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   Nonlinear Fokker-Planck Equation:

∂P (x, t)
∂t

= −∂{A(x)Ψ[P (x, t)]}
∂x

+
∂

∂x

�
Ω[P (x, t)]

∂P (x, t)
∂x

�

Ψ[P (x, t)] and Ω[P (x, t)]: positive, finite, integrable,        
differentiable (at least once)

A(x) = −dφ(x)/dx

P (x, t)|x→±∞ = 0 ;
∂P (x, t)

∂x

����
x→±∞

= 0 ; A(x)Ψ[P (x, t)]|x→±∞ = 0 (∀t)
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   H-Theorem and Nonlinear FP Equation:
S[P ] =

� ∞

−∞
dx g[P (x, t)] ; g(0) = g(1) = 0 ;

d2g

dP 2
≤ 0

F = U − γS ; U =

� ∞

−∞
dx φ(x)P (x, t)

   Condition for the H-Theorem:

−γ
d2g[P ]

dP 2
=

Ω[P ]

Ψ[P ]
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   Examples of FPEs and Associated 
   Entropies

a) FPE Associated with BG Entropy   

Ψ[P (x, t)] = P (x, t) ; Ω[P (x, t)] = D (constant)

dg

dP
= −D

T
lnP + C ⇒ g[P ] = −kB P lnP
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b) FPE Associated with Tsallis Entropy   
A.R. Plastino and A. Plastino (1995)   
∂P (x, t)

∂t
= −∂[A(x)P (x, t)]

∂x
+ Dµ

∂

∂x

�
[P (x, t)]µ−1 ∂P (x, t)

∂x

�

Ψ[P (x, t)] = P (x, t) ; Ω[P (x, t)] = Dµ[P (x, t)]µ−1

P (x, t) = B(t)[1 + β(t)(1− µ)x2]1/(µ−1)
+

g[P ] = −D

γ

Pµ

µ− 1
+ CP ⇒ g[P ] = k

P − Pµ

µ− 1
(k = D/γ)
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   Physical system: interacting particles                         
under overdamped motion       

   Disordered type-II superconductors                        
interacting overdamped vortices

ηvi = Fpp
i + Fext

i (i = 1, 2, · · · , N)

Fpp
i =

1

2

�

j �=i

Bpp(rij) r̂ij ; Bpp(rij) = f0K1(rij/λ)
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ηvi = Fpp
i + Fext

i + Fth
i (i = 1, 2, · · · , N)

   Introducing uncorrelated thermal noise: 

�Fth
i (t)� = 0 ; �Fth

i (t) · Fth
i (t�)� = 2kBTη δ(t− t�)

∂P (x, t)

∂t
= ... + kBT

∂2P (x, t)

∂x2

   The following analysis            T=0 
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   Coarse graining         density ρ(r, t)

ρ(r, t) ≈ ρ(0, t) + r ·∇ρ(r, t)

   For simplicity: ρ(r, t) ≡ ρ(x, y, t) (d = 2)

a = π

� ∞

0
dr r2Bpp(r) = 2πf0λ

3

Fpp =
1

2

�
d2rρ(r, t)Bpp(r)r̂ ≈ a∇ρ(r, t)
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   Using continuity equation with: 

η
∂ρ(r, t)

∂t
= ∇ ·

�
ρ(r, t)

�
a∇ρ(r, t) + Fext

��

=
∂

∂x

�
ρ(r, t)

�
a

∂ρ(r, t)
∂x

−A(x)
��

J = ρv and Fext = −A(x)x̂
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∂P (x, t)
∂t

= −∂[A(x)P (x, t)]
∂x

+ 2D
∂

∂x

�
P (x, t)

∂P (x, t)
∂x

�

Effective Temperature   

   For fixed y          introduce P(x,t)           :(η = 1)

γ

   From now on:  A(x) = −αx (α > 0)

D = kγ = lim
N,Ly→∞

Nπf0λ2

Ly
= nπf0λ

2

Thursday, May 3, 2012



   Entropy: S[P ] = k{1−
� ∞

−∞
dx [P (x, t)]2 }

P (x, t) = B(t)[1− β(t)x2]+
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   Molecular Dynamics Simulations (2d):

Lx = 100λ ; Ly = 20λ (pbc)

N = 800 ; α = 10−3f0/λ

a) FPE Associated with BG Entropy   

Stationary state:   
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   Analysis of Stationary State:

D = kγ = lim
N,Ly→∞

Nπf0λ2

Ly
= nπf0λ

2

Dimensionless variable:   τ =
kγ

αλ2
=

nπf0
α

Pst(x) =
α

4Dλ
(x2

e − x2) =
1

4τλ

��xe

λ

�2
−

�x
λ

�2
�

(|x| < xe) xe = (3Dλ/α)1/3 = (3τ)1/3λ
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Dynamics:   
�x2� ∼ t2/3

?     ?   

�x2� ∼ (γt)2/3
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u =

� xe

−xe

dx
αx2

2
Pst(x) =

32/3

10
αλ2 τ2/3

s = k

�
1− 1

5

�
9

τ

�1/3
�

∂s(u)

∂u
=

1

γ

s(u) = k

�
1− 3

5

�
αλ2

10u

�1/2
�
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f = αλ2

�
35/3

10
τ2/3 − τ

�
∂f

∂γ
= −s

c =
∂u

∂γ
= γ

∂s

∂γ
= −γ

∂2f

∂2γ
=

32/3

15
kτ−1/3

Energy Fluctuations:   �E2� − �E�2 =
18

7
γ2c2

Suggests   �E2� − �E�2 ∝ (kγ)2
� c

k

�2−q
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Conclusions
   Physical system for Tsallis statistics

   Associated Entropy:

S[P ] = k[1−
� ∞

−∞
dx P 2(x, t)] (T = 0)

   Effective Temperature: kγ = nπf0λ
2

Similar behavior for physical properties
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   Linear Fokker-Planck Equation:

A(x) = −dφ(x)/dx

P (x, t)|x→±∞ = 0 ;
∂P (x, t)

∂x

����
x→±∞

= 0 ; A(x)P (x, t)|x→±∞ = 0 (∀t)

� ∞

−∞
dx P (x, t) =

� ∞

−∞
dx P (x, t0) = 1 (∀t)

∂P (x, t)
∂t

= −µ
∂{A(x)P (x, t)}

∂x
+ D

∂2P (x, t)
∂x2
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   H-Theorem and FP Equation:
F = U − TS ; U =

� ∞

−∞
dx φ(x)P (x, t) ; S = −kB

� ∞

−∞
dx P (x, t) lnP (x, t)

dF

dt
=

∂

∂t

�� ∞

−∞
dx φ(x)P (x, t) + kBT

� ∞

−∞
dxP (x, t) lnP (x, t)

�

=
� ∞

−∞
dx {φ(x) + kBT [ln P (x, t) + 1]} ∂P (x, t)

∂t

FPE and Integration by Parts :
dF

dt
= −

� ∞

−∞
dx

�
µ

dφ(x)
dx

P (x, t) + D
∂P

∂x

� �
dφ(x)

dx

+
kBT

P

∂P

∂x

�
= −µ

� ∞

−∞
dxP (x, t)

�
dφ(x)

dx
+

kBT

P

∂P

∂x

�2

≤ 0
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   Remark: “duality” q → (2− q)

   Extremization of entropy:

U =
� ∞

−∞
dx φ(x)P (x, t) or U =

� ∞

−∞
dx φ(x)P q(x, t)

In the first case:    µ = 2− q

   Present application: µ = 2 ⇒ q = 0

   Entropy: S[P ] = k{1−
� ∞

−∞
dx [P (x, t)]2 }
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   Remark: “duality” q → (2− q)

   Extremization of entropy:

In the first case:    µ = 2− q

   Next application: µ = 2 ⇒ q = 0

   Entropy: S[P ] = k{1−
� ∞

−∞
dx [P (x, t)]2 }

U =

� ∞

−∞
dx φ(x)P (x, t) or U =

� ∞

−∞
dx φ(x)Γ[P (x, t)]
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