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HEALPix 
! Hierarchical Equal Area iso-Latitude Pixelization 
! HEALPix was constructed to support: 

–  Hierarchical structure of the data base for data objects distributed on the sphere 
–  Exactly equal area of pixels - resolution elements of the tessellation 
–  Iso-latitude distribution of pixel centers, which constitute the point-set for numerical 

quadrature on the sphere to enable fast spherical harmonic transforms [Plm(θ) only 
need to be evaluated once per latitude, hence overall complexity of harmonic 
transform evaluations is ~Npix

3/2, where Npix is the total number of pixels on the sky] 
! HEALPix was invented (~16 years ago!) by K.M. Górski (then in Copenhagen), and 

developed and supported by KMG (now at JPL/Caltech), Eric Hivon (IAP, France), 
A.J. Banday (MPA Garching, Germany), B.D. Wandelt (UIUC, IL), M. Reinecke (MPA 
Garching, Germany) 

! HEALPix software is a suite of Fortran90, IDL, C, C++, Python, and Java programs 
for data digitization, manipulation, and mathematical analysis, including fast 
spherical harmonic synthesis/analysis transforms, with documentation and user 
manuals 

! HEALPix is the data structure for WMAP, and Planck; it is an adopted data 
standard in FITS, etc. 

! Distributed through the web-site  http://healpix.sourceforge.net                         
(http://healpix.jpl.nasa.gov)  

! Contact: krzysztof.m.gorski@jpl.nasa.gov & healpix-support@lists.sourceforge.net 
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Almost 50 years since the discovery of the CMB,  
after scores of suborbital CMB experiments,  

and two decades of 3 dedicated satellite missions – 
 we reached a REMARKABLE moment, but why are we doing this?  
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COBE 
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COsmic Background Explorer 
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COBE-DMR Sky Maps 
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Data Structure of the COBE Sky Maps 

Quadrilateralized Spherical Cube … 
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COBE-DMR Delivers …  
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Last scattering surface according to 
COBE-DMR 
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CMB from Space - Great Discovery Era Unfolds … 

After COBE – Quickly increased apetite, we wanted more, much more … 
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Data Structure of the HEALPix Sky Maps 

Novelty was required to make it  
possible to swallow “much more” … 
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WMAP 
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WMAP in orbit at L-2 
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Pre-Planck 
microwave 

sky 
 

the great 
WMAP 
mission 
and its 

sky maps 
at 

22-94 GHz 
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Planck 
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Planck - Ferrari of satellite CMB missions? 

Planck  
ready to go  

in French Guyana 
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30 GHz 44GHz 70GHz 

100 GHz 143GHz 217GHz 

353 GHz 545GHz 857GHz 

Planck Maps of the microwave and sub-mm Sky 
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Planck’s Universe 
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HEALPix  

Some context 
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 Before pushing ahead let’s 
take a look at the #2 and #1 roundest  

man-made ob jects:  

The Avogadro project’s  
1 kg of Si28 93.6 mm ball  

Gravity Probe B gyroscope  
38.1 mm fused-quartz ball   

Δr/r ~ 3.7 × 10-7, Δr ~ 35 nm 

(~2.8 m “hills” on the surface of the Earth) 
Δr/r ~1.8 × 10-7, Δr ~ 3.4 nm 

(~1.4 m “hills” on the surface of the Earth) 
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Studying 
 Sphericity 
one can be 
sophisticated,  
like Escher’s 

(well, at least one can try), 
or 

simplified, as with LEGO,  

BUT IT IS ALWAYS FUN  
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When and where? 1997 in Copenhagen 
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5 Platonic Solids 

! Drawing from Kepler s Mysterium Cosmographicum 



INPE School on Astrophysics, Sept. 2013 Krzysztof M. Górski   

Icosahedral Dome, Epcot Center, Disneyworld, Florida 
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HTM 
Hierarchical 
Triangular 

Mesh 
 

Used 
extensively 

in  
SDSS 

Archive 
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Discoball 

! Used extensively in discos 
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IGLOO 

Crittenden 
and 

Turok 

Used extensively 
 in the Arctic … 
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Pantheon, Rome 

! Built in 124 
AD! 

! 43m dome 
! The largest 

in the world 
until the 
XXth 
century!!! 
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Pantheon – Spherical Magic 



INPE School on Astrophysics, Sept. 2013 Krzysztof M. Górski   

Temple of Venus and Roma 

! On Forum Romanum, across the road from the Coloseum 
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Roman 
Floor  

Mosaics 
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Chapelle d Anet, P. De l Orme, 
XVI c. 
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The 
Next 
Four 

San 
Pietro 
Rome 
 42m 

1593 AD 

Santa 
Maria  

del Fiore 
Florence 

42m 
1420 AD 

St. Paul s 
London 

33m 
1710 AD 

Hagia 
Sophia 

Istanbul 
32m 

537 AD 
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Jahrhunderthalle by Max Berg,  
1913, Breslau; 69m 
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Italian God of 
Concrete – 

Pier Luigi Nervi 
 

Pallazetto dello 
Sport 

Rome, 1957 
61 m 

(‘assembled’ in 40 
days!) 
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Nervi, PalaLottomatica, Rome 1960, 100m 
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Nervi, Norfolk Scope, Virginia, 1971, 136m 
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Norfolk Scope 
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Oscar Niemeyer, Brasilia, 2006 

Museu Nacional da República 
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HEALPix 
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Desiderata 

! What do we want from an acceptable scheme for discretization 
of the sphere? 
–  Isolatitude pointset (to support effective harmonic analysis), 

“a la Pantheon”, but …  
–  Hierarchical subdivisibility (to support efficient data handling 

– e.g. region definitions, data selection, map resolution 
changes, etc.), inherited from QuadCube, and  

–  Uniformity of pixel size (to preserve photometric integrity of 
the maps), like QuadCube (or indeed better) 
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Alternative possibilities for base-level tessellation  

Figuring this out was essential  
for the eventual emergence of HEALPix  
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Early stage 
plot, before 
we figured 

out the 
analytical 

description 
of pixel 

boundaries  INPE School on Astrophysics, Sept. 2013 Krzysztof M. Górski   
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HEALPix 

! Hierarchical 
! Equal Area 
! Iso-Latitude 
! Pixelization 

http://healpix.jpl.nasa.gov 
 
Freely available, GNU-licensed 

software library (F90, C++, C, IDL) 
for discretization, synthesis, 
analysis, etc. of functions on the 
sphere; 

Developed and supported since 1997; 
Used by WMAP and Planck; also 
Boomerang, Archeops, and other 
suborbital experiments; 
 
Gorski, Hivon, Banday, Reinecke,  

Wandelt, Hansen, … 
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What 
range of 
angular 

scales can 
be handled 

by the 
HEALPix 
software? 

Consider the nested index pn � ½0 � 12N2
side " 1# and define

p �n ¼ pnmod N 2
side, where p �n denotes the nested pixel index

within each base-resolution element. This has the binary rep-
resentation p �n ¼ ½ � � � b2b1b0#2 (and bi ¼ 0 or 1 and has weight
2i).

Given a grid resolution parameterNside, the location of a pixel
center on each base-resolution pixel is represented by the two
indices x and y, both of which are members of � 0 � Nside " 1� .
They both have their origin in the southernmost corner of each
base-resolution pixel, with the x-index running along the north-
east direction, while the y-index runs along the northwest direc-
tion. The binary representation of p �n determines the values of x and
y as the following combinations of even and odd bits, respectively:

x ¼ ½ � � � b2b0#2 � ð13Þ

y ¼ ½ � � � b3b1#2 � ð14Þ

Next we introduce the vertical and horizontal coordinates
(within the base-resolution pixel),

v ¼ xþ y � ð15Þ
h ¼ x" y � ð16Þ

and obtain the following relation for the ring index i � � 1 �
(N! þ 1)Nside " 1 � :

i ¼ F1( f )Nside " v" 1 � ð17Þ

as well as the longitude index

j ¼ F2( f )Nside þ hþ s

2
� ð18Þ

which can be translated into (z, ") coordinates using equa-
tions (4), (5), (8), and (9).

4.3. Pixel Boundaries

The pixel boundaries are nongeodesic and take a very simple
form: cos ! ¼ aþ b" in the equatorial zone and cos ! ¼ aþ
b � "2 in the polar caps. This allows one to explicitly check by
simple analytical integration the exact equality of area among
pixels and to compute efficiently more complex objects, e.g.,
the Fourier transforms of individual pixels.

Since the pixel center location is parameterized by the integer
value of j, setting j ¼ k þ 1

2 or j ¼ k þ 1
2 þ i (with k a positive

integer in eq. [5]) and substituting into equation (4) will give
for the pixel boundaries of the north polar cap (z � 2

3)

z ¼ 1" k2

3N2
side

#

2"t

! "2

� ð19Þ

z ¼ 1" k2

3N2
side

#

2"t " #

! "2

� ð20Þ

where "t ¼ "mod #
2. The base pixels have boundaries defined

as

z �
2

3
� " ¼ k �

#

2
� ð21Þ

with k � ¼ 0, 1, 2, 3.

Similarly, for 2
3 ( z ( "2

3 the pixel boundaries can be found
by setting j ¼ k þ s � 2 ) (i" Nside) � 2 in equation (9) and sub-
stituting into equation (8):

z ¼ 2

3
" 4k

3Nside
) 8"

3#
� ð22Þ

Using these pixel boundaries, one can easily check by integra-
tion that each individual pixel has the same surface area !pix

(see the Appendix).
Table 1 summarizes the number of pixels and resolutions

available in HEALPix. Since all pixels have the same surface
area but slightly different shape, the angular resolution is
defined as

!pix *
ffiffiffiffiffiffiffiffiffi
!pix

�

¼
ffiffiffiffi
3

#

�
3600 �

Nside
� ð23Þ

4.4. The HEALPix Spherical Projection

In � � 4.1 and 4.3 we present the algebraic description of pixel
center locations and pixel boundaries of the HEALPix tessel-
lation. In this subsection we recast these equations in the form
that explicitly demonstrates the global spherical projection na-
ture of HEALPix, i.e., the global HEALPix mapping from the
surface of the sphere to the flat domain, and its inverse trans-
formation. The existence of this transformation is essential for
cartographic applications and helpful for data storage, e.g., us-
ing FITS (Calabretta &Greisen 2002). Indeed, Calabretta (2004)
provides complete details on how to represent celestial coordi-
nates for data in the HEALPix projection and subsequently store
the data as a FITS image.

Consider coordinates (xs, ys), where xs runs along the longi-
tude and ys runs along the latitude, which are related in the

TABLE 1

Summary of Number of Pixels and Pixel Sizes Accessible to HEALPix

k Nside ¼ 2k Npix ¼ 12N2
side !pix ¼ !1� 2

pix

0............................... 1 12 58N6

1............................... 2 48 29N3

2............................... 4 192 14N7

3............................... 8 768 7N33
4............................... 16 3072 3N66

5............................... 32 12,288 1N83

6............................... 64 49,152 55A0
7............................... 128 196,608 27A5
8............................... 256 786,432 13A7
9............................... 512 3,145,728 6A87
10............................. 1024 12,582,912 3A44
11............................. 2048 50,331,648 1A72
12............................. 4096 201,326,592 51B5
13............................. 8192 805,306,368 25B8
14............................. 214 3� 22 ;109 12B9
15............................. 215 1� 29 ; 1010 6B44
16............................. 216 5� 15 ; 1010 3B22
17............................. 217 2� 06 ; 1011 1B61
��
� ��

� ��
� ��

�

29............................. 229 3� 46 ; 1018 3B93 ; 10"4

Notes.—Currently, the use of 32 bit signed integers for the pixel indexing
restricts the resolution accessible to Nside ( 8192. The use of 64 bit signed
integers will allow a valueNside ¼ 229 to be achieved. Note that k corresponds to
the ‘‘resolution parameter’’ referred to by the WMAP team.

HEALPix 765
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Analytical Structure of HEALPix 

1.	
  Pixel	
  Posi+on	
  
For	
  a	
  resolu+on	
  parameter	
  Nside	
  4Nside-­‐1	
  isola+tude	
  rings.	
  Pixel	
  centers	
  are	
  located	
  on	
  

(z=cosθ,	
  φ)	
  
North	
  Polar	
  Spur,	
  ring	
  index,	
  i	
  <	
  Nside	
  	
  	
  and	
  pixel-­‐in-­‐ring	
  index,	
  1	
  ≤	
  j	
  ≤4i	
  	
  

	
  

! 

    j = p +1" 2i(i "1),   i = I ph " I(ph )( ) +1,  ph = (p +1) /2

! 

" =
#
2i

j $ s
2

% 

& 
' 

( 

) 
* ,    s =1

z =1$ i2

3Nside
2

North	
  Equatorial	
  Belt,	
  ring	
  index,	
  2Nside	
  	
  ≥	
  i	
  ≥	
  Nside	
  	
  	
  and	
  pixel-­‐in-­‐ring	
  index,	
  	
  1≤	
  j	
  ≤Nside	
  	
  

! 

" =
#

2Nside

j $ s
2

% 

& 
' 

( 

) 
* ,    s = (i - Nside  +1)mod(2)

z =
4
3
$

2i
3Nside

! 

    j = p'mod(4Nside ) +1,   i = I p' /4Nside( ) + Nside,   p'= p " 2Nside (Nside "1)

Pixel	
  centers	
  in	
  southern	
  hemisphere	
  are	
  obtained	
  by	
  the	
  mirror-­‐symmetry	
  of	
  the	
  grid	
  	
  
with	
  	
  respect	
  to	
  the	
  equator.	
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Z-order, or Morton order 

�� �� ��� �� �

� �� �� � � � �� � �� �
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	� �
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� � � � � � � � �
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� � �� �� ��� �� ��

�

� ��� �
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� �
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��� �� �

� �

Z-order, Morton order,  
or Morton code is a function 

which maps multidimensional 
data to one dimension while 

preserving locality of the data 
points. 
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Two indexing schemes – comparative merits 

Again, 1-d data representation  
of the 2-d configuration space that preserves 

proximity in both spaces  
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The HEALPix P rojection  

following way to the previously used HEALPix ring number
i � � 1 � 4Nside ! 1 � and pixel index j (on ring i):

xs ¼ j! s

2

! " !

2Nside
� ð24Þ

ys ¼ 2Nside ! ið Þ !

4Nside
� ð25Þ

Upon substituting these formulae into equations (8) and (9)
(equatorial zone) and equations (19) and (20) (polar cap), we
recast the pixel center positions as follows: in the HEALPix
equatorial zone ( z� � � 2

3)

xs ¼ "� ð26Þ

ys ¼
3!

8
z � ð27Þ

and in the HEALPix polar caps ( z� � 	 2
3)

xs ¼ "! #(z)� � ! 1ð Þ "t !
!

4

! "
� ð28Þ

ys ¼
!

4
#(z) � ð29Þ

where z ¼ cos $, "t ¼ ("mod !
2 ), #(z) ¼ 2! 3(1! z)½ &1 � 2 for

z 	 0, and #(!z) ¼ !#(z).
The same algebra renders the following representation of

pixel boundaries:

ys ¼ 'xs þ
!

4
! k!

2Nside
� ð30Þ

which is now valid in both the polar and equatorial zones of
HEALPix, unlike the previous description in � 4.3.

The inverse mapping from the (xs, ys) plane to the sphere ($, ")
is given by the following equations: in the HEALPix Equatorial
zone ( � ys � � !� 4)

" ¼ xs � ð31Þ

cos $ ¼ 8

3!
ys � ð32Þ

and in the HEALPix polar caps ( ys� � 	 !� 4)

" ¼ xs !
ys� � ! !� 4

ys� � ! !� 2
xt !

!

4

! "
� ð33Þ

cos $ ¼ 1! 1

3
2! 4 ys� �

!

# $2
� �

ys
ys� �

� ð34Þ

where xt ¼ (xsmod!
2 ). In the polar cap regions xt has to satisfy

the condition

xt !
!

4

%%%
%%% �

!

2
! ys� � � for

!

4
� ys� � �

!

2
� ð35Þ

Equations (26)–(29) and (31)–(35) provide a complete de-
scription of the HEALPix spherical projection (from the sphere
to the plane, and the inverse).
TheHEALPix projection of the sphere to the plane is illustrated

in Figure 5. This reveals the nature of theHEALPix grid as a union
of 12 identical diamond-shaped base-resolution pixels, and illus-
trates well the pixel area equality (all pixels of varying shape on
the sphere get projected into identical square pixels on the plane).
Calabretta (2004) has demonstrated that such a projection is one of
a broader class, and derived the corresponding projection equations.
In addition, he suggests making an extension to this represen-
tation of the HEALPix projection on a two-dimensional grid that
may improve the storage of HEALPix data as FITS images.

Fig. 5.—Spherical HEALPix projection onto the plane. Base-resolution HEALPix pixels (indexed here from 0 to 11, as in the HEALPix software) project into 12
identical square pixels in the plane. Hierarchical subdivision of the HEALPix grid generates identical square pixel images over the entire planar image of the
HEALPix tessellation (Nside ¼ 4 pixel centers are shown within the base pixels 1, 6, and 10). Constant-latitude lines map into horizontal lines on the plane (dashed
lines), and the HEALPix spherical projection mapping of meridians on one hemisphere is shown by the dashed lines.

GÓRSKI ET AL.766 Vol. 622
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HEALPix Cartography 

! Old subject in cartography - Flattening the Earth 
! Górski, K.M., Hivon, E., Banday, A.J., Wandelt, B.D., Hansen, F.K., Reinecke, M., 

Bartelmann, M., 2005, Ap.J., 622, pp. 759-771, !HEALPix: A Framework for High-
Resolution Discretization and Fast Analysis of Data Distributed on the Sphere" 
–  Description  of !HEALPix projection" from the sphere to the plane 

! Calabretta, M.R., and Roukema, B.F., 2007, MNRAS, 381, pp. 865-872, !Mapping 
on the HEALPix grid" 
–  HEALPix - a hybrid of the cylindrical equal area (equatorial region), and 

interrupted Collignon (polar regions) cartographic projections  
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From C.A. Furuti’s Cartography Webpage 

INPE School on Astrophysics, Sept. 2013 Krzysztof M. Górski   



INPE School on Astrophysics, Sept. 2013 Krzysztof M. Górski   

The angular power spectrum of the 
CMB anisotropy 

! Current measurements are quite consistent with the primary 
fluctuations in the CMB being a Gaussian random field. 

! The primary fluctuations in the CMB are thus well described by 
their angular power spectrum. 

Curved sky analogue of FT	



Statistical isotropy	

 Rotational invariance	
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Sampling Spherical Harmonics with HEALPix point-set 

l=31 m=31 L=31 m=30 

l=31 m=0 L=31 m=16 
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l=31 m=16 
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How should one do this? And - Why? 
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Computing speed in SH-analysis 
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Quick look at large and intermediate  
angular scales: 70 vs. 100 GHz  

Krzysztof M. Górski   
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Some masks that we use for  
Planck vs. WMAP consistency analysis 

70 GHz 100 GHz 

Union  
of 

WMAP 
kq85 
and  

Planck 
comp-

sep 
mask 
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Effective beam variation on the sky 
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PSF and flux estimates: FEBeCoP 

l  Modeling Planck response to the sky signal, both diffuse and form discrete sources 

Crab @ 143 GHz, I 
FEBeCoP @ 143 GHz, I 
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Planck’s CMB anisotropy angular power spectrum 

2 10 50
0
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D
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µ
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Multipole moment, �
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ell>50: 
Pseudo-Cl method: 

Camspec 
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217x217,143x217 

31% or 49% of sky 

Ell<50 
component 
separated 

87% of sky 
[COMMANDER] 
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… but that is an altogether different story 
 

TBC 
 

… but all of that (sky maps -> science) works with 
the methodology, data structure, and computing/
analytical and data handling tools conceptualized 

and assembled in  
HEALPix   




