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fLong, rod-like chains with excluded volume interactions only
(athermal). Onsager (1949): long-range orientational order
at sufficiently high densities of the rods (continuum).
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only (athermal). Onsager (1949): long-range orientational
order at sufficiently high densities of the rods (continuum).
Flory (1956): lattice model in mean-field approximation:
Isotropic-nematic phase transition
Zwanzig (1963): hard-rods in continuum, with finite number
of orientations.
Agreement for continuum case: isotropic-nematic transition
for 3d, at sufficiently high densities. In 2d, no spontaneous
breaking of continuous symmetry, but high-density phase
with power law decay of orientational correlations.
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fLong, rod-like chains with excluded volume interactions
only (athermal). Onsager (1949): long-range orientational
order at sufficiently high densities of the rods (continuum).
Flory (1956): lattice model in mean-field approximation:
Isotropic-nematic phase transition
Zwanzig (1963): hard-rods in continuum, with finite number
of orientations.
Agreement for continuum case: isotropic-nematic transition
for 3d, at sufficiently high densities. In 2d, no spontaneous
breaking of continuous symmetry, but high-density phase
with power law decay of orientational correlations.
Situation less clear for rigid £-mers on lattices. Only
analytically soluble case: dimers (k = 2). orientational
correlations decay exponentially for p < 1 and with power
Llaw for p = 1 (Hellmann and Lieb (1972)). J
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A. Ghosh and D. Dhar (2007): extensive numerical
simulations for k-mers on square lattice. General
conclusion (k < 7). for increasing density: isotropic —
nematic — disordered.
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nosh and D. Dhar (2007): extensive numerical T
ations for k-mers on square lattice. General
usion (k£ < 7): for increasing density: isotropic —

nematic — disordered.

Difficulties with simulations at high densities. Second
transition is studied comparing approximate entropies of the

Lstates. J
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On the orientational ordering of long rods on a lattice
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Second transition Is studied comparing approximate
entropies of the states close to full lattice (p = 1 — ¢):

A, Ghosh and D. Dhar
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and 2 (vertical).

Solution on BL

Cayley tree with coordination ¢ = 4. Directions 1 (horizontal)

-

-p.6



Solution on BL
N -

Cayley tree with coordination ¢ = 4. Directions 1 (horizontal)

and 2 (vertical).




Solution on BL
N -

Cayley tree with coordination ¢ = 4. Directions 1 (horizontal)
and 2 (vertical).

]

T

Re2

Grand-canonical formalism: activity of monomer in rod In
direction i: z;.

o |

-p.6




Solution on BL
N -

Partial partition functions (ppf) for rooted sub-trees: g; ;,
withi=1,2andj=1,2,... .k —1:



Solution on BL
-

Partial partition functions (ppf) for rooted sub-trees: g; ;,
withi=1,2andj=1,2,... .k —1:

9 2,0 gZ,lg 2,2 9 2,k-

-

-p.7



Solution on BL
-

Partial partition functions (ppf) for rooted sub-trees: g; ;,
withi=1,2andj=1,2,... .k —1:

9 2,0 gZ,lg 2,2 9 2,k-

Recursion relations for ppf: build a subtree with m + 1
generations connecting 3 subtrees with m generations to
new root bond and site.
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withi=1,2andj=1,2,... .k —1:

9 2,0 gZ,lg 2,2 9 2,k-

Recursion relations for ppf: build a subtree with m + 1
generations connecting 3 subtrees with m generations to
new root bond and site.
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ecursion relations:

k—1
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k—1

ga0 = (92,0 + 2192,/@—1)9%,0 + 2192,0 Z 91,591, k—j—1;
j=0

I 2
91,5 = A191,5—-192,0;

! . 2
92,5 = 2292,j—1910

-p.8



Solution on BL
fRecursion relations:

k—1

9’1,0 = (91,0 + 2191,k—1)93,0 + 2291,0 Z 92,j92,k—j—1;
j=0

k—1

ga0 = (92,0 + 2192,/@—1)9%,0 + 2192,0 Z 91,591, k—j—1;
j=0

I 2
91,5 = A191,5—-192,0;

! . 2
92,5 = 2292,j—1910

Ratios of ppf:

g.’.
L RZ)] — ﬂ’
g:.,0
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In general, recursion relations converge to a simple fixed
point upon iteration (thermodynamic limit). At fixed point

R;; = a;, Where:

k

&1[1 + 21&1_1 + /ﬁZzO{lg_l] = 21,

ag|l + 22&15—1 + /leo/f_l] = 29.
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In general, recursion relations converge to a simple fixed
point upon iteration (thermodynamic limit). At fixed point

R;; = a;, Where:

-

k—1

cmjl%—zlal %—kZQQS_l]::Zh

ag|l + 22&15—1 + /leozlf_l] = 29.

Attaching 4 subtrees to the central site of the tree, we
obtain the partition function of the model on the Cayley tree:

— 2 9 2 2
= = 01,0920 + 22191,k—191,092,0 + 22292,k—192,091 0

k—2 k—2

L Zlgg,o Z 91,j91,k—j—1 t+ Zzg%,o Z 92,92, k—j—1- J
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We may then obtain the densities of monomers in horizonta
and vertical rods at the central site at the fixed point:

|

k—1

kzioq
P1 = 7
1+ kzlo/f_l + kzgoz];_l
kzgozg_l
P2 = T

1+ kzlo/f_l + kzzo/;_
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We may then obtain the densities of monomers in horizontal
and vertical rods at the central site at the fixed point:

k—1

kzioq
P1 = 7
1+ kzlo/f_l + kzwzg_l
kzgag_l
P2 = T

1+ kzlo/f_l + kzzo/;_

The bulk free energy Is obtained using an ansatz proposed
by Gujrati (1995). The result is:

dp = In(1 + kz1af ™ 4+ kzeas ™) — In(1+ 2107 + kzoah ™) -

L ln(l + kzlo/f_l -+ 22&15_1). J
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The stability of the fixed point may be studied using the
Jacobian of the recursion relations a 2(k — 1) x 2(k — 1)
maitrix, which may also be expressed in terms of the
variables a7 and as.
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The stability of the fixed point may be studied using the
Jacobian of the recursion relations a 2(k — 1) x 2(k — 1)
maitrix, which may also be expressed in terms of the
variables a7 and as.

Fixed point equations for z; = z9 = z always have the
symmetric solution a; = as = o where « Is the single
positive root of the equation:

I 1
(k+ 1o — =4 - =0
a oz

For k£ > 4 we have also a non-symmetric solution for

2>z = BT Atthis activity o = a, = (k — 1)2/% and

pe = 727. Isotropic phase is stable for » < z, and unstable

or z > z.. Nematic phase has reverse behavior. J
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Nematic order parameter as a function of the activity for
tetramers:

-

k=4
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Nematic order parameter as a function of the monomer
density p = p1 + po for tetramers:
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Nematic order parameter as a function of Az = z; — z, for
fixed values of z = (21 + 239)/2:

-

— 7125 -
— 272.=1.299038..

z=1.35
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# Approximation, as expected, underestimates p.: on
square lattice p. =~ 0.4 for £ = 10, while on the Bethe
lattice p. = 2/9 ~ 0.22.
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Comments

-

Approximation, as expected, underestimates p.. on
square lattice p. =~ 0.4 for £ = 10, while on the Bethe
lattice p. = 2/9 ~ 0.22.

Second transition not found. May be present on a
Husimi lattice solution.

Lowest value of k for which there is a transition still an
open question.

At 2 — oo (p — 1) eigenvalue of the Jacobian
associated to fixed point becomes equal to 1. Limiting
cycle (period 2) is stable.

~p. 15
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