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@ Classical frequentist linear regression

Q Complications: Symmetry, censoring, truncation &
measurement errors

9 Bayesian approaches



Concepts of regression

@ Functional regression: Choose the dependent (response)
variable. Model assumes points like exactly on the curve.

@ Structural regression: Model accepts scatter about the curve.

@ Choice of parametric model: Linear, polynomial or other
simple family, complex model from astrophysical theory

@ Assumption of i.i.d. (independently and identically distributed
data points). Not consistent with different measurement
errors for each point (heteroscedasticity), mixture of
populations or outliers.

@ Assumption of asymptotic normality. Generally valid via the
Central Limit Theorem.



Functional linear regression model

The data: (z;,y;) fori=1,..., N, random i.i.d. sample of
underlying population. x; values are fixed. x can be a single
variable or a vector of j variables x;;.

The statistical model:

y=EY|X=2)=a + Bz + €
e = N(0,0?%)
"The expected value of the dependent variable y given that the
independent variable (or vector) z has value X is equal to the

slope (§ times x plus the intercept v and a Gaussian noise value €
with zero mean and variance o=."



Ordinary least-squares linear regression

The least-squares method chooses estimates & and B which
minimized the sum of squared deviations

S8 = Z (& + f;))?

Setting 05S5/6ac = 0 and 655/ = 0, the solution is
N wiyi — (i) i)

=T Y ()
& =y — B
2
Var(ﬂA) = No

Ny af - (X i)

and similarly for Var(a) and Cov(@, 3). The estimators are
unbiased and consistent if errors are uncorrelated with the
regressor, E[x;¢;] = 0, and are efficient if the errors are
homoscedastic, E[e?|x;] are independent of i.



The OLS line is often the maximum-likelihood line

The probability density function (p.d.f.) of the i-th observation f;
is
filyis i) = 1 exp —(yi — a = p;)? /20
(3 (2 Rad O’\/ﬁ (2 1

The log-likelihood —InL at the data locations
(xi,y:);i=1,...,Nis

N

N
—lnL—5+—log27r Z —a—ﬁxl

If o is known, the maximum-likelihood estimator (MLE) of v and
[ is the same as the ordinary least squares estimator obtained by

minimizing > (y; — a — Bx;)%.



Structural regression

Seeking the intrinsic relationship between two properties without
specifying dependent and independent variables. While functional
regression is often used in human affairs to make decisions,
structural regression is often needed in astronomy to understand
the relationship between physical properties of planets, stars,
galaxies, etc.



Generalizations and alternatives to OLS

@ Symmetrical regression (Total LS, Principal Component
Analysis)

@ Robust regression (least absolute deviation, quantile,
M-estimators, a-trimmed estimators, ...)

@ Generalizations when errors are correlated with the data or
the regressors (GLS, IRLS, instrumental variables,
errors-in-variables, see below, ...)

@ Collinearity (ridge regression, lasso and other penalized
likelihoods)

@ High dimensional problems (PCA, least angle regression)
@ Censored regression (Buckley/James, Schmitt)

@ Truncated regression (Tobit, Deeming, Teerikorpi)



Truncation due to flux limits in astronomical surveys




Univariate distribution: Maximum-likelihood distribution
function estimator (Lynden-Bell 1972; Woodroofe 1985).

Correlation coefficient: Efron & Petrosian (1992)
OLS linear regression: Tobit and LIMDEP regression in
econometrics; Malmquist bias correction in astronomy (Deeming

1968; Segal 1975; Teerikorpi 1984)

Not much development of statistical techniques for truncation, as
information on the distribution of faint objects is missing



Censored regression

Censoring (or upper limits) due to non-detections of previously
identified sample. Extensive field of ‘survival analysis' treating
censoring.




Univariate distribution Kaplan-Meier maximum likelihood
distribution function estimator

2-sample tests: Gehan, logrank, Peto-Prentice

Correlation coefficients: Generalized Kendall's 7
Linear regression: Cox regression, EM algorithm with normal
residuals, Buckley-James line with Kaplan-Meier residuals

Survival methods for astronomy implemented in ASURV package
(Feigelson & Nelson ApJ 1986,
http://astrostatistics.psu.edu/statcodes)



Structural OLS regression

Astronomers use up to six OLS lines: Standard OLS(Y|X), the
inverse line OLS(XY"), and four symmetrical lines. Orthogonal
regression (Pearson 1901, first principal component), reduced
major axis, and OLS bisector.



% ISOBE, FEIGELSON, AKRITAS, AND BABU Vol. 364

TABLE 1
LiNEAR REGRESSION FORMULAE FOR SLOPES

Estimate of th:lm of the Slope

Method Expression for Slope Var ()
[o1 175 1 5 TP =:£.. é[‘éu.—ﬂ‘u.—ﬁ.x.—y +.ﬂ,£}‘]
OLS(Y|X) ooenee.. R ﬁF%: L[f,(r.—ﬂ’m—ﬂm—ﬂﬂzil‘]
OLS BiSeetor .....cccovenne Ba= i+ A LA, — L4 ST+ BN+ ) W [+ 87 Var (4
+ 201+ BN+ 4D Cov (e B) + (1 + 3 Var o)
Ortbogonal regression ... B, = 3, — B7") + Sign S0 /3 + o — B 7l Zﬂmﬁﬁ Ui Var (B0 + 2 Covidy, f) + B Var )
Reducod major-axis .......... By = Sign (5 )47 [53 Var (#,) + 2 Cov(h,, ﬁ,)+ 7 Var (4 1:|

NoTE.—An estimate of covariance term is given by :

Cov (4, £ = (520" '{}_: 6= By, = B0 = F = Fylx, — B0y, - 7 — Al — i)]}.

These lines are not the same function and should not be used
interchangeably. Both the values and the variances of the
regression parameters are mathematically different. The scientific
question is often too vague to specify a single method.






Homoscedastic functional model Deeming (Vistas Astro 1968),
Fuller Measurement Error Models (1987), Carroll/Rupert/Stefanski
Measurement Errors in Non-Linear Models (2nd ed, 2006)

Heteroscedastic functional model York (Can J Phys 1966),
ODRPACK (Boggs et al., ACM Trans Math Soft 1990)

Heteroscedastic structural model Press et al. (Numerical
Recipes 1992), Akritas/Bershady (ApJ 1996), Tremaine et al.
(ApJ 2002), Kelly (ApJ 2007)



An OLS regression with errors and scatter

(Yo s B}, i=1,...n
(Y1,Y3) are the observed data, Vi, are the measurement errors
}]==X“+Eli u’“d Y2i=X2i+£2f

(X7, X2) are the intrinsic variables, €15 is the intrinsic scatter
Regression model: Xp=y + 1 X+ &

Regression estimators & slope variance:
5 - E.Jrr=1 ¥y — }_Ill]éi - 1_’1] — ZF'=1 VIE.I
' 2= (Y= )P = Yoy Vi
gy = ?2 - B Fl .
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Akritas & Bershady, ApJ 1996



Bayesian approach of Zellner and Jaynes |

"Fitting the ‘best’ straight line to a scatter plot of data ... is undoubtedly
the most common problem of inference faced by scientists ... But from
the view point of orthodox statistics the problem turned out to be a
horrendous can of worms; generations of efforts led only to a long list of
false starts, and no satisfactory solution.” (Jaynes 1990)

Model: Y = a + 8X where the physical variables are indirectly
measured through data (z;,y;) with (unknown) measurement
errors: x; = X; + e, y; = Y; + f;. For prior information I, Bayes’
Theorem gives:

B p(l’,y|a>ﬁ71)
pla, Blz,y,I) = P(O"ﬁmm



Bayesian approach of Zellner and Jaynes Il

For the special case of Gaussian errors and no prior information,
Bayes Theorem gives the ordinary least squares solution:

B = (zy —zy)/(22 — 7%) and & =y — b

Other solutions arise for different priors. For instance, for Gaussian
errors, uniform priors on the X; and Jeffreys priors to o, and oy,
the posterior marginal p.d.f. for 3 is

p(B,z,y, 1) o< [y* + (8 — B)} " D/2)

where 72 = (y_2 -y (1 - 7’2)/(3:_2 — z?) and

r? = (zy — 27/ (22 — T2)(y2 — §?). This is the least-squares
solution for e; = 0 (no errors in the x variable) and f; errors are
unknown.



The integrated Bayesian approach of Kelly

Mixture of Normals Model

* Model the distribution of £ as a mixture of K
Gaussians, assume Gaussian intrinsic scatter
and Gaussian measurement errors of known
variance

* The model is hierar;:hically expressed as:

o 2 2
E ot ~ EJ‘I’AN(JHA,TA)

=1
n, \f;‘r,,a,,’i,az ~ N(a+ ﬁ&'j,az)

VX & ~ N([n,.51.2)
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o
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References: Kelly (2007, Apd in press, arXiv:705.2774),
Carroll et al.(1999, Biometrics, 55, 44)

Slides courtesy Brandon Kelly



Integrate complete data likelihood to
obtain observed data likelihood:

plx,y10y) = nffp(x v 1E.m)pm &0 pE, 1Y) dE, dn,

1137+
Z,.=().«'I. .\i:.)T
CA=(Q+16.“1.- -”L)T

2.2 2 2 2
_ 16 T"k +0 + O’i\',i DBT"L + Q|'\',i
ki =

172 exp{ ( -&, 'V, (Z &, )}

2 2 2
pr, + O, T, +0,

Can be used to calculate a maximume-likelihood
estimate (MLE), perform Bayesian inference. See Kelly
(2007) for generalization to multiple covariates.

Slides courtesy Brandon Kelly



Example: Dependence of Quasar X-ray
Spectral Slope on Eddington Ratio
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Solid line is posterior median,
Shaded region contains 95%
Of posterior probability. o sr ‘
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Posterior
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Posterior for Quasar Spectral Slope
vs Eddington Ratio
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For Comparison:
Boys =0.56+0.14
Boces =329+ 3.34
Bryy =1.76+0.49

Gops =0.41
ABCES =0.32
EXY = 0 O

Slides courtesy of Brandon Kelly



Conclusions

Linear regression, even for unweighted bivariate data, is surprisingly
complex. Pay attention to the precise scientific question and
details of the situation:

® 6 6 6 o o

Functional vs. structural regression (measurement error vs.
intrinsic scatter)

Symmetrical vs. dependent regression

Parameter confidence intervals (analytic, bootstrap, MCMC)
Measurement error weightings

Truncation & censoring due to flux limits (survival, Bayesian)
Model selection (residual analysis, goodness-of-fit, BIC)
Robust, multivariate, time series, spatial, ... regression
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