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with scale factor γ and index α [Fig. 2 (b)].
We also investigate size fluctuations for larger spatial

scales. We find that P (z∆k) exhibits a common functional
form for spatial scales in the range 1 < ∆k < 1000. When
the PDF’s at different spatial scales are superimposed, all
the data collapse on the same curve [e.g., Fig. 2 (c)]. We
fit the PDF’s P (z∆k), for distinct values of ∆k, to the
symmetric Lévy distribution PL(z). In spite of local fluc-
tuations, the index α stays approximately constant in the
range 1 < ∆k < 1000 [Fig. 2 (d)]. This result reinforces
the scale-invariant feature of the PDF of size fluctuations.

Several approaches have been applied to study the spa-
tiotemporal behavior of plant populations [19]. In par-
ticular, cellular automata—in part due its elegant sim-
plicity and inherent spatiotemporal structure—have been
widely applied in the study of pattern formation in plant
populations [20–25]. Next, we propose a cellular automa-
ton model to simulate pattern formation of plant size in
monospecific stands.

The model is defined on a one-dimensional lattice with
L sites under periodic boundary conditions. Let Sk be the
size (height) of the plant at site k, k = 1, ..., L. Starting
from a initial configuration, the entire lattice is updated
in a synchronized parallel way, according to the rule

Sk → Sk + �k, (2)

where �k is a positive stochastic variable (� ≥ 0) whose
variability depends of the relative sizes of the nearest
neighbors of Sk. A possible way to implement this state-
ment is by assuming that

�k = |1 +N(0, ρk)|, (3)

where N(0, ρ) is a white Gaussian noise of zero mean and
variance ρ. Suppose also that

ρk =






ρa, if Sk = min(Sk−1, Sk, Sk+1);
ρb, if Sk = max(Sk−1, Sk, Sk+1);
ρc, otherwise,

(4)
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where ρa, ρb and ρc are the model parameters (0 < ρ < 1).

The rules 2-4 define a discrete growth process where the
growth increment of each individual plant is a stochastic
variable whose variance is conditional on the past accord-
ing to the neighborhood configuration. Simulations indi-
cate that the main structures observed in the empirical
data occur mainly for ρa > ρb [e.g., Fig. 3]. Figure 4
shows the results of a typical simulation for a particular
choice of parameters in comparison with those obtained
from data on the hybrid AS 1570. The predictions of the
model are in good agreement with the empirical results.

The random nature of the growth increment � may be
related to natural variability of plant growth. For exam-
ple, the growth of a given plant may be affected by sev-
eral random factors such as environmental heterogeneity
- including heterogeneity of resources and the effects of
herbivores, parasites or pathogenes. The neighborhood
dependence of the variability of � points to competitive
effects. This assumption is consistent with previous stud-
ies on plant populations, which indicate that the size of
a given plant in a stand may be affected by the sizes of
the neighboring plants [11]. Furthermore, it is well known
that taller plants may have competitive advantage over
its neighbors, for example, through prior access to light
[26]. Consistently, the result ρa > ρb may suggests that,
during the process of growth, relatively larger plants are

p-3

Football has received a lot of attention from

PL(z) =
1

π




� ∞
0
e−γqα cos(qz) dq

dy

dx
= ax − b x2

Sk → Sk + �k
(1)

�k = |1 +N(0, ρk)|
(2)

ρk =






ρa se Sk = min{Sk−1, Sk, Sk+1}
ρb se Sk = max{Sk−1, Sk, Sk+1}
ρc em outro caso .

(3)

Sk(t + 1)− Sk(t) = AkSk(t)− BkSk(t)
2 (4)

Ak e Bk são números aleatórios (5)
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FIG. 1. The normalized sound amplitude of (a) a classical piece
and (b) a heavy-metal song (labeled in the figure). Note that the signals
are quite different; the first one presents a more complex structure
characterized by “bursts” while the second resembles Gaussian
noise.

mpb (580), flamenco (524), pop (998), techno (900), and heavy
metal (1638). The songs were chosen as to cover a large
number of composers and singers. For instance, for classical
music, we have taken pieces from Bartók, Beethoven, Berlioz,
Brahms, Bruch, Chopin, Dvorak, Fauré, Grieg, Malher, Mar-
cello, Mozart, Rachmaninov, Strauss, Schuber, Schumann,
Scriabin, Shostakovich, Sibelius, Stravinsky, Tchaikovsky,
Verdi, Vivaldi, and others.

When a time series is analyzed, a way to view its variability
(complexity) is at least in part by investigating its PDF. In the
case of music, the mean amplitude is approximately zero since
a vibration essentially occurs around this value. In addition,
the mean (global) intensity is not relevant to the variability
(complexity) of a song. Motivated by these facts, our research
is based on the PDF of recorded data regardless of their mean
value and their real amplitudes. In other words, we consider
that the complexity of a song is not related to its mean intensity
but to the relative variability of the amplitudes. Thus, instead
of employing the amplitude ut in different time instants t ,
we focus attention on ut subtracted from its mean value µ
and divided by its standard deviation σ . This corresponds
to using zt = (ut − µ)/σ instead of ut . Figure 1 illustrates
the behavior of zt for two songs, a classical piece and a
heavy-metal song. This figure is enough to reveal qualitative
differences between these two songs. In the classical piece, we
can observe some kind of bursts giving rise to a non-Gaussian
distribution. However, for the heavy-metal song, the signal
is very similar to Gaussian noise—no complex structure is
perceptible.

Motivated by these distinct behaviors, we investigated the
distribution of zt for all the songs in our data set. In Fig. 2,
we show the PDF for some representative songs. As we can
verify from this figure, the shape of distributions goes from
a long tail to Laplace to Gaussian distribution. A family of
functions that has the Gaussian and the Laplace distributions
as a particular case is given by the stretched Gaussian [36,37]
p(z) = N exp(−b|z|c), where N is the normalization constant,

b is directly related to the standard deviation, and c is a positive
parameter. Since the distribution p(z) is normalized to unity
and the variable z is defined in such a way that its standard
deviation is equal to 1, the parameters N and b become
functions exclusively of c, leading to

p(z) = c

2

(
"(3/c)
"(1/c)3

)1/2

exp

(

−
(

"(3/c)
"(1/c)

)c/2

|z|c
)

, (1)

with "[w] being the Euler γ function. Also in Fig. 2, the least
square fits to the data of the function are shown. Observe that
we find a good agreement between the data and the model for
the songs represented in this figure, and a similar agreement
has been found for the others (at least in the central part of the
distribution).

The only model parameter is c, and it may give useful
information about music complexity. First note that for values
of c smaller than 1, heavy tail distributions emerge. In some
sense, these heavy tails reflect the complex structures that
we see in Fig. 1(a), that is, larger fluctuations. Increasing c
makes the tails shorter and recovers some known distributions
(Laplace for c = 1 and Gaussian for c = 2). In this context,
a shorter tail indicates that larger fluctuations become rare,
leading to music signals very similar to Gaussian noise
[see Fig. 1(b)]. From the musical point of view, the word
complexity may be related to several aspects of the song
or even to music taste. In the present context, it should be
viewed a comparative measurement, that is, a measure of
how the empirical distributions differs from the Gaussian
one.

Based on this discussion, we may use c to sort the songs
and music genres in a kind of complexity order (smaller c is
related to a large complexity). In order to construct this rank for
music genres, we evaluate the mean value of c over all songs
of each music genre considered here as shown in Fig. 3(a).
Our findings agree with other works in the sense that there is
a quantitative difference between classic and light or dancing
music [33,34]. However, it is interesting to note that music
genres are not well defined [40]. Thus, any taxonomy may
be controversial, representing an open problem of automatic
classification like other problems of pattern recognition. To
take a glance at this complicated problem, we also evaluated
the probability distribution of c for each music genre as shown
in Fig. 3(b). We can see that there are overlapping regions for
all genres, reflecting the fuzzy boundaries existent in the music
genre definitions.

Despite the complex situation that emerges in the prob-
lem of automatic genre classification [41–44], our model
is very simple. From the qualitative point of view, the
characteristics of songs and music genres are related with
multidimensional aspects such as timber, melody, harmony,
and rhythm, among others. Thus, as a minimalist model,
the classification presented here must be viewed as a kind
of global measure for these qualitative aspects. In addition,
we have to note that correlation aspects are lost when we
consider only the histogram as presented in Fig. 2. In the
same way, information is also lost when someone considers
only some correlations. However, we remark that the results
concerning the genre classification, here obtained by using
only the PDF of sound amplitude, are in statistical agreement

017101-2

BRIEF REPORTS PHYSICAL REVIEW E 83, 017101 (2011)

−8

0

8

0 1 2 3 4 5 6

z t

t (minutes)

Tchaikovsky, Sym 5 in E − Allegro moderato

(a)

−4

0

4

0 1 2 3 4

z t

t (minutes)

Metallica − for whom the Bell Tolls

(b)

FIG. 1. The normalized sound amplitude of (a) a classical piece
and (b) a heavy-metal song (labeled in the figure). Note that the signals
are quite different; the first one presents a more complex structure
characterized by “bursts” while the second resembles Gaussian
noise.

mpb (580), flamenco (524), pop (998), techno (900), and heavy
metal (1638). The songs were chosen as to cover a large
number of composers and singers. For instance, for classical
music, we have taken pieces from Bartók, Beethoven, Berlioz,
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cello, Mozart, Rachmaninov, Strauss, Schuber, Schumann,
Scriabin, Shostakovich, Sibelius, Stravinsky, Tchaikovsky,
Verdi, Vivaldi, and others.

When a time series is analyzed, a way to view its variability
(complexity) is at least in part by investigating its PDF. In the
case of music, the mean amplitude is approximately zero since
a vibration essentially occurs around this value. In addition,
the mean (global) intensity is not relevant to the variability
(complexity) of a song. Motivated by these facts, our research
is based on the PDF of recorded data regardless of their mean
value and their real amplitudes. In other words, we consider
that the complexity of a song is not related to its mean intensity
but to the relative variability of the amplitudes. Thus, instead
of employing the amplitude ut in different time instants t ,
we focus attention on ut subtracted from its mean value µ
and divided by its standard deviation σ . This corresponds
to using zt = (ut − µ)/σ instead of ut . Figure 1 illustrates
the behavior of zt for two songs, a classical piece and a
heavy-metal song. This figure is enough to reveal qualitative
differences between these two songs. In the classical piece, we
can observe some kind of bursts giving rise to a non-Gaussian
distribution. However, for the heavy-metal song, the signal
is very similar to Gaussian noise—no complex structure is
perceptible.

Motivated by these distinct behaviors, we investigated the
distribution of zt for all the songs in our data set. In Fig. 2,
we show the PDF for some representative songs. As we can
verify from this figure, the shape of distributions goes from
a long tail to Laplace to Gaussian distribution. A family of
functions that has the Gaussian and the Laplace distributions
as a particular case is given by the stretched Gaussian [36,37]
p(z) = N exp(−b|z|c), where N is the normalization constant,

b is directly related to the standard deviation, and c is a positive
parameter. Since the distribution p(z) is normalized to unity
and the variable z is defined in such a way that its standard
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with "[w] being the Euler γ function. Also in Fig. 2, the least
square fits to the data of the function are shown. Observe that
we find a good agreement between the data and the model for
the songs represented in this figure, and a similar agreement
has been found for the others (at least in the central part of the
distribution).

The only model parameter is c, and it may give useful
information about music complexity. First note that for values
of c smaller than 1, heavy tail distributions emerge. In some
sense, these heavy tails reflect the complex structures that
we see in Fig. 1(a), that is, larger fluctuations. Increasing c
makes the tails shorter and recovers some known distributions
(Laplace for c = 1 and Gaussian for c = 2). In this context,
a shorter tail indicates that larger fluctuations become rare,
leading to music signals very similar to Gaussian noise
[see Fig. 1(b)]. From the musical point of view, the word
complexity may be related to several aspects of the song
or even to music taste. In the present context, it should be
viewed a comparative measurement, that is, a measure of
how the empirical distributions differs from the Gaussian
one.

Based on this discussion, we may use c to sort the songs
and music genres in a kind of complexity order (smaller c is
related to a large complexity). In order to construct this rank for
music genres, we evaluate the mean value of c over all songs
of each music genre considered here as shown in Fig. 3(a).
Our findings agree with other works in the sense that there is
a quantitative difference between classic and light or dancing
music [33,34]. However, it is interesting to note that music
genres are not well defined [40]. Thus, any taxonomy may
be controversial, representing an open problem of automatic
classification like other problems of pattern recognition. To
take a glance at this complicated problem, we also evaluated
the probability distribution of c for each music genre as shown
in Fig. 3(b). We can see that there are overlapping regions for
all genres, reflecting the fuzzy boundaries existent in the music
genre definitions.

Despite the complex situation that emerges in the prob-
lem of automatic genre classification [41–44], our model
is very simple. From the qualitative point of view, the
characteristics of songs and music genres are related with
multidimensional aspects such as timber, melody, harmony,
and rhythm, among others. Thus, as a minimalist model,
the classification presented here must be viewed as a kind
of global measure for these qualitative aspects. In addition,
we have to note that correlation aspects are lost when we
consider only the histogram as presented in Fig. 2. In the
same way, information is also lost when someone considers
only some correlations. However, we remark that the results
concerning the genre classification, here obtained by using
only the PDF of sound amplitude, are in statistical agreement
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