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Equacoes de Langevin

i = +@

Forca deterministica Ruido gaussiano
f(x)=V U(x) (n(t))=0e{n(t)n(t’))=0(t-¢)

Movimento Browniano
f(x)=0

Caso geral: du = a(u,t) dt + b(u, t)M—I— A

Nosso interesse: du = a(u) dt + b(u)M dW;(t) + A dWs(t)

Incrementos de Wiener




Equacao de Fokker-Planck

Expans3do de Kramers-Moval atP(U, t) — Z(—@u)n[D(n) (u, t)P(u, t)]
1 (lut +9) —u(@)]")

DI () = 7 lim, 5

onde:
u(t+9)

u(t+9) —x = / du = /:H dt'a(u(t")) +

u(t)=x
Calculo de 1t
Integrais estocasticas {
Calculo de Stratonovich




1t6 vs. Stratonovich

A integral estocastica

T1G(1)] = /t AW () G(t')

Processos
de
, R Wiener
Calculo de It6:
T
I][G(t)] — ms - lim E Gi—l — f,;_l]
n—oo 4

Calculo de Stratonovich:

S

I6[G(t)] = ms - lm 71 *G"’ Uy —w )

n ]
z:l




1t6 vs. Stratonovich

“Nossa” proposta unificadora:

IQ [G(t)] — ms - lim [QGz -+ (1 — Q)G@_l] [Wz — W'_l]
=1
onde: ) < f <1
0=0 > 1O
=1 / 2 » Stratonovich
0 =1 » backward-1td

Referéncia: Germano, G., Politi, M., Scalas E. and Schilling, R.L., Stochastic calculus for uncoupled
continuous-time random walks, Phys. Rev. E 79, 066102 (2009).




1t6 vs. Stratonovich

Caso: G(t) = W (t)

t

I W (1)) = / AW (1YW (1)

to

— ms - lim Z [QWz -+ (1 — Q)Wz_l] [Wz — Wz’_l]

n—00 4
1=1

{W@)] = [W(t)]* — (1 —20)(t —to)} ,



Equacao de Fokker-Planck

Expans3do de Kramers-Moval atP(U, t) — Z(—@u)n[D(n) (u, t)P(u, t)]
L (fut+0) — ()

DI () = 7 limy 5

onde:

u(t—|—5)—x=/

u(t)=x

o J] EUEIE 3= 8ot - ) = i) 5 a'(z)8 + ...
. { b(u(t + 6),t + ) = b(z) + ' ()5 + ...

u(t+96) t+6 t+6 t+6
dn= / dt'a(u(t))) + M / AW () b(u(t)) + A / AW (t')
t t t

Iterando e mantendo termos proporcionais a o:
t+6
u?(t 4 6) — z = da(x) + MV (z)b(x) W (t"dW (t")
t

(W@ (t +6) — z) =& [a(x) + OMDY (z)b(x)]



Equacao de Fokker-Planck

DW (u,t) = a(u) + 6’M= J(u)

D@ (u,t) = A+ Mb?(u) = D(u)

“noise induced drift”

Equacao de Fokker-Planck

0 P(u,t) = =0y {{a(uw) + OMb(u)b' (u) + 9y [A + Mb*(u)]} P(u,t)}
— uj(u)

onde:

Jj(u) = J(u)P(u,t) — 0y [D(u)P(u, )]

Estado estacionario: j(d+o0) = j(u) =0



Equacao de Fokker-Planck

Se: a(u) = -0,V (u) = (7/2)0,9°(u) e g(u) xu

— , 2 >0
Pesi(u) oceq_ﬁu2 = [l—ﬁ(l—q)uz]i/(l 7 com: [z]; = {Z z<0
onde: ﬁ:T_I_M(l_H) e qZT+M(2_9)
A T+ M(1—0)
T+ M T+ 2M
116 (6 =0): p— —
1t6 (0=0): [ 1 e q —
Stratonovich (0 = 1/2): ﬁ:T+M/2 A qZT‘|‘3M/2
A T+ M/2

Referéncia: Anteneodo, C. and Tsallis, C., Multiplicative noise: A mechanism leading to nonextensive
Statistical mechanics., J. Math. Phys. 44, 5194, (2003).




g-momentos

Escort distributions:

g-transformada de Fourier:
—+00

FN© = 1@l e @2

— o0



g-momentos

curtose:

L ) J12 2t f () da
3(x%)? 4 [fj;o xzf(a:)da?} ’
g-curtose: - <334 . ) fj_oc: 334 [f( )]45—3d
M {1 e )P do)

Referéncia: Tsallis, C., Plastino, A.R. and Alvarez-Estrada, R.F., Escort mean values and the
characterization of power-lawdecaying probability densities, J. Math. Phys. 50, 043303.




g-momentos

Qual o valor correto de q?

1
llm ) nv :lZ_fY > —
lim f(z) ~ |z] R R Al

Se f(x)zegﬁxQ
lim e %% ~ |2/ (@D - 7=2/(g—1)

Referéncia: Tsallis, C., Plastino, A.R. and Alvarez-Estrada, R.F., Escort mean values and the
characterization of power-lawdecaying probability densities, J. Math. Phys. 50, 043303.




g-momentos

. , para 1<qg<3
2-1)I' (5 -3
2 g1
X = - =
(%), = AR
7T (5 +3)
- , para 0<g<l1
\ 20 -or (5 +3)

, para 1<¢g<3

<1’4>2q_1 = { 354_ , para g=1

, para 0<g<l1



g-momentos

geurtose e
G-y
Kq(00) ztlirgo Kq(t) = Kq(00) :{ 1 , para ¢=1
F2<%+%>F<1CITQ+%> ara 0 <g<1
n 1 (% + ) L

Vantagens da g-curtose sobre a curtose:

(x?)1 — o0, para5/3 < q <3 — Kq

- K

(x*)1 — oo, para7/5 < q <3

(z*), é finito, para0 < ¢ < 3

<x4>qéﬁnito,para,()<q<3 1 05 0 o5 1 15 2 25



Solucoes estacionarias da Fokker-Planck

Condicoes iniciais:

T+ 2M(2 —0)

T T eM(1—9)

qi £ qf
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Conclusoes finais

» Unificacdo dos procedimentos de 1t e Stratonovich
« Construimos uma equacao de Fokker-Planck unificada

» Solucdes estacionarias sao gq-Gaussianas
(verificado numericamente)
» Conjectura de que a g-curtose pode ser usada para
determinar o valor de g a partir de dados experimentais
ou computacionais.



Aintegral Is[W ()] E/t aw (t" YW (")

to

Iy[W(t)] = /tt dW ("YW (t') = ms - lim S,

onde: Sn =) [IW;AW; + (1 — 0)W;_1 AW;]

=1

Note que: W
& 1 - - -\ ~ 2 t) — 2 ! nA . 2
S WiAW = 23 | (W) + (aw)? - (W, = awy2 | = L - W0+ 2. (AW)
=1 i=1
n 1 n 2t . 2t . n A . 2
ZWi_lAWi - §Z Q/Vi—l +AW3)2 — (Wi1)® — (AW;)? | = W=(t) — W 0)2 D1 (AW)
1=1 i=1 m‘;

n

ms - lim Z(AWZ-)Z =1t — 1o
i=1

Assim sendo:

LW ()] = /tt dW (YW (t') =ms - lim S, = % {(W?2(t) — W?(to) — (1 — 20)(t — to) }

n—oo
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