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Introduction

@ One-parameter logarithmic and exponential functions have been
proposed in the context of:
e non-extensive statistical mechanics = S(A+ B) # S(A) + S(B);

o relativistic statistical mechanics;
e quantum group theory.

@ Two and three-parameter generalization of these functions have
also been proposed.

@ One parameter generalization of these functions can be obtained
using simple geometrical arguments.
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Non-Symmetrical Hyperboles and Power Laws

Q

o Consider fz(t) = 7
3.04 .
2.5
201

Ja(d)

1.5

1.0

054 .

0.0~ . ‘ . . . .
00 05 1.0 15 20 25 3

Figure: Behaviors of equation 1/t'~9 as a function of g.
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Generalized Functions g-logarithm

g-Logarithm Function

@ Iny(x) is defined as the value of the area underneath the
non-symmetric hyperbole in the interval t € [1, x]:
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Generalized Functions g-logarithm

@ For any q, the area is for:
e 0 < x < 1, negative

e x=1,null ie3 oo
e x > 1, positive 9 S a=3p
@ Convergence and divergence: 201 =1
~ . q=1/2
° (CI < O)' 1.04 g=0/
@ x —0,Inz(x) = —o0 Ing(@) G=-1
@ X — 00, Ing(x) — —1/9 0.0
° (a - O) 1 07— <
@ x —0,Inz(x) = —o0 s
@ X — 00, Ing(x) = +o0 20l
e (@ >0):
@ x —0,Ing(x) — —1/g S 05 10 15 20 25 a0
@ X — 00, Ing(x) = 400 x
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Generalized Functions g-exponential

g-Exponential Function

@ Let x be the area underneath the curve f4(t), for t € [0, ez(x)]:
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© [a], = max(a,0) guarantees t > 0 in f5(t) = 7.
Alexandre S. Martinez (USP) Generalized Functions

asmartinez@usp.br 7/20



Generalized Functions g-exponential

@ e5(x) > 0 (non-negative function):
e g;(0)=1
0 q— +00, e40(x) =1
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Figure: Behaviors of equation limg _,5[1 + Zy’x]yf’/ as a function of g.
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Generalized Euler's number

€, 120 : : : : :
@ The Euler’s number:
1004 4
@] I Iim(+n/"=e=2718...
n—0
“ @ The generalized the Euler’s
407 number, for x = 1:
20 1 .
R _ e5=e5(1) =(1+a)"9.
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Richards’ Model (arXiv:0803.2635)

dinp(t)
at

= =K Ina p(t)7

@ p(t) = N(t)/Ns, with:

e N(t) is the population size at time ¢

o N is the carrying capacity
@ x is the intrinsic growth rate
@ Limiting cases for:

e (g =0)= Gompertz model, dInp/dt = —kInp

e (g =1) = Verhulst model, dInp/dt = —x In1(p) = (1 — p)
@ The model solution is the g-generalized logistic equation:

1

_ _ T _1n-(r—1\pa—rt
PO = linglpy e~ -t MatPe e

@ Notice that: 1/e5(x) = e_z(—x).
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In short
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The asterisk means that the considered parameter can take an arbitrary value within its domain.

Fig. 1. Models which present analytical solutson from Eq.
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Microscopic Model

p.z.rz Microscopic model. The competition between cell drive to replicate and inhibitory interactions, that are modeled
by long range interaction among the cell, furnishes an interesting microscopic mechanism to obtain Richards' model [27].
The long range interaction is dependent on the distance r bertween two cells as a power law r’ and the cells have a fractal
structure characterized by a fractal dimension Dy. Using Eq. (1), one can write their Eq. (7) of Ref. [27] as: dInn(t)/dt =
{G) — Joo Ing| Dyn(t) /ew], where e is a constant related to geometry of the problem and g = 1 — 3 /Dy. Here the parameter
q acquires a physical meaning related to the interaction range 3 and fractal dimension of the cellular structure Dy. This
physical interpretation of § has only been possible due to Richards’ model underlying microscopic description.
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iz s
Loquistic Map

@ To discretize dinp(t)/dt=—rIng p(t) = dp/dt=—rpIng p:

1P Apipd—1) . pg—119
(plﬂt o i P%:Lam, Xi:pi[ 7’& } .
@ This leads to the loquistic map:
— DY — e Ina( x:
Xip1 = PEIX/(1 = X") = —pgXiIng(x;) ,

where pg = Elﬂlg;-

@ If (g = 1) = logistic map obtained from the discretization of
Verhulst model.
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Continuous Models Loquistic Maps X1 = pgX;(1 — X;

Loquistic Map =05 Loguistic Map q=1.0--> Logistic Map

x(i41)
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Normalized Maps

Continuous Models Loquistic Maps x4 = pgX;(1 — xl.q)
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The Generalized 0-Ricker model
0-Ricker

@ 0-Ricker model:
Xi+1 — Xier“_(xi/’ﬂ)el_

o k1 =¢e',
o X = (r'/?x)/k, relevant variable.
~ ~ _)~(6
Xit1 = K1Xj€ 7.
@ Limiting cases, for:
e =1

@ standard Ricker model.
@ expanding the exp. to the first order = logistic map.

e 0 # 1, expanding the exp. to the first order:
@ loquistic map

@ All are scramble models.
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The Generalized 6-Ricker model
Generalized 0-Ricker

@ InEqg. xi11 = mx,-e"(""/”)g: e(_X) = e—f](_x)
K1 Xj
[1+ar()]

@ To obtain standard notation of combined models’ write:

e c=1/3,
e xp =r/(kc),

Xiy1 = mX,'e_a[—l’(X,-//%)e] = 175 (1)

Xiiq — K1 Xi
i+1 — (1 —|—I<,2XI-6)C

'A. Brannstrom and D. J. T. Sumpter. The role of competition and clustering in
population dynamics. Proc. R. Soc. B 272 (2005) 2065-2072.
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The Generalized 6-Ricker model
Limiting Models

Xip1 = k1Xie_g[—r(xi/x)’]

@ For 6 = 1 = Hassel model.

e g = —1, = logistic model.

@ g = 0, = Ricker model.

e g =1, = Beverton-Holt model.

@ Ford #1:

e q =0, = 6-Ricker model.
e g =1, = Maynard-Smith-Slatkin model,.
e g = —1, = loquistic model.

@ For g — —o0, the trivial linear model.
@ These models are either scramble or contest.
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Generalized Skellan Model

@ All the models generalized are power-law-like models for g # 0.

@ The Skellan (contest) model, x;. 1 = x(1 — e "), could not be
retrieved.

@ However, if e(—x) = e_z(—x):

Xiy1 = k [1 — e_a(—in)} . (2)

= —o0, = constant model.

= —1, = the trivial linear.

= 0, one retrieves the Skellan model.
=1 = the Beverton-Holt contest model.

Q1O Q1O
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Conclu

In Short

Hg. 6. Dugnm dlsrm,gulshm,g l:hr: several types of behavior of the generalized ©-Ricker maodel [Eg. (14)]. For §
fll:)

A SoutoMartiner ef al. [ Physice A 388 (2009 ) 2922- 2930 2929
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