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Abstract The solutions of a nonlinear diffusion equation by considering the radially symmetric N-dimensional
case are investigated. This equation has the nonlinearity present in the diffusive term and external force. The solu-
tions are obtained by using a similarity method and connected to the q-exponential and q-logarithmic functions
which emerge from the Tsallis formalism. In addition, the results obtained here may be useful to investigate a rich
class of situations related to anomalous diffusion.

Keywords Anomalous diffusion · Nonlinear diffusion equation · Power-law diffusion coefficient · Similarity ·
Tsallis formalism

1 Introduction

Extensions of the usual diffusion equation (i.e., the classic constant-coefficient linear diffusion equation) by incor-
porating nonlinear terms in the diffusive term [1, Chap. 7], external force [2,3] or reaction term [4] have been used
to investigate several scenarios such as turbulent diffusion [5], flow of gases through porous media [6, Chap. 11],
anomalous diffusion, chemotaxis of biological populations [7], hydraulics problems [8], flow of water in unsatu-
rated soils [9, Chap. 6], simultaneous diffusion and adsorption in porous samples where the adsorption isotherm
is of power-law type [10, Chap. 14], catalytic processes in regular, heterogeneous or disordered systems [11–13],
diffusion of dissolved solutes into immobile water zones of various sizes, a standard solid-on-solid model for surface
growth, thin liquid films spreading under gravity and nonlinear diffusion in hard and soft superconductors [14–16].
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One of these equations is the porous media equation which has nonlinearity present in the diffusive term, i.e.,

∂

∂t
ρ(r, t) = D

rN−1

∂

∂r

{
rN−1 ∂

∂r
[ρ(r, t)]ν

}
. (1)

The applications and formal aspects of this equation have been analyzed by taking several scenarios into account
such as external forces [17,18], spatial time-dependent diffusion coefficient [19–21], and reaction–diffusion terms
[22–24]. Equation 1 has also motivated a generalization of the Arrhenius law [25] and found in Tsallis’ formalism
[26], A regularly updated bibliography on the subject is accessible at http://tsallis.cat.cbpf.br/biblio.htm] a ther-
mostatics context [27,28]. In addition, Eq. 1 has a corresponding Langevin equation with a multiplicative noise
as shown in [29]. Another important equation is the Burgers equation which may be related to several physical
contexts such as turbulence [30, Chap. 6], [31, Chap. 7], sound waves in a viscous medium, shock waves in a
viscous medium, waves in fluid-filled viscous elastic tubes and magnetohydrodynamics [32]. In particular, it should
be mentioned that many other nonlinear extensions of the usual diffusion equation can be found in the literature
depending on the physical context analyzed [33–36]. Thus, the comprehension of formal aspects of these equations,
which extend the usual one, becomes relevant in order to provide the physical context where each of them can
play an important role. In this direction, we devote this work to investigate the following N -dimensional nonlinear
diffusion equation

∂

∂t
ρ(r, t) = 1

rN−1

∂

∂r

{
rN−1D(r, t; ρ)

∂

∂r
ρ(r, t)

}
− 1

rN−1

∂

∂r

[
rN−1 F(r, t; ρ)ρ(r, t)

]
(2)

which interpolates several nonlinear extensions of the diffusion equation. The diffusion coefficient considered
here is given by D(r, t; ρ) = νDr−θ (ρ(r, t))ν−1 and the external force (drift or convective term) is F(r, t; ρ) =
−k(t)r + (K/rγ+θ

) + kαrα (ρ(r, t))η−1. Equation 2 is also subjected to the boundary condition lim
r→∞ ρ(r, t) = 0.

Note that the spatial dependence on the diffusion coefficient has been used to investigate diffusion on fractals
[37], turbulence [38], and fast electrons in a hot plasma in the presence of an electric field [39]. The external
force extends the one which emerges from the logarithmic potential used, for instance, to establish the connection
between the fractional diffusion coefficient and the generalized mobility [40] and may find applications in cell–cell
adhesion. From this equation, it can be verified that

∫ ∞
0 ρ(r, t)rN−1dr is time-independent (hence, if ρ(r, t) is

normalized at t = 0, it will remain so forever). In order to verify the last statement, we may write (2) in the form
∂tρ(r, t) + r1−N ∂r

(
rN−1J (r, t)

) = 0, with

J (r, t) = −D(r, t; ρ)
∂

∂r
ρ(r, t) + F(r, t; ρ)ρ(r, t), (3)

and assume the boundary condition lim
r→∞ J (r, t) = 0. Equation 2 may also be connected with the Langevin equation

and consequently stochastic processes. In fact, by using the procedure proposed by Frank in [41] it is possible to find
the corresponding Langevin equation of (2) and the stochastic process related to the choice of parameters present
in (2). In this context, it is interesting to note that Eq. 2 has as particular case in the Ornstein–Uhlenbeck process
[42, Chap. 5] and the Rayleigh process [43, Chap. 5]. From the above discussion, we would like to emphasize that
our analysis based on (2) with diffusion coefficient and external force previously mentioned extends the situations
discussed above and, in particular, recover the one-dimensional form of the Burgers equation for a suitable choice
of parameters present in (2).

The plan of this work is to investigate the solutions of (2) by using the concept of the similarity method with
suitable parameters γ , α and η. The solutions obtained by using this procedure are expressed in terms of the
q-exponential and q-logarithmic functions which emerge from the Tsallis formalism by maximizing the entropy
with suitable constraints [26]. This connection between the solutions of (2) and the mathematical structure present
in the Tsallis formalism suggests that (2) may find, in this approach, a thermostatistic foundation, similar to the
usual diffusion equation and the Boltzmann–Gibbs statistics. Another interesting point about the solutions of (2)
is their compact or long-tailed behavior depending on the choice of the parameters γ , θ , ν, α, and η, as in the next
section. In particular, for the long-tailed behavior it is possible to relate the solution in the asymptotic limit with the
Lévy distributions.
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2 Nonlinear diffusion equation

Let us start by considering the case characterized by ν = 1, γ = 1, η = 2 and α = N − 1 − θ . This case leads
us to a diffusion equation with a nonlinear external force which presents a nonlinear term similar to the Burgers
equation. To obtain the solution for this case, we may use, for example, the concept of the similarity method
[44, Chap. 8], [45, Chap. 5], [46, Sect. 2.14], [47, Chap. 5], [48, Chap. 3] in order to reduce this nonlinear diffusion
equation with external forces to ordinary differential equations. It is also possible to apply other approaches such
as the presented in [49] and [50] to investigate the solutions of (2). Particularly, we work out Eq. 2 by restricting
our analysis to solutions which have the form

ρ(r, t) = 1

(	(t))N
P

(
r

	(t)

)
, (4)

which represents a particular class of solutions for (2). Note that 	(t) and P(z) (z = r/	(t)) are determined by
solving the differential equations which emerge by substituting (4) in (2). Therefore, we extend the usual power-law
dependence for the time-dependent function [44, Chap. 8], [45, Chap. 5], employed to solve particular forms of
(2), to the function 	(t) in order to cover others situations due to the complex structure of (2) and to satisfy the
normalization condition, i.e.,

∞∫
−∞

ρ(r, t)rN−1dr =
∞∫

−∞
P(z)zN−1dz =1. (5)

By substituting (4) in (2), after some calculations it is possible to show that Eq. 2 may be simplified to two
ordinary differential equations, one for 	(t) and the other for P(z) as follows:

(	(t))ξ−2 d

dt
	(t) + k(t) (	(t))ξ−1 = 1, (6)

− d

dz

(
zN P(z)

)
= d

dz

{
D

[
zN−1−θ d

dz
P(z)

]
− zN−1

( K
z1+θ

)
P(z) − kαzN−1+α (P(z))2

}
, (7)

with z = r/	(t) and ξ = 3 + θ . The solution for the time-dependent equation is given by

	(t)

	(0)
=

⎛
⎜⎝1 + ξ − 1

(	(0))ξ−1

t∫
0

e
(ξ−1)

t ′∫
0

k(t̃)dt̃
dt ′

⎞
⎟⎠

1
ξ−1

e
−

t∫
0

k(t̃)dt̃
(8)

where 	(0) is related to an initial width of the solution. It is also interesting to note that similar solutions for the
time-dependent function have been obtained for other nonlinear or nonlinear fractional diffusion equations [51–53].
This fact implies that these different diffusion equations have a similar spreading of the solution independent of
the type of spatial dependence on the solution. This characteristic may be verified, for example, from the sec-
ond moment, i.e.,

〈
r2

〉 ∝ (	(t))2, which presents the same time behavior. The second moment may also tell us
how diffusion takes place and the conditions for the system exhibit a stationary process, i.e., for long times ρ(r, t)
becomes time-independent as found, for example, for the Ornstein–Uhlenbeck [42, Chap. 5] and Rayleigh processes
[43, Chap. 5]. It also is possible to describe a subdiffusive, normal or superdiffusive process depending on the choice
of parameters present in (2). For Eq. 7, it can be verified that the solution which satisfies the boundary condition
lim

r→∞ ρ(r, t) = 0 is given by

P(z) = � zK/De− z2+θ

(2+θ)D

1 − � kαD
∫ z

0 z̃α+θ+K/De− z̃2+θ

(2+θ)D dz̃
, (9)

where � is obtained from the normalization condition. In particular, for this case it is given by

� = (2 + θ)D (
1 − e−kα/D)

kα [(2 + θ)D]
N+K/D

2+θ �
(N+K/D

2+θ

) . (10)
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Fig. 1 This figure shows the behavior of (9) versus z for typical
values of K, θ, kα and N by considering, for simplicity, D = 1
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Fig. 2 This figure shows the behavior of (9) versus z for typical
values of kα by considering, for simplicity, K = 0, D = 1, θ = 1
and N = 3. Note that for large kα is evidenced the shock forma-
tion by (9)

In Fig. 1, we illustrate (9) for typical values of the parameters K, θ, kα and N in order to show some correspond-
ing trends which may be obtained from the solution. This solution extends results presented in [2] [44, Chap. 8],
[45, Chap. 5] for the Burgers equation; depending on the quantity kα/D it may exhibit a diffusive or shock behavior
similar to the solutions obtained from the classical form of the Burgers equation [44, Chap. 8], [45, Chap. 5]. Indeed,
the quantity kα/D may be interpreted as a Reynolds number (R) [54, Chap. 4] and the solution indicates that for
small R(R << 1, i.e., kα << D), the effect of the diffusive term in (9) is more significant than the nonlinear term,
i.e., the solution is dominated by the diffusive behavior and for large R(R >> 1, i.e., kα >> D), the presence of
shocks [44, Chap. 8], [45, Chap. 5] as the ones present in the usual form of the Burgers equation is expected, i.e.,
the solution is dominated by the nonlinear term (see Fig. 2). This behavior is evidenced in Fig. 2 for increasing kα .
At this point the presence of a stationary solution for (9) depending on the behavior of k(t) is also interesting. In
particular, for this case ρ(r, t) is given by

ρ(r, t) = �

(	(t))N

(
r

	(t)

) K
D e

− r2+θ

(2+θ)D(	(t))2+θ

1 − � kαD
∫ r/	(t)

0 z̃α+θ+K/De− z̃2+θ

(2+θ)D dz̃
. (11)

The case ν = 1, γ = 1, η = 2 + θ and α = (N − 1) (1 + θ) leads us to a generalization of the usual form of the
Burgers equation which for θ = 0, k(t) = 0, K = 0 and N = 1 is recovered. For these parameters, after applying
the procedure of the previous case, Eq. 2 may be simplified to two ordinary differential equations. One of these is
equal to (6) and the other is given by

− d

dz

(
zN P(z)

)
= d

dz

{
D

[
zN−1−θ d

dz
P(z)

]
− zN−1

( K
z1+θ

)
P(z) − kαzN−1+α (P(z))2+θ

}
(12)

which has the solution
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P(z) = �̄ zK/De− z2+θ

(2+θ)D
(

1 − (1 + θ) kαD �̄1+θ
∫ z

0 z̃α+θ+(1+θ)K/De− (1+θ)z̃2+θ

(2+θ)D dz̃

) 1
1+θ

(13)

with �̄ defined by the normalization. Similar to (9), depending on the quantity kα/D, (13) is dominated by the
diffusive term or the nonlinear term present in the external force. In particular, for kα/D � 1, i.e., in the diffusive
limit, Eq. 13 and 9 are very close and, for θ = 0 (13) is equal to (9) as expected. By substituting (13) in (5), we
obtain

ρ(r, t) = �̄

(	(t))N

(
r

	(t)

) K
D e

− r2+θ

(2+θ)D(	(t))2+θ

(
1 − (1 + θ) kαD �̄1+θ

∫ r/	(t)
0 z̃α+θ+(1+θ)K/De− (1+θ)z̃2+θ

(2+θ)D dz̃

) 1
1+θ

. (14)

Now, we consider the case characterized by ν as arbitrary parameter, γ = 1+(ν−1)N , η = ν and α+1+θ = 0.
By employing the previous procedure based on (4), we also obtain ordinary differential equations to be solved. One
of these is the same as that of (6). However, with ξ = 3 + θ + (ν − 1)N and the others, for z (z = r/	(t)), it is
given by

− d

dz

(
zN P(z)

)
= d

dz

{
DzN−1−θ d

dz
(P(z))ν −zN−1

(
K

zγ+θ
+ kαzα (P(z))ν−1

)
P(z)

}
. (15)

The solution of this equation, by taking the previous boundary condition into account, is given by

P(z) = �̂z
kα
νD expq

[
− 1

νD�̂ν−1

(
z2+θ− kα

νD (ν−1)

2 + θ − kα

νD (ν − 1)
− K logq̃ z

)]
, (16)

where �̂ is defined by the normalization condition, q = 2 − ν and q̃ = [kα/(νD)] (ν − 1) + γ , where expq (x) is
the q-exponential function and logq (x) is the q-logarithmic function. In particular, the q-exponential is defined as

expq (x) =
{

(1 + (1 − q)x)
1

1−q for 1 + (1 − q)x ≥ 0
0 for 1 + (1 − q)x < 0

(17)

and the q-logarithmic is given by logq(x) = (x1−q − 1)/(1 − q). For q → 1, we recover the usual expressions for
the exponential and logarithmic functions from the q-exponential and the q-logarithmic. These functions emerge
from the Tsallis formalism when the entropy [26] is maximized with suitable constraints. In Fig. 3, we illustrate (16)
for typical values of the parameters K, ν and kα in order to show some corresponding trends which may be obtained
from the solution. From the definition of the q-exponential function, it is interesting to note that (16) may exhibit a
compact or long-tailed behavior depending on the values of q. For the last case, it is possible to relate (16) with the
Lévy distributions for a suitable choice of ν, θ and N . In fact, for ν < 1 with 2 + θ > (1 − ν)N , the asymptotic
behavior of (16) for large argument is governed by the power law P(z) ∼ 1/z(2+θ)/(q−1) which compares with the
asymptotic behavior of the Lévy distribution, i.e., P(z) ∼ 1/z1+μ, results in q = (3 + θ + μ) / (1 + μ). This result
connects the parameter q (or ν) to the Lévy index μ. Similar results have been obtained for nonlinear fractional
diffusion equations [55]. In order to obtain ρ(r, t) for this case as done for the previous cases, we insert (16) into
(5) yielding

ρ(r, t) = �̂

(	(t))N

(
r

	(t)

) kα
νD

expq

[
− 1

νD�̂ν−1

(
1

ε

(
r

	(t)

)ε

− K logq̃

(
r

	(t)

))]
(18)

with ε = 2 + θ − kα(ν − 1)/(νD).

3 Discussion and conclusions

We have investigated a nonlinear diffusion equation by taking several situations into account. We started by consid-
ering the case characterized by ν = 1, γ = 1, η = 2 and α = N − 1 − θ , which corresponds to an extension of the
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Fig. 3 This figure
illustrates the behavior of
(16) versus z for typical
values K, ν and kα , by
considering for simplicity
D = 1, θ = 1 and N = 3
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classical Burgers equation for the N -dimensional case with radial symmetry and a spatially dependent diffusion
coefficient. This solution depending on the quantity kα/D is dominated by the diffusive term or the nonlinear term
present in the external force. In this context, we analyzed another extension of the Burgers equation by choosing
ν = 1, γ = 1, η = 2 + θ and α = (N − 1) (1 + θ). For these cases, which extend the Burgers equation, θ = 0
leads us to the same results. Following this, we consider the case obtained for ν arbitrary, γ = 1+ (ν −1)N , η = ν

and α + 1 + θ = 0. The solution for this case is given in terms of q-exponential and q-logarithmic functions. The
presence of these functions establishes a connection to the Tsallis formalism suggesting a different thermostatistic
context for (2) when subjected to these parameter values. In this direction, for a different choice of parameters in (2),
we may apply the procedure in [56] to find the corresponding entropy and analyze the corresponding H -theorem.
Another interesting aspect of this solution is the relation to the Lévy distribution as discussed above and the compact
behavior which is obtained for q less than unity (or ν greater than unity). Finally, we hope that the results presented
here may be useful to investigate situations where Eq. 2 or particular cases may be considered.
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