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Central Limit Theorems 



 Strong chaos

 Weak chaos
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Numerical analysis

 Out of  edge of  chaos 

 PDF of  rescaled sums of  N iterates

 Phase space dynamics & long-lived QSS

[Poincare section of standard map]
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Chaotic orbits of  conservative maps

q-Gaussians   Triangular (logarithmic scale) Gaussians
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 Dissipative dynamics, u<1:

 Hamiltonian dynamics (u=1):
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MacMillan Map
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Conservative
(β=0)

 Unperturbed map (µ, ε = 0):

 Perturbed map (µ, ε ≠ 0):
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A)(ε=1.2, µ=1.6)-MacMillan Map (λmax=0.0513): Persisting q-Gaussians



I) N < 216: (q =1.6)-Gaussian

II) N = 216,…, 223: Superposition QSSs

III) N > 223: (q→1)-Gaussian

B)(ε=0.9, µ=1.6)-MacMillan Map (λmax=0.0875): Time evolving pdfs

• q-Gaussians:

• Triangular :

• Superposition of  them

QSS
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Arnold diffusion (2-dim projections):

Sums of  y-variable iterates:
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4-D model of  accelerator dynamics
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Time-evolving features:



Conclusions
 Our work serves to connect different types of  distributions with different phase space 
dynamics.

 In some Hamiltonian maps,  where the chaotic layers are thin and the (positive) 
maximal Lyapunov exponent small, long-lasting quasi-stationary states (QSS) are formed 
whose pdfs appear to converge to q-Gaussians associated with Nonextensive Statistical 
Mechanics.  

 Detailed structure of  chaotic regions in Hamiltonian systems (network islands and 
invariant sets of  cantori) is the responsible for obtaining QSS with long-lived q-Gaussian 
distribution in conservative systems.

 More generally, the pdfs describe a sequence of  QSS that pass from a q-Gaussian to a 
triangular shape and ultimately to a Gaussian, as orbits diffuse to larger chaotic domains 
(Lyapunov exponents attain larger values and the phase space dynamics becomes closer 
to ergodicity).

 Higher complexity of  the dynamics may be the reason why QSS with q-Gaussian 
looking distributions persist longer.
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