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. Introduction

In the dynamics of continuous fluids, a tracer is a particle that travels with the local fluid
velocity, but that has otherwise no influence on the properties of this fluid. passive
particle. The motion of passive tracers in fully developed, isotropic and homogeneous
turbulence is well described by Brownian motion. Macroscopically it satisfies a Fick’s
type, local transport equation, and microscopically it is described by a random walk with
Gaussian statistics.

However, in a turbulent system which contains coherent structures like vortices and mag-
netic islands that may trap particles for long times, and of zonal flows that advect tracers
over long distances, this theory breaks down. Trapping in coherent structures and the
presence of zonal flows will lead to 'memory’ effects, to non-Markovian behavior, and
imply that the tracer will undergoévy flights that will lead to non-Gaussian statistics.

In this Section we will develop a model for a random walk that incorporates memory
effects in time and non-local effects in space. We will abandon the conditions that the
walker, i..e. the particle, makes independent steps of fixed length at fixed points in time.
We will adopt the model that a particle makes a stegfter a timet. Then it waits again
some time and makes another step. We will treat space and time as continuous variable
and we will introduce the distributioti(x, ¢) , which is the pdf that the walker takes a
stepx after a time intervat.

Transport of passive patrticles in a system with coherent structures will be characterized
asstrange diffusiorand will lead to diffusion equations that contdiactional operators

In this regime we expect to find that the mean square displacement behaves like

< (Az— < Az >)? >oc 17, a#l. Q)

In this Section we will frequently make use of Fourier transform and of the Laplace trans-
form. These transforms and their inverses are defined by

[e8) +oo
n(k, s) :/ dt/ d%x n(x, t)e kX
0 —o0o

+oo c+1i00
n(x,t) = / dk / ds ik, s)e” kxFst
2mi 27T .

The Bromwich contour in the complexplane has to be taken to the right of any singu-
larity that might occur im((k, s).
The transforms of convolution integrals are

FT / dh f(x)g(x - %) = f(k)3(k)
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II. The Continuous Time Random Walk (CTRW)

Suppose that the probability distribution function that the walker is at some arbitrary po-
sitionx at some time = 0 isn(x,0) = ny(x). We want to know the pdf(x, ¢) that the
walker is at some positiog at after a time.

The walker (particle) arrives at the positiahat time#’. Then it remains immobile for

a time intervalt — ¢’. At time t he jumps to the positios. The pdf of this process is
»(x,t;x',t'). we will assume that the system is homogeneous in space and in time, so
thaty(x,t;x',t') = ¢(x — x/,t — t'). Thus, the probability distribution function (pdf)
Y(x,t) is the pdf that the walker takes a ste@fter a time intervat.

The probability that a step of arbitrary length is taken after a tinse

U(t) = / d%x p(x,t). (2)
This is thewaiting time distribution

The pdf that at least one step is taken somewhere in the int@rvalis fot U (7)dr, and
the probability that no step is taken during a titrie

O(t)=1- /t dt' v (t") = /Oo dt'u(t"), ®(0)=1, P(c0) =0, (3)

which is the pdf that the time interval between steps is greaterithEme average waiting
time isT = [;° dt t¥(t), if this integral exists.

The pdfn(x,t) that the walker is ak at timet is given bya generalized master equation

n(x,t) = /ddx’/o dt' Y(x —x';t —t")n(x',t') + ®(t)ng(x). 4)

The system is assumed to be homogeneous in space and in time. The integrand of the first
term on the right gives the pdf that, given that the walker ig’at¢', he makes a step

x —x' in atime intervak — t’. The second term is the probability density that the particle
does not make a step at all in the intertgbut remains at its initial position.

The Fourier-Laplace transform of (4) is

R 1= U(s) 1 )
n(k,s) = . i) no(k). (5)
This is theMontroll-Weiss equatiofil]. Here,
(s) = L) ©



is the LT of ®(¢) defined in (3). The density is completely determined when the function
P (k, s) is known.
Rewrite equation (5) as follows.

si(k, s) — ng(k) = K (k, s)n(k, s) (7)
with ) s A )
K k, _ = k, - \Ij 8
(:5) = Ty [P s) = ) ®)
Applying the inverse Laplace -Fourier transform yields
8"“ /dd’/dth X\t — )n(x, 1), (9)
where the kernel is given by
Koo = o [ s S i) - W00 (10)
X, = — S X)|-
270 J oo 1— \p( )

Equation (9) is another version of tgeneralized, non-Markovian master equation (4). It
is nonlocal and contains memory effects.

An important case occurs if the jump lengths in space and the steps in time are inde-
pendent

(x,t) = W (t)p(x). (11)
Here, ¥ (¢) is the memory kernel that introduces non-Markovian behavior, wheiegs

is responsible for spatial correlations.
Equation (11) implieg(k, s) = ¥(s)p(k), so that

K(k,s) = —(s)[1 - p(k], (12)
with s
R B sU(s

X(s) = 1) (13)

Then, the master equation (7) can be written as
sn(k, s) — fo(k) = =X (s)[1 — p(k|n(k, s) (14)
and (9) becomes

ang; . /0 dt' x(t = t){ = n(x,t') + / d'e'p(x = x)n(x', )}, (15)

This is theMontroll-Shlesinger equatiof2].



A. A derivation of the Montroll-Weiss equation (5)

In order to derive equation (5) we introduce two additional pdf’s.

The pdf that the walker arrives at the positigrat timet¢ at the jth step is denoted by
n;j(x,t). The initial position at = 0 is obtained from the pdi,(x).

Further, we introduce the functiaf(x, ) which denotes the pdf that the walker arrives
atx at timet.

Then, it is clear that

Q(x,t) = an(x, t)
and .
nji1(x,t) = /ddx'/ dt'p(x —x',t — t')n;(x',t).
0
By summing the latter expression over all steps taken during the time t, one obtains
t
Q(x,t) = /d%’/ dt'p(x — x',t —t)Q(X', t) 4+ no(x)d(¢).

0

The pdf that the walker is at the positianat timet is given by the probability that it
arrives atx at an earlier time- and stays there until time

n(x,t) = /o drd(t — 7)Q(x, 1),

where®(t), given by (3), is the pdf that no step occurs during the time
Take the Fourier-Laplace transform of the last two expressions. This yields

Q(kv S) = Q@(k7 S)Q(k7 8) + flo(k)

and

A ~

n(k, s) = ®(s)Q(k, s).
Upon eliminating) (k, s) from the last equation and applying (6) one recovers the Montroll-

Weiss equation (5).

B. A discrete version of the generalized master equation

A spatially discrete version of the generalized master equation (4) for continuous time
and for non-local spatial jumps is [3]

n;(t) = /O dr{) " Ajn(t =)0 n(7) + Y Binlt = 7)nj4n(7)} + ®(t)6jm.  (16)

The first term represents jumps to the 'right'and the second one jumps to the ’'left’. The
summations over mean that jumps from all other sitg¢st n to the sitej are possible.
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The last term is the probability that the particle does not make a jump but stays at its initial
sitem, 4, ,,, being the Kronecker symbol.

The limit of a continuous distribution of jumps is obtained by taking the linjits»

x, j —n — 2’ in the first term on the right of (16) and— z, j + n — 2’ in the second
term

t x o)
n(z,t) = / dT{/ da:'A(x’,x—x’,t—T)n(x',T)—i—/ do'B(x',x—a' t—7)n(2',7)}
0 —00 x
+P(t)ng(x).
Assume that the functiond and B can be factorized as follows,
Al x—2' t—7) = A )(z—a',t—7), B2, x—2',t—7) = B(a)¢Y(x'—x,t—7).

The dependence of and B on ' means that the probability to make a step- z/| in
a timet — 7 depends on the initial positior’. The discrete master equation (16) now
becomes

n(z,t) = /0 dT/_ h do' Nz, o't — T)n(2!, 1) + @(t)ne(z), a7
with
Az, 2t —7) =z — 2|, t — 7)[A(2")0(x — 2") + B(2")0(z" — 2)],

6(x) being the Heaviside function. The normalization requifés) + B(x) = 1. If
jumps to the left and to the right have equal probabilities, thea B = 1/2.

C. Non-Markovian and Gaussian limits

The time stepping is a Markov process if the probabifity) that no step occurs in the
interval (¢,t + At) is independent of and equal td — At¢/T'. Then,

Ot + At) = O(t)(1 — %) (18)
so that ; ) .
O(t) = exp — U(t) = T €XP — ) (29)

whereT = [ dt t¥(t) is the average waiting time .
The Laplace transforms of these functions are

U(s) = b(s) = (20)

so that (12) becomes
K(k,s) =T [p(k) — 1]. (21)



The Fourier-Laplace transform (14) of the master equation now reads

sl ) — fo(K) = [5(k) — 1]l 5) (22)
This equation is Markovian.

Let us assume that, in addition, the distribution of step sizes is Gaussian,

1 1
pa) = ———e % k) = e 1 - Sok?.
2mo 2
Upon substitution of this expression into (22) one obtains the Laplace-Fourier transform
of the master equation in the form,

g

(s = DRk, s) = fg(k), D= .

(23)
This is the Laplace-Fourier transform of our classical diffusion (Fick’s) equation of Part
l.

llI.  Distributions with long tails

Since we deal with diffusion problems, we are interested in the behavior of systems on
long time- and length-scales, actually we want to find out what happens on macroscopic
scales. We do not need to know what happens on small scales. From this point of view,
the CRTW master equation contains far too much information for the description of trans-
port on macroscopic scales. We do not require a full kinetic description of the underlying
random walk, but we are interested in the continuum (fluid) limit of the master equation.
The information we are looking for is contained in the large scales i.e. in the tails of the
probability distribution functionl'(¢) andp(x). In Laplace-Fourier space this means that
we do not need to know the full pdf¥(s) andp(k) but basically we need only their
asymptotic limits fors — 0,k — 0. We already applied this point of view at the end of
the previous section.

Let us consider the situation where the waiting time distributigin) does not decay
exponentially, like (18), but decays as a powet @dr larget,

A

U(t) = 155

0<pB<1,t— o0 (24)
This term represents thie— oo tail of the distribution. The total probability dtU(t) is
equal to unity and exists fof > 0 and the average waiting timed¢t¥(t) exists and is

finite for 5 > 1.

Consider the expansion of the Laplace transfcf;(@) for small values ok. Forjs > 1,



the total probability is given byi/(s = 0) = 1 and the average waiting time by =
—dV(s)/ds|s=o. Hence, the leading order terms in the smadkpansion read

U(s)=1—Ts. (25)

Upon substitution this expression into (13), it is seen that we recover (22), i.e., for large
times we recover the Markovian limit! Therefore, we limit the discussion of (24) to the
interval0 < g < 1.

The Laplace transform of (24) for< 5 < 1 is in the limit of small values of

U(s)=1— Tgsﬁ, (26)

with A = pT71(1 — 5)75. The constant, is only equal to the average waiting time if
=1,

d - _
<t>= —%\P]SZO = ﬁTgsﬁ ! s=o-
Making use of the Tauberian theorem that says that the inverse Laplace transform of a

power ins yields a power irt,

L7s") = _—vt_l_v, s >0, (27)

I'(1—7)
it is seen that (24) is recovered.
The appearance of power laws in representations of pdf’s means that these distributions
are scale invariant. The algebraic decaylgt) and /orp(z) implies that there is not a
characteristic transport scale. It also means that the distribution of trapping and/or flight
events is self-similar.
Further, we assume that the spatial distribution corresponds &vgtlype distribution
which behaves like

pk) =1—0k|%, k—0, 0<a<2. (28)

We have seen in Part | that this correspondséeyLdistributions and to &vy flights.
The Fourier-Laplace transform of the CTRW master equation (14) (or (5)) reads to leading
order

sn(k,s) —ng(k) = —x(s)b"k“n(k,s), 0<a<2, 0<pG<1, s,k—0, (29)

with, to leading order,
X(s) = s'7P, (30)
This expression depends

- on the global dimensionality,
- on the two exponents and,

- on the characteristic time, and the characteristic length



A. The density profile

The expression (29) can be written in the form

T sﬁ 1
n(k,s) = D—A o(k). (32)
TDSB + b k|
Its inverse Laplace-Fourier transform is obtained from
“+oo c+100
n(x,t) / dk / ds ik, s)e”kxFst, (32)
T 2mi (2m)d .
Substitute (31) and introduce the variables
N TDS A_ ala 1/5 t
= ———— = (b"% — 33
S (baka)l/ﬁ, ( ) ™ ( )
Then,
+00 ddk’ ] c+i00 ds .. §,6—1
—_ — = Ak —ik-x 2 st ) 4
n(x?) /_m myoke /H'oo omi © P+ 1 (34)
The function that appears under the integral
§h-1
§0 41
is just the Laplace transform of the Mittag-Leffler functiéip(—#?), which is defined as
[ee] Zn
E = I E— 0 C. 35
5(2) ;F(@er)’ B>0,ze (35)

This is an entire function of and approaches:p z in the limit 3 — 1. The behavior of
the Mittag-Leffler function for large values of its argument is

sin3 ()
E N ———.
5(2) 7
It follows that (32) can be written as
oo ddk ~ —ik-x .03 -3
n(x,t) = /_OO (27T)dn0(k)e Eg(—=b"k*t" J147") (36)
Introducing the variables
k—b(LyPok, x= Xy, 37)
D bt
one obtains in the one-dimensional case
_ -1/t \_B/a d_ ke (o
n(x,t) =b (TD) 5 € Es(—k), (38)

where we have taken the initial conditiep(x) = §(x) i.e. n(k,0) = 1. This expression
shows that the solution to (29) has the scaling form

n(z,t) =tGup (tﬁ/a) (39)




B. The mean-square displacement

The form of the functionG depends on the parametersand 5 and on the diffusion
regime. Equation (39) leads immediately to the following expression for the mean square
displacement

< 22(t) >ap= / dx x%—ﬁ/aGaﬁ(t;a). (40)
This means that we have obtained the scaling relation
< 2*(t) >ap= Mapt", Mop = /dq ¢*Gap(q), (41)
with diffusion exponent
20
p=— (42)
«

This leads to a criterium for the character of the diffusion process:

-f<a/2<1 sub-diffusive, strange,
-f=a/2<1 diffusive, classical, anomalous,
-af2< <1 super-diffusive,strange,
-f=a<1 free-streaming, strange.

Note that not only the scaling of the second moment, but that the scaling of all moments
can be obtained from (39),
< aP(t) >ox PP/, (43)
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C. The diffusion equation

Let us return to the CTRW master equation in the form (29) and rewrite this expression
as follows
(87 + [k[*)(k, 5) = 5" iao (k), (44)

where we have takerps — s andbk — k (with t/7p — ¢t andz/b — z). The inverse
transform of this equation can be expressed in ternfsagtional derivatives One can
write

SDfn(x, t) = Diyn(x,t), (45)
where oo
Ik~ e = D (40)

is theRiesz fractional derivativand
s7f(s) — "L f(t = 0) —§ D/ f(t) (47)

is theCaputo fractional derivative
There exists an extensive literature on fractional derivatives. The definitions of the frac-
tional derivatives are given in the Section VI together with a few calculational rules.

V. The Standard Long Tail CTRW (SLT-CTRW)

An important subclass occurs far = 2 when the spatial distribution is Gaussian with
b = o/v/2d. This case is called thetandard Long Tail CTRW.
The CTRW master equation (31) reads

B .p—1
TnS
ak,s)=—PL" k), 0<B<1, sk—0. 48
( ) Tgsﬁ b2|]{?|2 0( ) ﬂ ( )

In this case one can easily derive the mean square displacement.
From (48) one finds
9?n(k, s)
Ok.0k
According to a Tauberian theorem, the inverse Laplace transform of a powgralts a
power int, so that we obtain the MSD

ko = 2db°m, s (49)

0*n(k,t) 2d0*  t

ok Ty, P/ 60

<7 (t) >= —
Hence, the exponert that occurs in the waiting time distributio(¢), determines the
diffusion exponent in the MSD. It is seen that the SLT-CTRW implies strangsuand
diffusive transport for0 < § < 1.
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Diffusion in a stochastic magnetic field would correspond to the expohent /2.

Equation (48) can be rewritten in the form
si(k, s) —n(k,0) = —x(s)k*n(k,s),  x(s)=s" (51)
The inverse FL transforms yield

on

t
— = DO/ dty x(t)V?n(x,t —t), (52)
ot 0

wherey(t) is the inverse Laplace transform ¢fs) = s'=°. Equation (52) is theon-
Markovian diffusion equatian
The inverse transform of the long time contributiont®) is

W)y =-0 1 (53)

L(p) 27
However, there will also exists a contribution to the waiting time distribution at shorter
times so that 4

U(t) = f(t) + prwwct

Let’'s assume that this contributigfitt) is Markovian. This means thgi{t) oc exp —t/T.
Using (19) and??) it follows that this bulk contributes a constantyt6s) for larger values
of s, so that we find instead of (53)

1-6 1
x(t) = Ad(t) — TR 2o (54)
It follows that we can write the non-Markovian diffusion equation (52) in the form
on 1-3 [ 1
— — DoV*n(x,t) = —Dy——— dt; ——Vn(x,t —t 55
5 oVon(x,t) "T(B) /tmm 1 t?_ﬁv n(x, 1), (55)

where we have introduced a cut-off in the integral on the right in order to avoid the singu-
larity.

The left-hand side of this diffusion equation is just the classical Fick's equation. The
right-hand side represents the anomalous part. Note that this contribution vanishes for
£ =1, as it should!

The introduction of the cut-off seems to be quite arbitrary. However, it can be justified as
follows.

Multiply (55) with 2? and integrate over space. It is found that in 1D the MSD satisfies
the equation

1

0 -6 [t 1
I () /m Was

2
— < t) > —2Dy = —2D
5 <) 0 0

12



The RHS contains a term proportionalo *# and a constant term. Singe< 1, this
constant would dominate far— oo. This is a spurious effect, so that this term has to
cancel against the constant term on the left. The result is

tmin = F(ﬁ)_l/(l_ﬁ) (56)
so that the MSD is 5
t

< 2%(t) >=2Dg————. 57

T () 0F(1+5) (57)

Upon comparing this expression with the general scaling law (41) fer2, we see that
(57) has the correct behavior in time. It can be shown that this will also be the case for all
higher moments of the distribution function at the same valug,gf
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V. Leévywalks

In a discrete random walk with steps of finite size, the walker can only travel a limited
distance in N steps. This idea of a diffusion front beyond which the probability is zero,
gets lost in the continuous time limit. In this limit, there exist always a positive probability
for the walker to be at some place at any time. A diffusion front can be obtained in CTRW
by considering a coupled space-time memory.

Therefore, let us return to equation (11) and consider the spatio-temporal coupled memory
kernel

P(x,t) = p(x[t)¥(t) (58)
with
U(t) = At 17 (59)
for large values of, and
p(x|t) = o(r — V(r)t), V(r) = Bre. (60)

The pdfp(x|t) is the conditional probability that the length of the flighkisgiven that it

took a timet to complete, and’(t) is the probability that the flight time is

This kernel couples the step size with the waiting time. Steps of arbitrary lengths may be
taken, but larger distances take longer times. In a fixed time the particle will reach a finite
shell in space. This kernel allows for enhanced, super-diffusion.

An obvious case occurs when the velocifydoes not depend on the step length, but is
constant. This represents ballistic motion.

In the Richardson model of turbulence, that was discussed in Part I, the energy increases
with the size of the eddy. This means that also the velocity increases with size. If the
energy flux through the scales is taken to be invariant, one fif{d$ oc /3, leading to

the Kolmogorov spectrurh—>/3 (see Part lIl). Value§ < o < 1 correspond to > 1.

Valuesa < 0i.e. v > 1 would correspond to cases where the velocity decreases for larger
scale lengths.

Write (58)-(60) in the equivalent form

U(x,t) = At 7P (r — 1Y), (61)

withy =1/1 —a > 0.

An obvious case occurs when the velocitydoes not depend on the step length, but is
constant. This represents ballistic motion and occursffer(, i.e.v = 1.

In the Richardson model of turbulence, that was discussed in Part lll, the energy increases
with the size of the eddy. This means that also the velocity increases with size. If the en-
ergy flux through the scales is taken to be invariant, one finds o '/, leading to the
Kolmogorov spectrumk—°/3 (see Part Ill). Values < o < 1 correspond to > 1.

Valuesa < 0, i.e. v < 1, would correspond to cases where the velocity decreases for
larger scale lengths.

14



The Laplace transform of the space-averaged waiting time distribution is
U(s) —/ dt/ddxw(x, t)e —ASd/ dt/drrdltﬁlé(r—t”)e“
0 a

= ASd/ dtt =+ e st p=p0p—v(d-1)

We requirep > 0, so that the waiting time probability can be normalizéc{,s =
0) = [, dtyp(t) = 1. Further, fory > 1 the average waiting time exists; ¢ >=

—d¥(s)/ds|,—o. These considerations lead to the following asymptotic expressions for
small values of

A

U(s)=1-CsH, 0<p<l, (62)

and )
U(s) =1—ps, > 1. (63)

Further, considering the two-dimensional caSg+ 27), one finds
(s, k) — B(s) = A / Tt e / rdr / " (e _ 1y=0-15(0 — 1),
This leads to the following result
(s, k) —U(s) = 2w A / Tt T T (kt”) — 1]e™, (64)
where we have used the expression for the Bessel fundgian = (1/x) [, dfe=e=?,

In the asymptotic limit
kt” << st, (65)

where the Bessel function does not change very much during the deea$f oive may
expand this function for small values of its argumefit;z) ~ 1 — k*t* /4. Then, we
obtain

(s, k) — U(s) ~ —%Alf/ dt t—H-1H2vest (66)

The integral on the right exists fef;. 4+ 2v < 0, so that we have to leading order in small
quantities ) R
(s, k) — W(s) = C1k?, —pu+2v <0. (67)

For —u + 2v > 0, this integral does not exists and one obtains
(s, K) — U(s) ~ —C k>s" 2 —pu+20 >0, (68)

From the preceding discussion it is clear that four different cases exist.
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I. The first case occurs far < p < 2v. In this range of values of the exponents we
have found R

Y(s,k) ~ 1 —1ps — C1k*s" 2 U(s) =1—1ps.
The Laplace-Fourier transform of the pdf (5) is

Tps2VH

Tpsitv—n 4+ O k2

n(k,s) = (69)

This yields the mean square displacement

82

4Cy  tiTIm
2 = — fr 1
< x°(t) >= T akn(k, 1) k=0

™ I'(2+2v —p)

(70)
This case describes super-diffusion.

Il. The second case occurs when> 1, 2v. In this range we have found
(s, k)~ 1 —1ps — C1k2, U(s) =1 —Tps.
Upon substituting these expressions into (5) and takijis) = 1, one obtains

. _ D
n(k,s) = PRGN (72)

Here, we recover classical diffusion,

0? 4C
g Do = . (72)

< x*(t) >=

[Il. The third case is found fob < . < 1, u < 2v. Then,
(s, k)~ 1—Csh — Ok W(s) =1—Cst.
The Fourier-Laplace transform of the pdfx, ¢) is

OsQlffl

k. s) = G o

(73)

which leads to the MSD
4C, ¥

CT(1+2w)
In this interval of values of the exponents, either sub-diffusior:(1/2), classical diffu-
sion (v = 1/2), or super-diffusion > 1/2) occurs.

< x*(t) >= (74)

IV. The fourth case i < < 1, x> 2v. In this regime we have found

U(s, k)~ 1—Cs*—Cik?,  (s)=1—Cs",

16



so that

. Cst=1
n(k,s) = G 4 O (75)
This gives the MSD
4C t
2 1
-t 7
<x(t) > C Tt (76)

This regime has a sub-diffusive character.

Note that for levy walks the Fourier-Laplace transform of the pdk, ¢) can be written

such that it has the same structural form as in the case of decoupled space and time steps
that was discussed in Section Il (see equation (29)).

In the case of Richardson diffusion we have= 1/3 in (60), so thatr = 3/2. Thet?
behavior of the MSD can be recovered in case Il (or, equivalently, in case il fon).
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VI. Fractional integration and differentiation

Until 20 years ago fractional integration and differentiation were unknown in physics.
Since then, physicists have discovered that fractional calculus may be very useful in the
description of anomalous and 'strange’ diffusion problems. Fractional diffusion equations
generalize Fick’s and Fokker-Planck equations and represent memory and non-local as-
pects.

A way to introduce fractional calculus is to start from n-fold repeated integration,

where -
['(z) = / t* e tdt, Rez > 0, (78)
0

is the Gamma function. The Gamma function diverges for negative integer values of its
argument. Further we have used Dirichlet’s formula

z Y1 T x
/ dyl/ dyzf(yhyz) :/ dyQ/ dylf(yl,yz)-
a a a Y2

The n-tuple integral (77) can be generalizedtvactional integral of arbitrary order

IO () = ﬁ / Cdy (e — 9 ), o> (79)

wherea is positive real.This is the Riemann-Liouville fractional integral.

A. On the basis of (79) we can defities fractional derivative of ordet

d"™ 1 d"”
oDy f(x) = L f(x) = T(n—a) do"

T dan T
where n is a positive integer such tliakkc n — 1 < Re a < n. More precisely, this is
the left Riemann-Liouville fractional derivativeThe right Riemann-Liouville fractional
derivative is

/ dy (e —y)" ), x> a. (80)

_1\n n b
Dy fz) = %dd?/ dy (x—y)" "' f(y), x<b (81)

It is easily seen that/$ =, D, and,I;' =, D, “.

B. Note that the definitions (80) and (81) are not unique. It is clear that the following
definitions are also valid,

d s dr
DLf(e) =0 I ) = s [y @ =T ), vz a (62

dz™
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and

_1\n b mn
DLIw) = s [ @), ek (@

These equations form the Caputo definition of the fractional derivatives. The Riemann-

Liouville and Caputo fractional derivatives differ by boundary terms of the fungtion
and its derivatives.

C A third derivative that plays a role in fractional diffusion is the symmetric derivative

1
Y= DY+ D%]. 84
|| 20087’(’@/2[ w_l— oo] ( )

This is theRiesz fractional derivative
Below we list a number of properties of fractional integrals and derivatives.

I. The fractional integrals satisfy the group property
A0 1P =, 1075 (85)
The proof is as follows.

a 718 ) = 1 ’ ; ¢ TL
oLealf(@) F(a)F(ﬁ)/a dg(a:—g)l-a/a T

I T R (N
- r<a>r<ﬁ>/a I (5_7)1_5/7 K —gra

Apply the transformation of variablgs— s with ¢ = 7+ s(x — 7). Then, it follows that

T W S R (o B S
alxale( >_ P(Q)F(ﬁ)/a d (x_T)l—a—ﬁ/o d Sl_ﬁ(]_—S)l_a
_ Bla,p8) [* TL— B £y
— /a‘ d ( aIx f( )

L(a)L(B) x—T)imeh
Here,B(«, 3) is the Beta-function
! L(a)l'(B)
B(a, () = 71— s)Plds = —L~22 86
@.8)= [ syt = G (86)
II'. It is seen from (80) and (81) that
D2 f(r) = L D3 f(x),  LDEF(r) = — e DI f () (87)
a~ ¢ - d!)ﬁ'a T ’ xHp - dxa: b .
Il . From the definition of the fractional derivative it follows that
I'(p+1) _
Qo p—a
oDsx —F(M e 1)x . (88)
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This is equivalent to

I'(p+1)

D@ —a) = 5o

(x —a) ™. (89)

This result can be obtained as follows. According to (80) we have

1 dr [F
Dopht — e d . n—a—1, 1
oDz —F(n_a)dﬂ/o y(z—y) y
1 dn +u /1 1
— - d n—o
T — o) do” Wy (1-y)
Pp+1) 4
Mp—a+1) 7

where we have used definition (86) of the Beta function.
The Riemann-Liouville fractional derivative of a function that may be Taylor expanded
aroundz = a,

Fa) = Y s @),

1+ p)

is according to (89)

S B () 1 f'(a) St (a) pat?
“Dxf<x>—F(l—a)(x—a)a+F(2—Oé)(I—a) I+a ZF —a+3)(l' a) :

(90)
The first two terms are written separately because they are singular<fat: < 2. The
Caputo derivative takes care of these singularities,

°DS —i o (a) (z — a)P~**2, (92)
— T(p —a+3

IV . The rule (88) implies that the derivative of a constant does not vanish unless the order
of integration is an integer,

—Oé

0D2C = C_KF:EE (92)

On the other hand, the Caputo derivative of a constant vanishes

¢ DIC = 0. (93)

V. The derivative of the exponential function is

a" 1 v
d . n—a—1_-—y
dz" T(n — «) /0 y@=y) ‘
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_ eazq/(_&?x) (94)

I'(-a)’
where

1 x
Y(a,x) = m/o e 't Rea > 0,

is the incomplete gamma function.

VI. From ‘ . ‘ ‘
c_OOD;xezka: — (_ik)aezkz’ ngoezkx — (ik,)aezka:’ (95)

follows hat the Fourier transform of the Riemann-Liouville fractional derivatives are

FT° D} f(x) = (—ik)* f(k), S D% = (ik)” f (k). (96)
The Fourier transform of a fractional integral is
FT I3 f(x) = (=ik) ™ f (k). (97)

This can be shown as follows

o [Tt [ 0 2

o MNa) J_ o (z — ')«
_ [T v oibr_ 1 = Sf(w—s) _ fk) [~ Sez’ks
_/ood F(Oé)/o ds= F(a)/o ds =2
= (—ik)_“f(k)ﬁ /0—%00 dz 27 Y™ = (—ik) " f (k).

In the same way one can also find the FT of the fractional derivatives.

VIl . The Laplace transform of the left Riemann-Liouville fractional derivative(for

a<lis - | 4t
LT oDy f(2) :/0 dtme_ﬁ%/o dy(t —y) " f(y).

—st

[e§) t
=D ot s [ dtgi—s [aute—)s)

= s"f(s) — oDy flizo. (98)

This Laplace transform depends on the initial value of the fractional derivative. This is
not very convenient since the initial value of the functifn) is usually given.

IX. The Laplace transform of the Caputo fractional derivative (82) is

oy — [ g st " Ay
LTOth(t)—/O die m/ody(t—y)“
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1 /OO af [~ _ _
== dy— dt e 5 (t —y) ™,
Il —a) /, dy J, ( )

which gives )
LT {D* = s*f(s) — s* 1 £(0). (99)

The Laplace transform of the Caputo fractional derivative depends on the initial value of
the function itself.
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