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MOTIVATION

x(t) =  stock index at time t

V(t) =  volume of shares 

traded in Dt at time t

returns at different time scales Dt :

r(t) = log x(t+Dt)  - log x(t)

IBOVESPA

 to model the dynamics of 

fluctuating observables
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• heart rate 

variability

• EEG timeseries

• atmospheric data

• turbulence



Phenomenological models

 generalized Fokker-Planck (nonlinear)

 generalized Langevin

 ( , ) ( , )  t zzP z t D P z t


( )( , ) ( , ) tz f z t g z t 
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 returns

Borland; PRE (1998); PRL (2002)

( 1) / 2
( )[ ( , )] tx D P x t   

 ( , ) [ ( , )] ( , )t x xxP x t P x t D P x t


    
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PDFs of returns at timelags Dt

10 NASDAQ stocks

Tsallis, Anteneodo, Borland, Osorio; Physica A (2003) 



 volumes

( )( ) tv v v       

with fluctuating 
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10 NASDAQ stocks

Tsallis, Anteneodo, Borland, Osorio; Physica A (2003) 

PDFs of volumes at aggregation times Dt

Queiros; EPL (2005)

Queiros, Tsallis; EPJB (2005)

… 



 reproduce (1time) distributions

Difficulties: higher order statistics?

correlations?

non unique

parameter meaning?
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Anteneodo, Riera; PRE (2005) 

1
( )( ) r s
tx x x x       

1

1 2( ) ( )( ) r s
t tx x x x         
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positivity, mean reversion

 volumes or volatility

OU

GOU

Hull-White

Heston

(1,0) 

(2,1)

(1,1)

(1,1/2)



OBJECTIVE

 determine the dynamics directly 

from the data series

 Markovian
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SYSTEMS/PROCESSES



Markov processes
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1| 1 1 1 2 2 1 1 1( , | , ; , ; ; , ) ( , )n n n n n n nP x t x t x t x t P x t   

Purely random (n>1)

Markovian

1| 1 1 1 2 2 1 1 1|1 1 1( , | , ; , ; ; , ) ( , | , )n n n n n n n n nP x t x t x t x t P x t x t    
for any set t1<t2<...<tn,   n>1  

More general

1| 1 1 1 2 2 1 1( , | , ; , ; ; , )n n n n nP x t x t x t x t  

 
11 1 2 2 1( , ; , ; ; , ) ; ;

nn n n n t t nP x t x t x t P X x X x   
para n valores arbitrários de t, com n = 1,2,...
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p1-p

Xt

1 2( | , )t t tP X X X 

Observation
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p1-p

Xt

1 2( | , )t t tP X X X 

1( , )t tX X Cure:

2 1 1 2 1 2 1 2
1 2 1 2 ,

1( , ; | , ; ) [ (1 ) ]
s r s s r r s r

P s s t r r t p p  
 

   

Except if ALL steps (e.g., SAW)

Observation



Markov processes

1| 1 1 1 2 2 1 1 1|1 1 1( , | , ; , ; ; , ) ( , | , )n n n n n n n n nP x t x t x t x t P x t x t    



Markov processes

1| 1 1 1 2 2 1 1 1|1 1 1( , | , ; , ; ; , ) ( , | , )n n n n n n n n nP x t x t x t x t P x t x t    

3 1 1 2 2 3 3 1|2 3 3 1 1 2 2 2 1 1 2 2

1|1 3 3 2 2 1|1 2 2 1 1 1 1 1

( , ; , ; , ) ( , | , ; , ) ( , ; , )

( , | , ) ( , | , ) ( , )

P x t x t x t P x t x t x t P x t x t

P x t x t P x t x t P x t



                            



Markov processes

1| 1 1 1 2 2 1 1 1|1 1 1( , | , ; , ; ; , ) ( , | , )n n n n n n n n nP x t x t x t x t P x t x t    

3 1 1 2 2 3 3 1|2 3 3 1 1 2 2 2 1 1 2 2

1|1 3 3 2 2 1|1 2 2 1 1 1 1 1

( , ; , ; , ) ( , | , ; , ) ( , ; , )

( , | , ) ( , | , ) ( , )

P x t x t x t P x t x t x t P x t x t

P x t x t P x t x t P x t



                            

Integration in x2:

2 1 1 3 3 1 1 1 2 1|1 3 3 2 2 1|1 2 2 1 1( , ; , ) ( , ) ( , | , ) ( , | , )P x t x t P x t dx P x t x t P x t x t 



Markov processes
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1| 1 1 1 2 2 1 1 1|1 1 1( , | , ; , ; ; , ) ( , | , )n n n n n n n n nP x t x t x t x t P x t x t    

3 1 1 2 2 3 3 1|2 3 3 1 1 2 2 2 1 1 2 2

1|1 3 3 2 2 1|1 2 2 1 1 1 1 1

( , ; , ; , ) ( , | , ; , ) ( , ; , )

( , | , ) ( , | , ) ( , )

P x t x t x t P x t x t x t P x t x t

P x t x t P x t x t P x t



                            

Division by P1(x1,t1):

2 1 1 3 3 1 1 1 2 1|1 3 3 2 2 1|1 2 2 1 1( , ; , ) ( , ) ( , | , ) ( , | , )P x t x t P x t dx P x t x t P x t x t 

1|1 3 3 1 1 2 1|1 3 3 2 2 1|1 2 2 1 1( , | , ) ( , | , ) ( , | , )P x t x t dx P x t x t P x t x t 

x1,t1 x2,t2 x3,t3P1|1 P1|1

P1|1 Chapman-Kolmogorov

Integration in x2:



general evolution equation for the PDFs of Markovian processes

( )

1

( , ) ( , ) ( , )

k

k

k

P x t D x t P x t
t x

  
    



Kramers-Moyal (KM) expansion
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( ) ( ) ( , | , )k kM dx x x P x t t x t     D

( ) ( )

0
( , ) lim ( , , )k k

t
D x t D x t t

D 
 D

general evolution equation for the PDFs of Markovian processes

( )

1

( , ) ( , ) ( , )

k

k

k

P x t D x t P x t
t x

  
    



( )
( ) 1 ( , , )

( , , )
!

k
k M x t t

D x t t
k t

D
D 

D


Kramers-Moyal (KM) expansion
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evaluation of the Chapman-Kolmogorov equation:

2 2 1 1 2 2 1 1( , | , ) ( , | , ) ( , | , )P x t x t dx P x t x t P x t x t     

Markovianity check

t1 < t’ < t2
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P
( 

x 2
, 

t 2
  
| x

1
, 
t 1

)

x2

x1 =   -2.0                 0.5                   3.0



( ', | , ) ( ', ; , ) / ( , )P x t t x t P x t t x t P x t D   D

( ) ( , , ) ( ) ( , | , )k kM x t t dx x x P x t t x t  D    D

Conditional probabilities
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 ( )

( )( ) ( ) |
kk

X t xM X t t X t   D 

X

x

t

Dt

X(t)=x X(t+Dt)

or equivalently

Computation of KM coefficients



( )

1

( , ) ( , ) ( , )

k

k

k

P x t D x t P x t
t x

  
    





Important case: Fokker-Planck equation

( )

1

( , ) ( , ) ( , )

k

k

k

P x t D x t P x t
t x

  
    



2
(1) (2)

2
( , ) ( , ) ( , ) ( , )P x t D x t D x t P x t

t x x

   
   

   

drift coefficient

(deterministic)

diffusion coefficient

(random)



Important case: Fokker-Planck equation

( )

1

( , ) ( , ) ( , )

k

k

k

P x t D x t P x t
t x

  
    



2
(1) (2)

2
( , ) ( , ) ( , ) ( , )P x t D x t D x t P x t

t x x

   
   

   

drift coefficient

(deterministic)

diffusion coefficient

(random)

( ) 0

( ) ( ') 2 ( ')

t

t t t t



  



 

Gaussian

(1) (2)
( )( , ) ( , ) tx D x t D x t  

Itô-Langevin dynamics
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Pawula theorem

null 4th order coefficient  D(4)

 truncate KM expansion at 2nd order, 

reducing to a Fokker-Planck equation

consistent with D(4)(x,t) = 0

x

~
D(4)



Pawula theorem

null 4th order coefficient  D(4)

 truncate KM expansion at 2nd order, 

reducing to a Fokker-Planck equation

consistent with D(4)(x,t) = 0

x

~
D(4)
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2
2 2( ) ( ) ( ) ( ) ( ) ( ) ( )f x g x P x dx f x P x dx g x P x dx  

    arbitrary f,g

non-negative PSchwartz

 
2

( ) ( ) ( ) ( ) ( ) ( ) 0f x g y f y g x P x P y dxdy  

( ) ( ')

( ) ( ')

( ) ( , | ', ')

n

n m

f x x x

g x x x

P x P x t x t



 

 

 

2

2 2 2 2n m n n mM M M  n,m ≥ 0



Pawula theorem

null 4th order coefficient  D(4)

 truncate KM expansion at 2nd order, 

reducing to a Fokker-Planck equation

consistent with D(4)(x,t) = 0

x

~
D(4)
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2
2 2( ) ( ) ( ) ( ) ( ) ( ) ( )f x g x P x dx f x P x dx g x P x dx  

    arbitrary f,g

non-negative PSchwartz

 
2

( ) ( ) ( ) ( ) ( ) ( ) 0f x g y f y g x P x P y dxdy  

( ) ( ')

( ) ( ')

( ) ( , | ', ')

n

n m

f x x x

g x x x

P x P x t x t



 

 

 

2

2 2 2 2n m n n mM M M  n,m ≥ 0

2

2 2 2 2n m n n mcteD D D  n,m ≥ 1



Exemplo 1

( ) 0

( ) ( ') 2 ( ')

t

t t t t



  



 

Gaussian

(1) (2)( , ) ( , ) ( , ) ( , )t x xxP x t D x t D x t P x t      

(1) (2)
( )( ) ( ) tx D x D x   

D(1)  D(1)

D(2)  D(2)

D(4)  0

~

~

~

Dt  0



Exemplo 2 Poisson process

( , ) ( 1, ) ( , )P m t P m t P m t   

m  x

 
1

( , ) ( , ) / !
N

n

t N x N

n

P x t P x t n


  

 
1

( , ) ( , ) / !
n

t x

n

P x t P x t n


  

 
1

/ !1
( , ) e

2

N
n

n

ikx ik t n

NP x t dk





  




 

( , ) e / ( 1)xP x t x   



15 

2

(1) 2 (2)( , ) ( , ) ( , ) ( , )r rrP r D r D r P r          

Applications: IBOVESPA

 Unified description

Cortines, Riera, Anteneodo; EPJB (2007)
r/s

P
(r

/s
 
,

)

(  = -log Dt/Dt0 )
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 D(1) = -a1r     D(2) = b2r
2 +b0

universal r-dependence for all analyzed markets at the monthly/weekly timescales

 b2 (multiplicative noise) main determining factor of 

the power-law exponents of the tails of the PDFs, 

has a wide relative variation for different markets

 a1 (restoring force) without significant differences 

across markets, meaning similar deterministic rules 

constrain the dynamics of markets

 b0 (additive noise) measure of market efficiency

Cortines,  Anteneodo,  Riera; EPJB (2008)

Applications: Worldwide markets

 D(1) and D(2) reveal market inner mechanisms
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returns at different lags Dt :

r(t) = log x(t+Dt)  - log x(t)

  = -log Dt/Dt0 

(1) 2 (2)( , ) ( , ) ( , ) ( , )r rrP r D r D r P r          
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

Observation



returns at different lags Dt :

r(t) = log x(t+Dt)  - log x(t)

  = -log Dt/Dt0 

(1) 2 (2)( , ) ( , ) ( , ) ( , )r rrP r D r D r P r          
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D   0



( ) ( , , )kD r  D

Observation



returns at different lags Dt :

r(t) = log x(t+Dt)  - log x(t)

  = -log Dt/Dt0 

(1) 2 (2)( , ) ( , ) ( , ) ( , )r rrP r D r D r P r          
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D   0



( ) ( , , )kD r  D

r

~
D(4)

Observation



returns at different lags Dt :

r(t) = log x(t+Dt)  - log x(t)

  = -log Dt/Dt0 

(1) 2 (2)( , ) ( , ) ( , ) ( , )r rrP r D r D r P r          
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D   0



( ) ( , , )kD r  D

r

~
D(4)

(4) 4 2

, , ,( , , )D r a r b r c       D D DD   

D /DMarkov

Observation



returns at different lags Dt :

r(t) = log x(t+Dt)  - log x(t)

  = -log Dt/Dt0 

(1) 2 (2)( , ) ( , ) ( , ) ( , )r rrP r D r D r P r          
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D   0



( ) ( , , )kD r  D

r

~
D(4)

(4) 4 2

, , ,( , , )D r a r b r c       D D DD   

D /DMarkov

Observation



Now: timescale t (given fixed lag “Dt”)
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Now: timescale t (given fixed lag “Dt”)
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Dt  0 ?

Dtmin  1/data rate

Dtmax << tchar

( ) ( )

0
( , ) lim ( , , )k k

t
D x t D x t t

D 
 D



I

INCT-SC 2010

Applications



INCT-SC 2010

II



III

INCT-SC 2010



IV

INCT-SC 2010



INCT-SC 2010

( ) ( )

0
( , ) lim ( , , )k k

t
D x t D x t t

D 
 D

HOWEVER …

Dt  0 ?

 Dtmin

* Finite time corrections

(first order)
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Long-term Recordings of Gait Dynamics:

Unconstrained and Metronomic Walking

Hausdorff et al.; J Appl Physiol 8(1996)
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Long-term Recordings of Gait Dynamics:

Unconstrained and Metronomic Walking

Hausdorff et al.; J Appl Physiol 8(1996)
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Itô-Langevin dynamics

( ) 0

( ) ( ') 2 ( ')

t

t t t t



  



 

Gaussian

12: independent

(1) (2)( , ) ( , ) ( , ) ( , )      t z zzP z t D z t D z t P z t

1 0 1 2 2( ) ( )( ) ( ) ( )t tz a t z b t b t z    

2

1 0 2 ( )( ) ( ) ( ) tz a t z b t b t z    

2

0 2( ) ( )[ ]t tb b z
1( )ta z

(1) (2)
( )( , ) ( , ) tz D z t D z t  

Anteneodo, Tsallis, JMP (2003)

Anteneodo, Physica A (2005) 
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 Finite-time effects

 Linear-quadratic

Exact corrections
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 Finite-time effects

 Linear-quadratic

 See next talk

Exact corrections


