding similar trends. As expected dL increases
with redshift (HOGG, 2000). Both methods provide consistent estimates, at higher
redshifts, the uncertainty regions (shaded areas) become larger. This increase in
uncertainty reflects the degradation of the signal-to-noise ratio (SNR) for distant
sources. The Fisher method shows a slightly larger uncertainty region compared to
Doublet at high redshift, suggesting that the latter might incorporate additional
constraints that reduce variance.

The top-right panel illustrates the estimated inclination angle (ι) as a function of
redshift. The bottom-left panel presents the relative error in luminosity distance.
The Fisher method consistently maintains lower errors compared to Doublet, which
exhibits larger fluctuations, especially at low redshifts. This suggests that Doublet
may be more sensitive to specific configurations of the sources, leading to occasional
large deviations. In fact, Doublet is sensitive to inclination angles around 90◦. At
higher redshifts, Doublet retains slightly higher variability but lower error. Since the
accuracy of dL directly impacts cosmological parameter estimation, methods with
lower relative errors are preferable for standard siren measurements of the Hubble
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Figure 5.5 - Analysis of luminosity distance and inclination angle estimation using differ-
ent methods.

(5.3)
The top-left panel shows the luminosity distance dL as a function of redshift, comparing

the Fisher and Doublet methods, including dispersion regions. The top-right panel presents
the estimated inclination angle ι versus redshift. The bottom-left panel displays the relative
error in dL, while the bottom-right panel illustrates the bias in dL, with dispersion regions
included.

SOURCE: Author.
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constant (CHEN et al., 2018).

The bottom-right panel quantifies the bias in luminosity distance estimation. Fisher
remains nearly unbiased across all redshifts, while Doublet exhibits a systematic
bias. The spread in the uncertainty bands for both methods highlights the challenge
of accurately recovering dL. The growing uncertainty bands at high z further indicate
challenges in maintaining precision at large distances, in agreement with previous
studies on gravitational-wave parameter estimation (VITALE; EVANS, 2017).

5.3.2 Cosmological parameters

In this section, we employ the DALI method to estimate four cosmological parame-
ters: the Hubble constant H0, the matter density parameter ΩM , and the parameters
w0 and wa of the equation of state (EoS) of dark energy. These parameters are fun-
damental for understanding the expansion history of the Universe and its current
dynamics. The fiducial values used for them are listed in Table 5.5, they are the same
used for our Mock Data dL, and the Fisher/DALI tensors were computed around
them. To estimate the cosmological parameters, we applied Equation 4.56 and the
method described in Section 4.4.3.

For gravitational wave parameter estimates, uncertainties are obtained by inverting
the Fisher matrix. However, for cosmological parameter estimates, we sample from
the approximate posterior associated with the Fisher term. This sampling was per-
formed using the Bilby library with the nestle method, employing 1000 live points.
The same procedure was applied to the Doublet, Triplet, and Exact Likelihood ap-
proaches. The priors used for each case are also listed in Table 5.5.

Table 5.5 - Cosmological reference parameters and priors.

Parameters Symbol Fiducial Value Priors
Hubble Constant H0 70 km/s/Mpc 60 ≤ H0 ≤ 80
Matter Density Ωm 0.3 0.1 ≤ Ωm ≤ 0.9

Equation of state w0 -1 −2 ≤ w0 ≤ −0.1
Equation of state wa 0 −5 ≤ wa ≤ 5

All priors were defined as uniform. A uniform prior assumes that all values within a
given range are equally probable, thereby minimizing the influence of prior knowl-
edge on the results (JOHNSON, 2005). For instance, setting H0 ∼ U(60, 80) km s−1
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Mpc−1 encompasses the current range of estimates from cosmic microwave back-
ground (CMB) measurements and local distance ladder methods without imposing
an artificial preference for one over the other (RIESS et al., 2022).

To further investigate the relationships between the estimated cosmological param-
eters, we present the correlation matrix from one arbitrary catalog in Figure 5.3.2.
An anticorrelation is observed between H0 and Ωm, consistent with theoretical pre-
dictions, meaning a higher matter density leads to a slower expansion rate at early
times, reducing the inferred value of H0. This relationship is well-established in
cosmological analyses, particularly from the Cosmic Microwave Background (CMB)
and large-scale structure constraints (AGHANIM et al., 2020; PEEBLES, 1993).

The mild correlation between H0 and ω0 is expected since a more negative ω0 en-
hances the late-time acceleration, which can lead to a lower inferred H0, as well.
However, given the degeneracy with ωa this correlation is not as strong as the one
with matter density.

Additionally, Ωm exhibits a moderate positive correlation with w0 and a strong
positive correlation with its uncertainty, suggesting that a higher matter density
leads to greater uncertainty in its estimation. The uncertainties in w0 and wa also
display a high correlation, this is consistent with the well-known degeneracy between
these parameters in dark energy models, where a higher expansion rate can be
compensated by a less accelerating equation of state, as discussed in (HLOZEK
et al., 2008; GONG; GAO, 2014). Their sigma are also highly correlated, as both
parameters describe the same physical component (dark energy). The degeneracy
between these two parameters leads to highly correlated uncertainties, making it
difficult to constrain one parameter without precise knowledge of the other. To
assess the influence of redshift (and consequently, the number of sources) on the
parameter estimation, we divided the analysis into five progressively increasing and
uniformly spaced intervals. The number of sources in each interval in each catalog
is presented in Table 5.6.

Table 5.6 - Redshift Intervals and Number of Sources.

Redshift Interval Number of Sources
0.05 - 0.24 69
0.05 - 0.43 168
0.05 - 0.62 237
0.05 - 0.81 278
0.05 - 0.99 300
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Figure 5.6 - Correlation matrix of cosmological parameters and their uncertainties.

Correlation matrix of cosmological parameters and their uncertainties obtained using the
DALI method. The color scale represents the degree of correlation, where yellow indicates a
strong positive correlation, dark blue represents a negative correlation, and green suggests
a weak or no correlation.

SOURCE: Author.

5.3.3 Cosmo GW(DALI)

The analysis of the GW(Fisher) cosmological results (see Figure 5.7) reveals that for
the values of Ωm the Fisher method exhibits the largest deviations from the fiducial
value, particularly at lower redshifts, where the approximation of a Gaussian likeli-
hood is less accurate. The Doublet method improves upon the Fisher estimate. The
Triplet method, further refines the estimation, bringing it closer to the fiducial val-
ues. This improvement is expected, as higher-order approximations in the likelihood
expansion allow for a more accurate representation of the underlying probability
distribution.
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When compared with the fiducial values of the dark energy equation of state pa-
rameter, ω0, the Fisher approach presents deviations, particularly at lower redshifts.
The Doublet method reduces these discrepancies at lower redshifts but still exhibits
some offsets at higher, while the Triplet method significantly enhances the accu-
racy, if compared with the fiducial values. For time evolution of dark energy is
parameterized by ωa, the Fisher approach introduces a deviation from the fiducial
value, particularly at lower redshifts. The Doublet and Triplet methods provide an
improvement, with values oscillating around the fiducial values. For these three pa-
rameters, it is observed that the Fisher curve follows the Exact Likelihood plots,
while Doublet and Triplet curves are more similar to each other.

Regarding H0, the Fisher method provides a reasonable estimate but shows slight
systematic offsets at high redshifts. The Doublet method refines this estimate, ap-
proaching the fiducial values, while the Triplet presented the smallest deviation
across the redshift. It presents a behavior similar to the Doublet.

The analysis of the GW(Doublet) cosmological results (Figure 5.8 reveals for Ωm

that the Fisher approach deviates more from the fiducial values and the Exact Like-
lihood, when compared with the Doublet and Triplet. The same behavior is observed
for the parameter ω0. For ωa we observe an unexpected behavior for the Exact Like-
lihood, it recovered really high values. Gong and Gao (2014) discuss the degeneracy
between the cosmological parameters wa and w0 is a significant issue in observational
cosmology, especially when characterizing dark energy. According to them, these two
parameters are often adjusted simultaneously in analyses of cosmological data, such
as supernova data, CMB (Cosmic Microwave Background), and other cosmological
tests. However, the parameters can become highly degenerate, which means that in
some cases, observational data cannot clearly distinguish between different combi-
nations of these parameters. This degeneracy can affect the constraints in a positive
way when w0 and wa are adjusted simultaneously, the degeneracy between them can
result in a reduction of the estimated error in w0. This occurs because, for certain
values of wa, the effects of dark energy can be masked, leading to better precision
in the measurements of w0, although the uncertainty in wa may increase.

For H0, the approximation methods yielded results similar to the fiducial values.
Although the Exact Likelihood showed some deviation, it still recovered values in
the expected range. In general, we did not anticipate such a high dispersion for the
Exact Likelihood. The reasons for this variation in the parameters estimated from
the GwDoublet data require further investigation.
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Figure 5.7 - Plots of the cosmological parameters obtained from the GW(Fisher) catalog.
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Figure 5.8 - Plots of the cosmological parameters obtained from the GW(Doublet) catalog.
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There are several methods for calculating DALI tensors: the frequentist approach,
which involves averaging over several parameters values (WANG et al., 2022); the
Bayesian approach, the tensors are calculated around the best fit (using a Maximum
Likelihood Estimator MLE); and the direct approach, where tensors are calculated
around fiducial values without averaging over the parameter space, as in the GW-
DALI (SOUZA; STURANI, 2023). In this analysis, we employed the direct method,
but this approach can fail if the peak of the exact posterior is not aligned with the
fiducial values. This misalignment may explain some of the unexpected behaviors
observed, though further investigation is required. We expect that computing the
tensors around the best-fit values will minimize these irregularities and lead to more
robust parameter constraints.
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Table 5.7 - Average values of Ωm, ωa and ω0 for different redshifts and methods.

Ωm mean ωa mean ω0 mean

GwFisher GwDoublet . . . .

Fisher
z = 0.24 0.42 ± 0.23 0.44 ± 0.24 -0.86 ± 3.12 0.38 ± 3.12 -1.27 ± 0.52 -1.19 ± 0.52
z = 0.43 0.41 ± 0.23 0.40 ± 0.24 -1.30 ± 2.94 -1.05 ± 2.94 -1.12 ± 0.48 -1.23 ± 0.56
z = 0.62 0.41 ± 0.22 0.40 ± 0.23 -1.41 ± 2.44 -1.20 ± 2.81 -1.13 ± 0.35 -1.22 ± 0.57
z = 0.81 0.38 ± 0.20 0.39 ± 0.21 -1.23 ± 2.44 -1.24 ± 2.74 -1.06 ± 0.24 -1.19 ± 0.55
z = 0.99 0.35 ± 0.18 -0.97 ± 0.24 -1.22 ± 1.56 -1.22 ± 2.71 -1.02 ± 0.18 -1.15 ± 0.54

Doublet
z = 0.24 0.33 ± 0.24 0.39 ± 0.25 -0.06 ± 3.16 -0.14 ± 3.28 -1.06 ± 0.52 -1.15 ± 0.57
z = 0.43 0.26 ± 0.18 0.31 ± 0.21 -0.12 ± 2.70 -0.01 ± 3.01 -0.99 ± 0.48 -1.01 ± 0.57
z = 0.62 0.26 ± 0.16 0.29 ± 0.19 -0.15 ± 2.36 0.0 ± 2.83 -1.06 ± 0.29 -0.98 ± 0.54
z = 0.81 0.27 ± 0.15 0.28 ± 0.18 -0.07 ± 2.05 -0.0 ± 2.97 -1.09 ± 0.22 -0.99 ± 0.54
z = 0.99 0.27 ± 0.13 0.27 ± 0.14 -0.03± 1.80 -0.0 ± 1.29 -1.08 ± 0.19 -0.93 ± 0.44

Triplet
z = 0.24 0.32 ± 0.22 0.38 ± 0.24 -0.08 ± 2.07 -0.10 ± 2.96 -1.06 ± 0.41 -1.14 ± 0.52
z = 0.43 0.26 ± 0.17 0.29 ± 0.21 -0.08 ± 1.76 -0.14 ± 2.57 -0.95 ± 0.48 -0.97 ± 0.52
z = 0.62 0.27 ± 0.13 0.28 ± 0.17 -0.09 ± 0.92 0.08 ± 2.83 -0.98 ± 0.33 -0.97 ± 0.49
z = 0.81 0.28 ± 0.09 0.27 ± 0.15 -0.18 ± 0.77 -0.0 ± 1.37 -1.00 ± 0.25 -0.95 ± 0.46
z = 0.99 0.28 ± 0.07 0.27 ± 0.14 -0.19± 0.74 -0.06 ± 1.29 -1.00 ± 0.20 -0.93 ± 0.44

Exact
z = 0.24 0.41 ± 0.14 0.31 ± 0.14 -0.75 ± 3.08 -1.45 ± 2.77 -1.25 ± 0.44 -1.26 ± 0.41
z = 0.43 0.40 ± 0.11 0.26 ± 0.13 -1.22 ± 2.20 -2.82 ± 1.80 -1.12 ± 0.27 -0.86 ± 0.24
z = 0.62 0.38 ± 0.10 0.28 ± 0.12 -1.13 ± 1.90 -2.82 ± 1.57 -1.03 ± 0.16 -0.83 ± 0.24
z = 0.81 0.36 ± 0.09 0.31 ± 0.11 -0.86 ± 1.71 -2.61 ± 1.51 -0.99 ± 0.12 -0.83 ± 0.24
z = 0.99 0.34 ± 0.09 0.33 ± 0.11 -0.59 ± 1.56 -2.48 ± 1.48 -0.97 ± 0.10 -0.83 ± 0.25

5.3.3.1 Measurements relative error and bias

In experimental and observational studies, it is crucial to assess the accuracy and
precision of measurements. Two fundamental metrics for evaluating measurement
errors are the relative error and bias. These indicators help quantify how much a
measured value deviates from the expected or true value. The relative error is often
defined as the ratio between the absolute error and the true or expected value. It is
defined mathematically as (WALPOLE et al., 2007):

εr = σ

Xmeasured
(5.4)

where Xmeasured is the estimated value.
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The relative error provides a standardized way to compare errors across different
measurements. The bias of a measurement represents the systematic error, which
indicates whether a measurement consistently overestimates or underestimates the
true value. It is given by (WALPOLE et al., 2007):

B = Xmeasured −Xtrue

σ
(5.5)

where |B| > 1 implies a significant deviation of the measurement (far from the
real/fiducial value) and |B| < −1 implies it is a reliable measurement, i.e. the
real/fiducial value is within 1-sigma of your measurement. Therefore, we analyzed
the bias and error for each parameter.

5.3.3.2 Cosmo GW(Fisher) bias and error

Ideally, a cosmological model should display low and stable biases across all red-
shifts. In Figure 5.9, are compared the approximation methods: Fisher, Doublet,
Triplet, and Exact Likelihood. The trends observed in the bias estimation indicate
a systematic underestimation in the lower-order method, which assumes a Gaussian
likelihood. The biases associated with H0 remain relatively low across all methods,
whereas those for Ωm, ω0, and ωa exhibit significant deviations. The Fisher method
consistently underestimates the bias, while the inclusion of higher-order corrections
through the Doublet and Triplet methods progressively reduces systematic devia-
tions. The Exact Likelihood approach, provides the most accurate parameter esti-
mates.

The errors on ω0 and ωa are high. These results align with historical findings on
parameter estimation trends. Croft and Dailey (2015) documented the evolution
of cosmological parameter uncertainties over two decades and highlighted system-
atic underestimations of errors, particularly in dark energy constraints. The trends
observed in the present study mirror those findings, with the bias in ω0 and ωa

following a similar pattern of reduction as methodologies improve. The historical
study emphasized that error bars on H0 and Ωm stabilized around the early 2000s,
whereas dark energy parameters continued to exhibit significant variations as new
constraints emerged.

These results should be interpreted in the context of ongoing efforts to refine cosmo-
logical constraints through gravitational wave observations. The analysis by Croft
and Dailey (2015) emphasized the role of systematic uncertainties in shaping past
parameter estimates, a concern that remains relevant given the observed biases in the
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present study. The findings suggest that while higher-order corrections improve pa-
rameter constraints, further methodological advancements are necessary to achieve
the precision required for robust dark energy measurements. Meanwhile, the relative
errors of Ωm remain well constrained across different methodologies, in agreement
with previous findings in the literature.

The precision of H0 estimations from gravitational wave standard sirens has been
studied, with forecasts suggesting that third-generation detectors such as the Ein-
stein Telescope (ET) and Cosmic Explorer (CE) could achieve sub-percent uncer-
tainties in H0 in the ΛCDM framework (VITALE; EVANS, 2017), while more flexible
models like ω0ωa CDM may retain errors at the few percent level (FERRI et al.,
2024). The relative errors obtained here, for GW(Fisher) data, further support these
expectations, with Fisher estimates yielding an uncertainty of approximately 2-3%,
the Doublet method exhibiting a slightly broader range of 2-4%, the Triplet method
maintaining errors between 2-3%, and the Exact Likelihood approach achieving a
precision of 1%.
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Figure 5.9 - Bias and error results for Cosmo(Methods) with GW(Fisher).
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5.3.3.3 Cosmo GW(Doublet) bias and error

We evaluated the performance of different methods using gravitational-wave data
analyzed with the Doublet approach. The bias in H0 s relatively low across all meth-
ods, consistent with the expectation that the Hubble constant is among the best-
constrained parameters in cosmological analyses. The Fisher, Doublet, and Triplet
methods yield biases below 0.1, indicating their robustness. However, the Exact
Likelihood method presents an anomaly, with extreme high bias across all parame-
ters. This discrepancy suggests that the dL measurements with GWDALI/Doublet
were not reliable. Incorrect dL measurements lead to biased cosmological parameter
estimates, increasing systematic errors. In the Fisher/Doublet case for GW param-
eters, the tensors have already been calculated around the fiducial values, leading
to ‘better’ measurements of the cosmological parameters. In other words, we over-
estimated the DALI in this case because we did not take into account the possible
biases in the exact likelihood.

The matter density parameter exhibits moderate bias in the Fisher, Doublet, and
Triplet approaches, with progressive improvement as higher-order corrections are
introduced. The Fisher method underestimates bias, while the Doublet and Triplet
methods significantly reduce it. Dark energy equation of state parameters exhibit
the highest biases, consistent with previous findings that constraints on ωa and ω0

remain among the most challenging in cosmology. The Fisher and Doublet methods
show progressively decreasing bias.

The relative error analysis provides of H0 insight into the precision of parame-
ter estimation across methods. The Fisher method provides an uncertainty of ap-
proximately 5–7%, while the Doublet and Triplet methods offer slight improve-
ments. As expected, dark energy parameters exhibit the largest relative errors. The
Fisher and Doublet methods yield uncertainties as high as 10–50%, while the Triplet
method stabilizes relative errors at around 8–20%. Additionally, previous works us-
ing gravitational-wave standard sirens, such as Abbott et al. (2017) (ABBOTT et
al., 2017c), reported uncertainties around 10% − 30%, demonstrating that while
bright sirens provide valuable redshift information, their impact on reducing the
uncertainty in H0 remains constrained by errors.
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Figure 5.10 - Bias and error results for Cosmo(Methods) with GW(Doublet).
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These findings highlight that higher-order corrections improve parameter con-
straints. However, while the Exact Likelihood approach theoretically provides the
most precise constraints, its high bias questions the trade-off between accuracy and
precision in this case. The unexpected systematic deviations call for a deeper inves-
tigation into the role of priors, numerical instabilities, and potential overfitting in
likelihood computations.

5.3.4 Hubble tension

Figure 5.11 presents the estimated distributions of the Hubble constant (H0) for
five redshift bins computed using four distinct methods: Fisher (top-left), Doublet
(top-right), Triplet (bottom-left), and the Exact likelihood (bottom-right). In each
panel, every curve corresponds to a specific redshift range, while the vertical dashed
lines indicate the central tendency (e.g., median) of H0 for each distribution.

This figure demonstrates that the higher-order DALI expansions more accurately
reproduce the shape of the Exact likelihood compared to the standard Fisher ap-
proach (the Fisher distributions are more spread). Specifically, the Fisher distribu-
tions deviate from the exact likelihood in terms of peak location, width, and tails.
This discrepancy arises because the Fisher method, being a first-order approxima-
tion around the likelihood maximum, can underestimate or misrepresent the tails
when the true likelihood exhibits non-Gaussian features. In contrast, the Doublet
and Triplet approaches incorporate second-order and third-order derivatives, respec-
tively, thereby capturing skewness, kurtosis, and other higher-order effects absent in
the Fisher approximation (SELLENTIN et al., 2014).

Upon closer inspection, the exact likelihood (Bottom-Right) serves as the bench-
mark, representing the full functional form without relying on series expansion. In
the Fisher panel (Top-Left), the distributions are noticeably narrower or shifted rel-
ative to the exact likelihood—a consequence of assuming Gaussian errors around
the best-fit point, which may lead to an underestimation of uncertainties in non-
Gaussian scenarios. Interestingly, while one might expect that redshift bins with a
larger range (and thus more sources) would yield broader distributions, the Fisher
method shows similar widths across different curves.

In the Doublet panel (Top-Right), the distributions align more closely with the exact
likelihood, indicating enhanced accuracy due to the inclusion of second-order correc-
tions in the DALI expansion. The Triplet panel (Bottom-Left) further improves on
this, with distributions that track the exact likelihood very closely, particularly at
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higher redshifts where non-linearities in the distance–redshift relation amplify non-
Gaussian effects. This observation underscores the benefit of incorporating third-
order terms in reducing systematic deviations. Regarding redshift dependence, both
higher-order methods reveal that larger redshift ranges result in a more pronounced
(thicker) H0 distribution, reflecting increased precision relative to the broader dis-
tributions observed at lower redshifts.

Figure 5.12 presents different results obtained using the GW(Doublet) dataset. The
plot on the Exact Likelihood (botton-left) produces wider distributions due to the
high bias. The plots shows that the approximation methods present wider curves if
compared with the results from cosmological GW(Fisher). This behavior follows the
wider distribution of the Exact Likelihood, if compared with the Exact Likelihood
from GW(Fisher) cosmological parameters.

Figure 5.11 - Comparison of mean H0 and σH0 for the Gw(Fisher) method.

SOURCE: Author.

Table 5.8 presents H0 as a function of redshift and method. The general trend indi-
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Figure 5.12 - Comparison of mean H0 and for the GW(Doublet) method.

SOURCE: Author.

cates that the meaning of H0 variates between 69.5 and 70.8 km/s/Mpc, depending
on the method and redshift analyzed. These values are in the range of those obtained
from the Planck CMB data (H0 = 67.4±0.5 km/s/Mpc) and the tip of the red giant
branch (TRGB) method (H0 = 69.8 ± 1.9 km/s/Mpc), but lower than the values
reported by SH0ES (H0 = 73.04 ± 1.04 km/s/Mpc). This intermediate positioning
suggests that the methodology employed acts as a compromise between the con-
straints from the early universe, as inferred from the cosmic microwave background
(CMB), and those obtained from the local distance ladder. However, differences
emerge when considering the method employed.

Comparing the approximation methods, for the GwFisher cosmological parame-
ters (yellow background) estimates remain consistent across different values of red-
shift parameter and methods. The GwDoublet cosmological parameters (blue back-
ground) are similar to those from GwFisher, with minor variations, but the uncer-
tainties are marginally larger.
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Table 5.8 - Table of results organized for Cosmo(Exact), Doublet and Triplet with different
colours for each z.

H0 mean σ Planck σ SH0ES

GwFisher GwDoublet . . . .

Fisher
z = 0.24 70.01 ± 2.22 68.61 ± 5.13 1.17 0.23 1.36 0.85
z = 0.43 70.02 ± 2.14 68.87 ± 3.70 1.22 0.67 1.41 0.86
z = 0.62 69.76 ± 1.84 70.06 ± 3.87 1.28 0.73 1.78 0.83
z = 0.81 69.56 ± 1.30 70.10 ± 3.67 1.30 0.73 2.10 0.80
z = 0.99 69.51 ± 1.64 70.07 ± 4.10 1.29 0.66 2.15 0.72

Doublet
z = 0.24 69.91 ± 2.51 69,75 ± 5.37 1.00 0.44 1.15 0.60
z = 0.43 69.66 ± 2.30 69.63 ± 4.31 0.98 0.51 1.47 0.77
z = 0.62 69.95 ± 1.94 69.43 ± 4.33 1.31 0.47 1.59 0.81
z = 0.81 70.03 ± 1.76 69.51 ± 4.36 1.49 0.48 1.71 0.8
z = 0.99 70.03 ± 1.69 69.58 ± 4.36 1.56 0.50 1.78 0.77

Triplet
z = 0.24 69.86 ± 2.08 69.81 ± 5.32 1.15 0.45 1.37 0.60
z = 0.43 69.60 ± 1.81 69.53 ± 4.08 1.17 0.52 1.65 0.86
z = 0.62 69.71 ± 1.43 69.69 ± 3.62 1.53 0.73 1.89 0.86
z = 0.81 69.78 ± 1.25 69.60 ± 3.66 1.77 0.73 2.01 0.81
z = 0.99 69.79 ± 1.14 69.44 ± 2.99 1.93 0.72 2.11 0.80

Exact
z = 0.24 70.15 ± 0.64 71.33 ± 1.45 3.38 2.70 2.36 1.17
z = 0.43 70.03 ± 0.56 68.25 ± 0.70 3.51 1.23 2.56 6.89
z = 0.62 69.89 ± 0.45 68.12 ± 0.63 3.69 1.15 2.78 7.82
z = 0.81 69.86 ± 0.43 68.14 ± 0.67 3.73 1.10 2.83 7.31
z = 0.99 69.87 ± 0.42 68.16 ± 0.59 3.80 1.28 2.83 8.23

Additionally, comparing these results with those in the literature emphasizes that
the Hubble tension remains unresolved. The values obtained in this study are higher
than the Planck 2018 results, but they remain systematically lower than the SH0ES
results. This trend aligns with recent discussions in the literature, such as those pre-
sented in Di Valentino et al. (2021) and Palmese et al. (2023). Besides that, while
the methodologies explored in this study provide intermediate values of H0, they
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do not significantly alleviate the Hubble tension. Instead, they reinforce the idea
that the discrepancy persists and is not merely a consequence of statistical approx-
imations but rather an indication of potential underlying physics that remains to
be fully understood. This aligns with recent analyses that emphasize the robust-
ness of the tension across multiple independent measurements (VALENTINO et al.,
2021; HU; WANG, 2023). The results also highlight the importance of considering
non-Gaussian effects in cosmological parameter estimation, as evidenced by the dif-
ferences in uncertainty levels among the different methods. This has been discussed
in previous works, which suggest that a more detailed exploration of higher-order
likelihood expansions may be necessary to fully capture the constraints on the Hub-
ble Tension (PALMESE et al., 2020).

Future research should focus on higher-order likelihood approximations to further
refine the estimation of H0. Additionally, it is important to investigate some unex-
pected results related to the GwDoublet cosmological parameters. Our best approach
may be to apply the best fit when calculating the tensors, rather than calculating
them around the fiducial value. We anticipate that this will yield results that are
closer to the exact likelihood.

Furthermore, exploring new physics scenarios, such as early dark energy and modi-
fied gravity models, has been suggested (HU; WANG, 2023) as a potential solution to
the current discrepancy. A comprehensive strategy that integrates various observa-
tional techniques and enhances statistical methodologies will be crucial for resolving
the Hubble tension in the coming years.
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6 CONCLUSIONS AND PERSPECTIVE

In this study, we analyzed the estimation of the Hubble constant and others cos-
mological parameters using bright sirens. Specifically, we simulated 1000 cata-
logs of bright sirens, each containing 300 gravitational wave events detected by
next-generation detectors—Cosmic Explorer and Einstein Telescope—considering
a signal-to-noise ratio (SNR) threshold of 8. Given the current scarcity of multi-
messenger detections, this extensive simulation aimed to explore the statistical ro-
bustness of cosmological inference using bright sirens and assess the accuracy of
different parameter estimation methods. To extract cosmological information, we
employed the DALI method (Fisher, Doublet, and Triplet) alongside with the Exact
Likelihood

• Methodological Comparisons: Among the statistical methods, the
Fisher, Doublet, and Triplet approaches are stable and robust estimates.
The examination of bias and relative error across our models revealed that
Cosmo(Fisher), Cosmo(Doublet), and Cosmo(Triplet) maintain low and
predictable biases. These insights stress the importance of cross-validating
methods to avoid systematic pitfalls in parameter estimation. The DALI
method has been used in other research (WANG et al., 2022; FERRI et
al., 2024; SOUZA; STURANI, 2023), and can be very useful when esti-
mating parameters. We need to further investigate the unexpected results
encountered during this research. Some actions we can take include using
the best-fit method to calculate the tensors instead of calculating them
around the fiducial values. Additionally, we can explore other approximants
besides TaylorF2, such as "IMRPhenomD" (HUSA et al., 2016; KHAN et
al., 2016) or "IMRPhenomHM" (LONDON et al., 2018).

This study highlights the significant potential of bright sirens for precision cosmology
in the era of third-generation gravitational wave detectors. By applying advanced
likelihood approximations, we demonstrated that higher-order expansions (Doublet
and Triplet) improve parameter estimation as compared to the Fisher method. Al-
though challenges remain—particularly in addressing systematic uncertainties—the
results reinforce the importance of gravitational waves as an independent cosmolog-
ical probe.

Future gravitational wave observatories, along with large galaxy surveys, will help
us better measure the Hubble constant and test our cosmological model. Improved
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methods will make standard sirens a useful tool for addressing cosmological tensions.
Looking ahead, there are several areas we should explore further:

• Refinement of Statistical Frameworks: Future analyses should explore
DALI tensor calculations around best-fit values rather than fiducial values
to mitigate the observed systematic deviations. A detailed investigation
into the numerical instabilities observed in the Exact Likelihood method
is needed. Enhancements such as improved parameterizations or Monte
Carlo simulations could help mitigate these issues and improve reliability.

• Expanded Redshift Coverage: As we push toward higher redshift ob-
servations, the challenge of maintaining precision and minimizing bias will
grow. Systematic studies focusing on how cosmic evolution impacts param-
eter estimation are vital for unlocking a more complete picture of cosmic
history.

• Analyses with Second-Generation Detectors: An immediate exten-
sion of this work would involve carrying out the same analyses using data
from second-generation (2G) gravitational wave detectors. By comparing
the resulting H0 estimates with those obtained from third-generation (3G)
detectors, we can assess the consistency of our methodologies across dif-
ferent detector sensitivities and noise characteristics. Such a comparative
study may help isolate potential systematic differences and refine our error
models.

• Expansion to Dark Sirens: With the concept of the Hubble tension
in mind, the current research could be expanded to include dark sirens.
Incorporating dark siren data would require a comprehensive analysis of
extensive galaxy catalogues from major collaborations and surveys (e.g.,
SDSS, DES, LSST, Pan-STARRS). By cross-correlating gravitational wave
data with these galaxy surveys, it may be possible to statistically infer host
galaxy properties and improve cosmological parameter estimates, thereby
complementing the standard siren approach.

Each of these future directions not only promises to enhance the robustness of cos-
mological inference using gravitational waves but also paves the way for new collab-
orations between the gravitational wave and astronomical survey communities. By
integrating a variety of datasets and utilizing advancements in detector technology,
we can move closer to addressing persistent issues such as the Hubble tension.
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In summary, our current findings support the idea that gravitational wave stan-
dard sirens can serve as independent tools for studying cosmology. However, they
also highlight the complexities involved in achieving high-precision measurements in
this field. By tackling these challenges directly and utilizing advanced observational
technologies, we have the opportunity to enhance our understanding of the Universe.
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APÊNDICE A - CORRELATION MATRIX

The correlation matrix is a mathematical construct used to quantify the linear de-
pendence between pairs of random variables. Each element of this matrix, denoted
as Corrij, represents the Pearson correlation coefficient between variables i and j,
and is defined by the expression

Corrij = Covij√
Covii · Covjj

, (A.1)

where Covij denotes the covariance between variables i and j, while Covii and Covjj
correspond to the variances of variables i and j, respectively. This normalization
ensures that the correlation coefficients are dimensionless quantities constrained to
the interval [−1, 1], enabling a direct interpretation of the strength and direction of
the linear relationship between variables.

Quantitatively, a correlation coefficient of +1 indicates a perfect positive linear re-
lationship, while a coefficient of −1 signifies a perfect negative linear relationship.
A value of zero implies the absence of a linear correlation. Intermediate values can
be interpreted according to their magnitude, with values close to ±1 representing
strong correlations, and values near zero indicating weak or negligible correlations.
The sign of the correlation coefficient reveals the direction of the relationship: posi-
tive values correspond to variables that tend to increase together, whereas negative
values indicate that one variable tends to decrease when the other increases.

Qualitatively, the correlation matrix provides a compact representation of the mu-
tual dependencies among a set of variables, facilitating the identification of redun-
dancies or strong associations that may influence statistical inference or model fit-
ting. The matrix is symmetric, as Corrij = Corrji, and its diagonal elements are
always equal to unity, reflecting the fact that each variable is perfectly correlated
with itself. This structure makes the correlation matrix a central tool in multivariate
analysis, particularly in fields such as statistics, cosmology, and data science.
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