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Abstract. Recent work has shown that the distribution of inter-event times for e-mail communication
exhibits a heavy tail which is statistically consistent with a cascading Poisson process. In this work we
extend this analysis to higher-order statistics, using the Fano and Allan factors to quantify the extent to
which the empirical data are more correlated — bursty — than a Poisson process. Our analysis demonstrates
that the correlations in the empirical data are indistinguishable from those of randomly reordered time
series, illustrating that any correlations in the data are not due to the precise ordering of events. We further
find that correlations in synthetic time series generated from a cascading Poisson process agree quite well
with the correlations observed in the empirical data. Finally, we rescale the empirical time series to confirm
that e-mail correspondence is no more correlated than expected from a suitably chosen Poisson process.

The assessment of human activity patterns is crucial
for many applications, such as optimization of informa-
tion traffic, service scheduling and human resource plan-
ning. The temporal dynamics of e-mail correspondence
has sparked recent interest [1-11] because of its impor-
tance as a communication medium and the availability
of large databases that precisely record human activity.
Recent research [2-5,7,12] has shown that the probabil-
ity distribution of the time elapsed between consecutively
sent e-mails by a single user — the inter-event time dis-
tribution — exhibits heavy tails, suggesting that human
activity might be more bursty than expected from an un-
correlated Poisson process [2].

One explanation for the observed heavy-tailed
inter-event time distribution is a cascading Poisson pro-
cess [7,13,14]. In this model, there is a primary non-
homogeneous Poisson process, which explicitly incorpo-
rates daily and weekly modulations, each of whose events
triggers a secondary process which is also Poissonian
but with a much larger characteristic rate. According
to this model, “bursts” of e-mail activity occur in non-
overlapping homogeneous Poisson cascades (as opposed
to the overlapping cascades of Refs. [15-17], for instance)
separated by long periods of inactivity defined by the pri-
mary process. The resulting inter-event time distribution
predicted by the model is heavy-tailed due to the mixture
of several different scales of rates of activity.

Although the cascading Poisson process has been
shown to be statistically consistent with the empirical
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inter-event time distributions of several individuals [7], it
is unclear whether higher-order statistical patterns (e.g.
correlations) are present in the data and whether the cas-
cading Poisson process adequately captures these corre-
lations. Here, we investigate the higher-order statistical
structure of e-mail correspondence and we compare it with
the higher-order statistics that is expected from a cascad-
ing Poisson process. We show that the bursty patterns
in e-mail communication are no more correlated than ex-
pected from a suitably chosen Poisson process.

We study here a database considered previ-
ously [1-5,7,13,14] comprised of 3188 e-mail accounts
over an 83-day period at a European University. This
database consists of several accounts that sent over
1000 messages and several accounts that do not send any
e-mails at all. To avoid having our analysis distorted by
accounts that are listservs or spammers or by accounts
that send too few messages to capture a reasonable
snapshot of their communication activity, we restrict our
analysis to the correspondence from 394 users that sent
at least 40 messages over 83 days and are not likely to
be listservs (for details on the preprocessing procedure,
see the supporting information of Ref. [7]). These users
are “typical” in the sense that they use e-mail frequently
enough to constitute a reasonable portion of e-mail
communication patterns. Throughout this manuscript we
refer to these 394 users as the “empirical” time series.

We also analyze here “synthetic” time series’ that are
generated from the cascading Poisson process [7]. In the
cascading Poisson process, cascades of activity are ini-
tiated by a non-homogeneous Poisson process with rate
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Fig. 1. Time series of inter-event times for a representative
user (User 467), and its autocorrelation function (inset).

pp(t) that depends on time in a periodic manner. The
rate of the non-homogeneous Poisson process is propor-
tional to the daily and weekly distributions of cascade
initiation, pg(t) and p,(t):

pp(t) = prd(t)pw (t)v (1)

where p,(t) has a weekly periodicity and the proportion-
ality constant IV,, is the average number of cascades of ac-
tivity per week. Once the cascade of activity is initiated,
N, additional events occur during a homogeneous Poisson
process with rate p, > max; p(t) where N, is drawn from
some distribution p(N,). Once the N, events have oc-
curred in the active interval, the activity of the individual
is again governed by the non-homogeneous Poisson pro-
cess defined by equation (1). The overall rate p(t) of the
cascading Poisson process is therefore a mixture of the pe-
riodic rate pp(t) and the rate during cascades of activity
Pa- In this manuscript, we use the parameters from refer-
ence [7] to generate 30 “synthetic” time series’ for each of
the 394 users.

Before delving into a detailed analysis of all 394 users,
we would first like to illustrate our analysis on a single
user, User 467, which exhibits a behavior close to the
average behavior and is prominently displayed through-
out reference [7]. User 467 exhibits some features that are
typical of human correspondence (Fig. 1). First, User 467
has long pauses between e-mails on the order of 16 and
48 h, which are related to the fact that User 467 usually
sends e-mails while at work during the work week. These
long pauses are captured by p,(¢) in the cascading Poisson
process. Second, User 467 has several short time intervals
between e-mails that are uncorrelated. These short time
intervals are captured by the cascades of activity in the
cascading Poisson process. Here, we wish to quantify the
extent to which User 467’s activity patterns are correlated;
that is, how bursty is User 467’s activity?

One might be tempted to characterize the burstiness of
User 467’s behavior through multivariate distributions of
inter-event times. Quantifying burstiness from multivari-
ate distributions, however, is difficult to assess when the
time series’ have few events, as in the present case. Instead,
we can analyze the counting statistics [18] of User 467’s
e-mails. Specifically, we use the Fano and Allan factors,
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two suitable metrics for point processes that provide reli-
able results for time series with few events [15-20], to gain
insight into the higher-order statistical structure of e-mail
correspondence.

The Fano and Allan factors are calculated by di-
viding the whole observation time interval into W non-
overlapping adjacent time windows of equal length T and
counting the number of events Ny in the kth time window.
The Fano factor (F'F) is the ratio of the variance to the
mean of the number of events in each time window, F'F =
((N?) — (Nk)?)/(N), and it represents a measure of the
dispersion of the resulting time series relative to a homoge-
neous Poisson process with the same rate. The Allan fac-
tor (AF) quantifies the difference in variance of counts of
adjacent time windows, AF = ({(Ng+1 — Ni)?))/(2(Ny)),
and it is a measure of the correlation of counts between
successive time windows relative to the expectation from
a homogeneous Poisson process with the same rate. Both
of these measures quantify different aspects of what might
constitute bursty activity: larger than Poissonian disper-
sion and larger than Poissonian correlations.

If the time series were generated by a homogeneous
Poisson process, then the number of counts Nj in each
time window would be independent and identically dis-
tributed random variables drawn from a Poisson distribu-
tion. In such a case, FF(T) = AF(T) = 1, regardless of
the time window length T' (Fig. 2, gray triangles). Devi-
ations from unity therefore quantify departures from un-
correlated Poissonian statistics. For example, F'F(T) > 1
would indicate that the time series is more bursty than
expected from a homogeneous Poisson process at a par-
ticular time-scale T

We begin by analyzing the Fano and Allan factors as
a function of the length of the time window for User 467,
to be complemented later in the manuscript with an anal-
ysis of all 394 users. The results for User 467 are plotted
in Figure 2 (black circles). Notice that for time windows
shorter than a few minutes the point process of e-mails
is essentially Poissonian, denoted by the fact that both
indices remain close to unity. For longer times the F'F
and AF curves noticeably depart from unity, suggesting
that there might be some non-Poissonian effects in e-mail
communication.

To further evaluate the empirical time series’ depar-
ture from Poissonian statistics, we analyzed the surrogate
time series obtained by randomly reordering the sequence
of inter-event times to remove any correlations between
consecutive inter-event times. If the empirical time series
exhibits the same behavior in FF and AF as the shuffled
time series, then the observed departure from Poissonian
statistics is only due to the distribution of inter-event
times and not due to their particular ordering; that is,
the inter-event times are no more bursty than expected
by chance. Indeed, we find that the empirical F'F' and
AF curves are not discernably different from their shuffled
counterparts (Fig. 2, white squares), indicating that the
observed “departure” from Poissonian statistics is merely
an artifact of the heavy-tailed inter-event time distribu-
tion, and not due to some intrinsic burstiness.
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Fig. 2. Fano and Allan factors as a function of the time win-
dow T for User 467. For comparison, we plot the mean and
standard deviation of the Fano and Allan factors for 30 real-
izations of shuffled time series as well as the mean and standard
deviation of the Fano and Allan factors for 30 realizations of
the homogeneous Poisson process with the same rate. Large de-
viations observed at long time-scales are due to poor statistics
(e.g. W = 8 in the last time window).

We next proceed to compare the Fano and Allan fac-
tors for User 467 with the Fano and Allan factors of syn-
thetic time series generated from the cascading Poisson
process [7]. Here, we generate synthetic time series over
83 days using the best-estimate parameters for this user
from reference [7]. As Figure 3 shows, the empirical and
synthetic F'F and AF curves agree quite well, indicat-
ing that the cascading Poisson process is capturing not
only the inter-event time distribution (already discussed
at length in Ref. [7]) but also the higher-order statistical
features of e-mail communication.

The analysis thusfar suggests that the correlations in
the empirical data are well-approximated by a cascading
Poisson process. If this is, in fact, the case, we should be
able to rescale time such that the resulting point process
appears to have originated from a homogeneous Poisson
process with unit rate. Specifically, any non-homogeneous
Poisson process with occurrence rate p(t), can be mapped
onto a homogeneous Poisson process through a simple
transformation of the timescale [18], namely

f:/o p(s)ds. (2)

In this new time scale, the Poisson process has unit rate,
p(f) = 1. In the particular case of a cascading Poisson
process with known best-estimate parameters p,(t) and
pa and where we know which events are associated with
which cascade of activity [7], we can rescale the times be-
tween consecutive events by their respective rates. The
results presented in Figure 4 confirm our hypothesis: the
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Fig. 3. Fano and Allan factors as a function of the length of
the counting time window 7', for the empirical time series for
User 467 together with the mean value and standard devia-
tion of Fano and Allan factors computed for 30 realizations
of synthetic data generated from a cascading Poisson process
over 83 days with best-estimate parameters obtained in refer-
ences [4,5]. Large deviations observed at long time-scales are
due to poor statistics (e.g. W = 8 in the last time window).
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Fig. 4. Fano and Allan factors as a function of the (dimen-
sionless) time window T for the rescaled time series of User
467. For comparison, we also plot the mean and standard de-
viation of the Fano and Allan factors for 30 realizations of a
homogeneous Poisson process with unit rate over an equivalent
duration of time. The large deviations observed at long time-
scales are due to poor statistics (e.g. W = 8 in the longest time
window).
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Fig. 5. Summary of the agreement between empirical and shuffled time series. The top panels show the mean Fano and Allan
factors, averaged over all 394 users, and their standard deviations (whiskers), as a function of the time window length T". The
bottom panels show the population average of the logarithmic residuals between the empirical and shuffled F'F" and AF curves.
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Fig. 6. Summary of the agreement between empirical and synthetic time series. The top panels show the mean Fano and Allan
factors, averaged over all 394 users, and their standard deviations (whiskers), as a function of the time window length T". The
bottom panels show the population average of the logarithmic residuals between the empirical and synthetic F'F’ and AF' curves.

rescaled inter-event time sequence exhibits F'F and AF
values close to unity for time window lengths up to about
ten units in this homogenized time scale, in visual agree-
ment with the results for a homogeneous Poisson process
with unit rate.

We reiterate here that the rescaled results in Figure 4
need not be unitary. If there were non-Poissonian bursts
in the empirical time series, we would observe systematic
deviations from unity, suggesting that a cascading Poisson
process is insufficient for capturing the correlations in User

467’s e-mail correspondence. The fact that the FF and
AF are unitary for the rescaled time series provides strong
evidence that the “bursts” in activity are Poissonian in
nature.

We now move beyond the analysis of User 467 to
present the results of our analysis for all 394 users. In
lieu of displaying these results for each of the 394 users,
we summmarize these results by averaging the F'F' and
AF curves for all 394 users under consideration (Figs. 5
and 6). The population-level correlations exhibit the same



basic patterns as User 467: for short time windows (up to
a few minutes), the F'/F and AF are unitary, a fingerprint
of a homogeneous Poisson process; and, for longer time
windows, both exhibit the same deviation from unity as
User 467. The visual agreement between the empirical and
shuffled FF and AF curves (Fig. 5, top panels) indicates
that these correlations are trivially related to the distribu-
tion of inter-event times, not to their particular ordering.
Note that the large error bars are due to the large variation
in human activity patterns, not a disagreement between
the empirical and shuffled curves.

To account for the wide variation in human ac-
tivity patterns, we compute the logarithmic residual
Rx (T) = logyo[Xei(T)/{Xs,i(T))] between the empir-
ical X = FF,AF curve for user ¢ (X.;(T)) and the
corresponding average shuffled X = FFI, AF curve for
user i ((X,(7T))). By examining the average logarithmic
residuals across the population, we can detect whether
there is any systematic deviation between the empirical
and synthetic F'F' and AF curves at a particular time
scale. The average logarithmic residual curves do not sig-
nificantly deviate from zero, indicating that the empirical
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and shuffled FF and AF curves agree quite well (Fig. 5,
bottom panels) and that the apparent correlations in the
FF and AF curves are not due to the precise ordering of
events.

The comparison between the empirical and synthetic
FF and AF curves yields identical conclusions (Fig. 6).
First, the cascading Poisson process visually captures the
correlations quantified by the FF' and AF curves. Sec-
ond, we do not find any significant deviations between the
empirical F'F and AF curves and their synthetic coun-
terparts at any time scale T. These results suggest that
a cascading Poisson process is adequately capturing the
higher-order statistical structure of human activity.

Finally, we rescale the empirical time series for each of
the 394 users using equation (2) and we examine the mean
FF and AF curves for these rescaled time series (Fig. 7).
These rescaled F'I' and AF' curves remain close to unity
at all dimensionless time windows 7', indicating that the
rescaled F'F and AF curves exhibit no more dispersity and
correlations than expected from a homogeneous Poisson
process.

Insofar as the Fano and Allan factors can detect bursti-
ness in point process time series’, our analysis conclusively
demonstrates that e-mail communication patterns are no
more bursty than expected from a suitably chosen Poisson
process. We have demonstrated this in three complemen-
tary ways. First, e-mail communication patterns are no
more bursty than expected by chance (Figs. 2 and 5), a
necessary condition for a Poisson process [18]. Second, the
burstiness in e-mail communication patterns is captured
by a cascading Poisson process (Figs. 3 and 6), suggesting
that this model adequately captures the dynamics. Third,
the rescaled F'F' and AF curves do not exhibit any signs
of burstiness, exactly as one would expect for a Poisson
process.

Note that it did not have to be this way. Our anal-
ysis could have revealed non-Poissonian bursts in e-mail

Time window, 7

Fig. 7. Mean and standard deviation (whiskers) of Fano and
Allan factors as a function of the (dimensionless) time win-
dow length T for the rescaled time series, averaged over all 394
users. Dashed lines where drawn as a reference. Because the
number of events (hence the average rate) is different for each
user, not all contribute to the largest time windows. The num-
ber of timeseries that do contribute is indicated by the small
numbers in the upper panel, when smaller than 394.

correspondence, suggesting that a cascading Poisson pro-
cess is not sufficient to reproduce complex human activity
patterns. The fact that we do not observe a bursty signa-
ture in e-mail correspondence offers strong evidence that
human activity patterns are, in fact, Poissonian. More-
over, our analysis suggests that no additional mechanisms
are necessary to describe e-mail activity patterns. E-mail
activity is parsimoniously described by three simple mech-
anisms: people typically work during the same days of the
week, people typically sleep during the same times of the
day, and people typically continue to send e-mails once
they have started sending e-mails.
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