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Glossary

Cellular automaton is an array of finite automata con-
nected locally, which update their states in discrete
time and at the same moments; every automaton up-
dates its next state depending on the states of its closest
neighbors.

Decision tree is a mapping from a classified set of obser-
vations about an event to the conclusion about its out-
come.

Deterministic automaton has only one next state for
each pair of internal and input states.

Finite automaton is an abstract machine which takes a fi-
nite number of states and transitions between the
states; the machine changes its states depending on the
input states.

Immunocomputing replicates principles of information
processing by immune networks to perform computa-
tion.

Learning automaton modifies its transition rules de-
pending on its past experience.

Learning classifier system is a rule-based system, a pop-
ulation of rules, which are processed, selected and up-
dated using reinforcement learning techniques.

Machine learning is a subfield of artificial intelligence
concerned with the design and development of algo-
rithms and techniques that allow computers to learn —
to improve automatically through experience.

Orthogonalization is subdividing a system into its dis-
tinct components.

Polynomial representation of cell-state transition rules
interpret local transition rules of a cellular automaton
as a Boolean or arithmetic polynomial.

Definition of the Subject

Identification of the cellular automaton is the reconstruc-
tion of cell-state transition rules from a given series of
global transformations, i. e., the approximation of the min-
imal cellular automaton that implements given global
transformations.

Introduction

The functional synthesis of finite automata problem was
first formulated in the 1960s, and is as follows: given an
operator on “superwords”, we wish to construct a finite au-
tomaton that realizes this operator. In other words, given
some language, we wish to build an automaton that repre-
sents this language [37,38]. A meta-language of regular ex-
pressions as well as algorithms for synthesis was discussed
by Kleene [23]. As to the synthesis of cellular-automata-
like networks, only the results obtained by [26] on the ho-
mogeneous structures with external inputs and outputs are
known. The possibility of finding cellular-automata rules
and initial conditions that generate a specified time series



4740

Identification of Cellular Automata

was indicated as yet another task in cellular automaton
synthesis by Voorhees [40].

Well-known methods of automata synthesis with de-
termined structure and behavior include Markov chains
and fuzzy systems for indeterministic automata, and ge-
netic programming for deterministic automata. One of
the most efficient ways is to use genetic programming
in the design of automaton parts [24,25]. Thus, Andre
et al. [14] used genetic programming with automatically
defined functions to evolve a rule for the majority classi-
fication task for one-dimensional cellular automata. They
obtained a rule with an accuracy of 82 percent.

Another way is to involve results founded on the iden-
tification of finite automata, i.e. the reconstruction of
the automaton structure from the given snapshots of au-
tomaton behavior. Two pioneering works on this sub-
ject are based on the theory of experiments with finite
automata [31,37]. A detailed historical overview of au-
tomata experiments can be found in a textbook on finite
automata by Brauer [15]. Identification is generally very
similar to the classic algorithms proposed by Trakhtenbrot
and Bardzin [38], and their modifications [32].

Adamatzky [1,2,3,4,5,6,7,8,9,10,11,12,13] developed
algorithms for the identification of various classes of cel-
lular automata, i. e., approximating minimal cellular au-
tomata from a finite series of the snapshots, or configu-
rations, recorded in the global evolution of the automa-
ton. A basic scheme for the identification of a determin-
istic cellular automaton is implemented in the following
steps. The minimal radius for the cell’s neighborhood is
chosen, and for all configurations all observable transitions
in the table of cell-state transitions are collected, in the for-
mat “cell’s neighborhood state at time t” — “cell’s state at
time t + 1”. If there are only two transitions with identical
left sides but different right sides — this is a sign of inde-
terminism - then it is assumed the wrong neighborhood
has been chosen (when identified automaton is known to
be deterministic). So the radius of the neighborhood is in-
creased and the table of cell-state transitions is collected
again. Identification is complete if the state transitions for
all possible states of the neighborhood are found.

Background and Basics of Identification

Cellular automaton is an array of uniform finite automata
connected locally. Each finite automaton, called a cell, of
the array takes a finite number of states. All cells update
their states simultaneously, in parallel, by the same cell-
state transition rule. A cell calculates its next state depend-
ing on states of its closest neighbors, known as a “cell
neighborhood”.

Cellular automaton can be defined by the tuple
(L, Q. u, f), where L is a lattice, or an array, of cells;
each cell x € L takes a state from the finite set Q; u is
a cell neighborhood u(x) = {y € L: |[x — y| < r} (risara-
dius, and k = |u(x)| is the size of the neighborhood);
f: Qf — Q is cell-state transition function. Let x! be the
state of cell x at time step ¢ and u(x)" = (y{.....y;), the
next state x‘*1of cell x is calculated as x'T! = f(u(x)f) =
f1.....y}). The configuration, or global configuration,
of cellular automaton is an array of the cells’ states.

The basic idea of identifying deterministic cellular au-
tomaton is as follows. Given a sequence of cellular automa-
ton configurations C; — ... C; — Cj4; — Cy,, we want
to reconstruct a minimal and correct description of the
cell-state transition function f. At a low level, the func-
tion f can be represented as a set, or table, of local tran-
sitions w — a, where w = (wy, ..., wg) is the string of
states of cell x’s neighbors and a = f(w). Therefore to re-
construct function f one has to select some minimal ra-
dius for the cell neighborhood, scan the given sequence
Cy — ...C; = Ci41 — Cyy of cellular automaton con-
figurations, and collect all observable transitions in the
form w — a. Then the consistency of the set of local tran-
sitions is checked. If there are two local transitions w — a
and w — b, where w € Q¥ and a, b € Q, with the same
left part w and different right parts, a # b, then we con-
sider that the calculated candidate for f violates the de-
terminism of the identified cellular automaton. This may
mean that we have chosen too small of a neighborhood
which does not include all neighbors influencing the cell’s
state transition. So, the radius of the neighborhood is in-
creased, the sequence of the given global configurations is
re-scanned, and the set of local transitions is rebuilt. The
procedure is carried out until a complete set of non-con-
tradicting transitions is calculated.

Example 1 (Identification of a one-dimensional cellular au-
tomaton) Given two configurations of a one-dimensional
deterministic cellular automaton of ten cells with peri-
odic boundary conditions, ¢! = 0011101000 and ¢!*! =
0110101100, we want to reconstruct the cell-state tran-
sition function. We start identification with a minimal
neighborhood u(x;) = (xj—1, xj+1), where i =1,...,10
and collect all observable transitions (xit_l, xf )~ X!t

i .

00— 0
01 -1
11—0
10 > 1
00 —>1.
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Transitions 00 — 0 and 00 — 1 contradict each another.
This means that the chosen neighborhood is insuffi-
cient in describing the conditions of local transitions.
Let us include the central cell in the neighborhood:
u(x;) = (xj—1, xi, xi+1) and collect local transitions in the
form (x/_. x{, x{ ) — KL

i i

000 — 0
001 =1
010 — 1
011 — 1
100 — 1
101 -0
110 — 1
111 - 0.

Now we do not have contradicting transitions, so we as-
sume that we reconstructed the minimal cellular automa-
ton which implements the global transformation ¢’ — ¢”.
The automaton is identified completely. Having the cell-
state transition rules, the behavior of the automaton can
be investigated further, e. g. global behavior can be studied
in terms of basin attraction fields (see Fig. 1).

Identification is assumed to be complete if state transi-
tions for all possible states of the neighborhood are found.
The identification is incomplete, or situational, otherwise.
More algorithms and examples of identification of deter-
ministic cellular automata, automata with memory, struc-
turally dynamic cellular automata, and asynchronous au-
tomata are provided in [10].

Classical identification of d-dimensional cellular au-
tomata implies explicit construction of a cell-state transi-
tion, or look-up, table. Let each cell of an identified cel-
lular automaton have g states, and each cell updates its
states in discrete time depending on the states of its im-

Identification of Cellular Automata, Figure 1

mediate neighbors in a neighborhood of radius r. There
are g, possible local states, or configurations of cell neigh-
borhood, where k = (2r + 1); so, the complete look-up
table has ¢ lines, each of length k + 1. To find a mini-
mal possible model we start by identifying the automaton
with a neighborhood radius of r=1 and gradually increase
it during identification. This usually leads to an enormous
computational effort for the identification, e. g., time com-
plexity O(/k g*), which becomes an unrealistic number
even for small numbers of cell-states and quite a modest
size of the cell neighborhood. In the rest of the article we
consider several techniques aimed to reduce complexity of
identification.

Identification Using Machine Learning

Tools of evolutionary computing and genetic program-
ming have already been used extensively to evolve cellu-
lar automata aimed to perform certain range of tasks, see
e.g. [19,20,22,25,29,30]. However, in these works the au-
thors used some global measure, e. g. the density of cells at
some specified state (density classification task), to select
the most successful rules. In the present section we will
discuss how cell-state transition rules can be determined
automatically from a given sequence of cellular automaton
configurations using machine learning techniques.

We consider the machine learning approach for iden-
tification of binary cellular automata. It employs accuracy-
based learning classifier system designed by Bull [16]. This
is a memory-less system in which the rulebase consists of
N action rules, and the condition is a string of characters
from the ternary alphabet {0,1,#}, where 0 and 1 are cell
states, and # is a value of undefined cell-state transition.
The action is also represented by a binary string. With each
rule we associate a predicted payoft value p, a scalar error
&, and an estimate o of the average size of action sets in
which that rule participates. When the input message is re-

Global transition graphs of a one-dimensional cellular automaton, identified from the snapshot 0011101000 — 0110101100. Nodes
correspond to the configurations, edges to the global transitions (produced by DDLab, www.ddlab.com)
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ceived by the learning system, its rulebase is scanned, and
the rules with conditions matching the input message at
each position are marked as members of the current match
set M. The action is selected from actions proposed by ele-
ments M. The rules proposing the selected action form the
action set A.

Bull [16] uses immediate reward and reinforcement
via updating the error, the niche size estimate, and the
payoff estimate of each element of the current action set
A using the Widrow-Hoft delta rule with learning rate
B. Offsprings are produced via mutation and single-point
crossover. Existing members of the rulebase are replaced
randomly based on the estimated size of action set.

Let us consider an example of the identification of
the one-dimensional cellular automaton with a three-cell
neighborhood and two cell states, see details in [18]. Cells
of the automaton update their states by the following rule:
<State of the left neighbor, state of the central cell, state of
the right neighbor> — new state of the central cell.

000 =1
001 — 0
010 — 1
011 =1
100 — 0
101 =1
110 =1
111 =0

Examples of space-time snapshots of the automaton de-
veloping from random initial configurations are shown in
Fig. 2.

At the beginning of identification, the learning classi-
fier system has no information about the size of the cell
neighborhood or the cell-state transition rules. The system
represents automaton as a random automaton, where ev-
ery cell takes its next state with probability 0.5, irrelevant
to the state of the cell’s neighborhood, see an example of
such development in Fig. 3a.

After 2000 trials the learning classifier system extracted
the rules (we also show prediction p, error € and action set
size o estimates):

p € o
110 — 1 :1000.00000 :0.00000 : 53.00009
#00 — 1 :555.93876 1 527.68224  :66.33652
01# -1 :000.00000 : 0.00000 1 76.05551
##1 — 0 :32.45343 :456.82484  : 50.10989

Quite an accurate generalization of 01# — 1 has already
been identified, i. e., the fact that the right neighbor state
is redundant for states 010 and 011 has been learned (‘#
indicates a wildcard). The accurate rule 110 has also been
found. The two other general rules mean the learning clas-
sifier system put the wrong states for two of the remaining
five possible states. Thus the partially incorrect rule table is
as shown below (contradicting transitions are underlined):

000 - 1 (rule#00 — 1)
001 — 0 (rule##1 — 0)
010 > 1 (rule0l# — 1)
011 - 1 (rule0l# — 1)
100 > 1 (rule#00 — 1)
101 —> 0 (rule##1 — 0)
110 > 1 (rulell0 — 1)
111 - 0 (rule##1 — 0)

Development of this partially identified cellular automa-
ton is shown in Fig. 3b.

After ten times more steps of learning and identifica-
tion, on the 20 000th trial, more accurate cell-state transi-
tion rules are discovered:

001 — 0 :1000.00000 :0.00000 1 19.73689
100 — 0 :1000.00000 :0.00000 1 23.87451
110 -1 :1000.00000 :0.00000 :25.97547
0#0 — 1  :1000.00000 :0.00000 1 22.78546
01# — 1 :1000.00000 :0.00000 :21.89581
#1 —0 :526.06540 :495.97291  :36.40984

The table includes one more possible generalization:
0#0 — 1. The learning classifier system got the wrong rule
101 — 1 because of the persistence of the rule ##1 — 1.
At this stage of identification, the cell-state transition rule
table looks as follows:

000 - 1 (rule0#0 — 1)
001 — 0 (rule##1 — 0)
010 > 1 (rule0l# — 1)
011 - 1 (rule0l# — 1)
100 - 0 (rule1l00 — 0)
101 —> 0 (rule##1 — 0)
110 > 1 (rulel10 — 1)
111 - 0 (rule##1 — 0)

The development of a cellular automaton governed by
such transition table is shown in Fig. 3c.
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Identification of Cellular Automata, Figure 2
Example space-time configurations of a one-dimensional cellular automaton with 200 cells. Initially each cell is assigned the state
1 with probability a 0.01, b 0.3, ¢ 0.6, and d 0.9, and state 0 with probabilities, 0.99, 0.7, 0.4 and 0.1, respectively. Time goes down.
A black pixel represents state 1, and a blank pixel represents state 0 [18]

The minimum radius and complete table of cell-state
transitions are computed by the learning classifier system

in 100,000 steps as follows:

001 — 0
100 — 0
101 — 1
110 — 1
111 - 0
0#0 — 1
01# — 1

: 1000.00000
: 1000.00000
: 1000.00000
: 1000.00000
: 1000.00000
: 1000.00000
: 1000.00000

: 0.00000
: 0.00000
: 0.00000
: 0.00000
: 0.00000
: 0.00000
: 0.00000

The appropriate generalization is evolved:

000 — 1
001 — 0
010 -1

(rule0#0 — 1)
(rule001 — 0)
(rule01# — 1)

: 18.78942
1 17.33453
1 18.21793
: 17.65666
:17.89178
:20.78546
:21.89581
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011 > 1 (rule01# — 1)
100 — 0 (rule100 — 0)
101 — 1 (rule101 — 1)
110 > 1 (rule110 — 1)
111 -0 (rulel1l — 0)

These rules give an identical space-time evolution
from the same random initial configuration as the under-
lying cellular automaton shown in Figure 3d. More details
regarding the performance and behavior of Bull’s learning
classified system used in the identification of cellular au-
tomata can be found in [18].

Identification Using Polynomial Representation

In developing their approaches to identify cellular au-
tomata, Billings and collegues [43,44,45,46,47] used poly-
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3133333333333333313333333323 113

b31333333333323233333332333

Examples of space-time configurations of cellular automaton (CA). a cells which update their states by the rules extracted after the
1st trial, b after the 2000th trial, c after the 20 000th trial, and d after the 100 000th trial. Initially, each cell is assigned the state 1 with
probability 0.5, and is assigned the state 0 otherwise. For all rules, the CA started its development in the same random configuration.
Time goes down. A black pixel represents state 1, and a blank pixel represents state 0 [18]

nomial representations of local transition rules. It is a well
know and explored fact (see [40,41] for overview and fur-
ther details) that cell-state transition rules of binary cel-
lular automata can be represented as an expression from
Boolean algebra, with conjunction and exclusive disjunc-
tion operations. The elements of the cell neighborhood are
variables in such a logical expression. The logical expres-
sion in turn can be represented by an arithmetical poly-
nomial with operations of multiplication and binary addi-
tion.

Yang and Billing [44] are applying orthogonalisation
to derive an algorithm for detecting significant terms and
estimate coeflicients of the polynomial representation of
local transition rules. Significant terms indicate which ele-
ments of a cell neighborhood should be necessarily taken

into consideration when extracting local transitions. They
are using error reduction ratios to evaluate how much
each element of the cell neighborhood contributes to up-
dating the state of the cell. The methods of selecting the
correct neighborhood can also be based on statistics asso-
ciated with neighborhood elements and mutual informa-
tion [46].

The polynomial-representation-based-identification
seems to also work for stochastic cellular automata.
Thus, Yang and Billing [43] demonstrate that binary-
state stochastic automata are well modeled by an integer-
parametrized polynomial disturbed by noise. To detect
the minimal and sufficient neighborhood one should se-
lect correct terms of the model.
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Binary Tree Representations
and Genetic Programming

El Yacoubi and Jacewicz [20,22] use genetic algorithms to
discover and design cell-state transition functions. They
are fulfilling goal-based identification tasks, where cellu-
lar automata are not extracted from a set of given configu-
ration but rather designed from scratch to satisfy certain
global conditions in their space-time evolution. We will
discuss the El Yacoubi-Jacewicz approach briefly because
similar ideas are explored in more depth by Maeda and
Sakama [27,28], as shown in the next section.

When binary state cellular automata are concerned,
a cell-state transition function is represented as a binary
tree (Fig. 4), where each node corresponds to some bi-
nary logic operator, and the leaves represent cells, or el-
ements, of the neighborhood. Genetic algorithms can then
be used to evolve ‘optimal’ trees, which in turn give us best
version of cell-state transition function, where the fitness
criterion is a measure of how good the desired global dy-
namics can be represented by the cell-state transition func-
tion [20,22].

The local transition functions are developed in the fol-
lowing manner. We select the initial size of the tree, the
crossover and mutation probabilities, the number of iter-
ations, the population size, and the fitness values. Then
a Boolean function is selected, and a terminal set of ac-
cepted neighborhoods, or neighborhood sizes. The ran-
dom population of cell-state transition functions creates
a set of configurations. For each configuration a fitness
value is calculated (as some global characteristic, e. g. num-
ber of cells in certain state). Based on the fitness values,
the local transition functions are selected and subject to
crossover and mutation operations.

Using their approach, El Yacoubi and Jacewicz [20,22
discovered the cell-state transition rule for the uniformity

Identification of Cellular Automata, Figure 4
Binary tree representation of the cell-state transition function:

t+1 __ t t t
X=X ADG VX))

problem, the synchronization problem, and the density
classification problem.

Identification Using Decision Trees

Maeda and Sakama [27,28] employ decision trees and ge-
netic programming to identify cellular automata. Their ap-
proach is basically very similar to the identification algo-
rithms designed by Adamatzky [10], with some improve-
ments in computational complexity. Given a sequence of
automaton configurations, local transitions are collected
as evidences, which are then classified as a decision tree.
A cell-state transition table is derived from the decision
tree using genetic programming.

An evidence is a pair: the state of the neighborhood,
and the next state of the neighborhood’s central cell. The
first element of each evidence is selected from a cellular
automaton configuration at a time step t and, the sec-
ond element at time step f + 1. Evidences are collected in
a set. Identification starts with some minimal neighbor-
hood. The radius of the neighborhood is increased if there
are contradicting evidences, i.e. two evidences with sim-
ilar first elements and different second elements. Redun-
dant cells are removed from the final neighborhood by the
standard procedure suggested in [10].

What are the classification conditions in Maeda-
Sakama’s identification techniques? Evidences are classi-
fied by their neighborhood patterns [27,28]. The explicit,
spatial, state of the cell neighborhood is converted to if-
then rules involving the enumeration of neighbors and the
direct indication of their states; e.g., “If the South-West
and North-East neighbors have state 1, then the central
cell will take state 1”. These are the classification condi-
tions. Classification conditions are represented by condi-
tion trees, as in El Yacoubi-Jacewicz [20,22].

Genetic algorithms are applied to condition trees to
find classification conditions which correctly classify all
evidences. Several condition trees can be connected in one,
so a condition tree is extended until it represents a classifi-
cation condition which classifies all evidences.

Each node of the decision tree has a certain condition
value which is computed from the condition of a classifi-
cation condition of the previous node and the next state
of the cell based on the classification condition. Given
a neighborhood state of a cell, a decision tree returns next
state of the cell.

Let us consider the following example as it is discussed
by Maeda and Sakama [28]. Given a sequence of config-
urations (Fig. 5) for a two-dimensional cellular automa-
ton with three cell-states and a five-cell von Neumann
neighborhood, we want to extract the rules of cell-state
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Identification of Cellular Automata, Figure 5

Given snapshots of two-dimensional cellular automaton to identify

transitions. Let us mark cells in the neighborhood accord-
ing to their geographical position relative to the neigh-
borhood’s central cell: South (S), North (N), West (W),
East (E) and Central (C) cells. The condition and deci-
sion trees obtained from the sequence of configurations
in Fig. 5 are primitive. The condition tree T has one root,
an addition operation, and six leaves: S, N, W, E, C, C
(the central cell is used twice). The decision tree has one
root and eight leaves, expressed by the following if-then
rules (where R is the outcome of a condition in a decision
tree):

If T=0 then R=0
If T=1 then R=0
If T=2 then R=1
If T=3 then R=1
If T=4 then R=2
If T=5 then R=2
If T=6 then R=2
If T=k then R=0

where7 < k<12.

This can be minimized to the following set of rules.
P(x, t) is the arithmetical sum of the cell-states in a neigh-
borhood of the cell x at the time step ¢, and x‘ T is the state

of the cell x at the time step t + 1. Then

if P(x,t) < 1thenx'™1 =0
elseif P(x, t) € {2,3} then x'T! =1
else if P(x, t) € {4,5,6} then x'T! =2
if P(x,t) > 7thenx!T1 = 0.

Identification by Inmunocomputing

Tarakanov and Prokaev [34] represent cell-state transi-
tions of cellular automaton by an artificial immune net-
work. The number of possible entries in the state transi-
tion table is reduced by using apoptosis (programmed cell
death, or cell suicide) and immunization [35].

A set of parameters, or state vector, is defined for
each cell of the identified automaton: X = [x1...x,].
The vector is comprised of a sequence of cell states (ex-
tracted from series of given snapshots) ¢, ¢!, ... 7P
and states of the cell’s neighbors, along an identified pe-
riod: u', u™1, ..., u'~P. Vector X does not have to be de-
fined completely.

To identify a cellular automata, Tarakanov and col-
leagues [34,35] employ their techniques for pattern recog-
nition by immune-computing. This is simulated by molec-
ular recognition, as a computation of binding energy be-
tween an antigen, n-dimensional input vector, and anti-
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bodies, singular vectors of the single value decomposition
of a training matrix [35]. The procedure is built of two
parts: two stages of training, and recognition.

At the first stage of training, data are mapped to
a formal immune network: training patterns are acquired,
a training matrix is formed, and a single vector decom-
position (binding energies) of the training matrix is cal-
culated. Single vectors obtained are analogs of antibody-
probes. Then the obtained data are compressed by apopto-
sis — if there are two neighboring cells with the same value
just one cell is kept alive, and immunization - if the ‘killed’
cell has no neighbors with the same value as the cell has
then the cell is restored. Immunization is used to correct
mistakes accumulated during apoptosis.

At the second part, recognition is implemented. The
cellular automaton pattern (analog of antingen) is mapped
into the formal immune network. Then the nearest cell,
corresponding to the pattern of the network, is detected,
and the class, or local transition function of identified cel-
lular automaton, of the nearest cell is assigned to the pat-
tern [34,35].

Application of Identification in Automatic Design
of Cellular-Automata Processors

Identification strategies can be used in developing auto-
matic programming techniques for massively parallel cel-
lular automaton processors [11]. Let us consider two ex-
amples of the programming of two-dimensional semi-to-
talistic cellular automata, with a binary set of cell states and
an eight-cell neighborhood.

Example 1 (Computation of a discrete convex hull)
A 45-convex hull of the subset S of nodes of an integer
lattice is an intersection of all discrete half-places contain-
ing S [21,33]. A discrete 45-halfplane is the set of all such
nodes (i, j) of an integer lattice that satisfy the inequality
a-i+b-j<cforlal,|b| <1and integerc.

Given a connected set of black pixels (a cellular au-
tomaton configuration), we want to design a cellular-au-
tomaton processor which computes the discrete convex
hull of this set. The given set must be mapped on to the
lattice in such a manner that cells having the same indices
as the nodes of the given set take state 1, whereas others re-
main in rest state 0. The domain grows until it reaches the
shape of the convex hull. The state 1 is an absorbing state
because every cell initially “excited” with state 1 remains in
the state 1 forever.

In discovering the cell-state transition function, we will
employ the fact that convex hull must be a stationary con-
figuration of a cellular automaton. Therefore we take two
identical configurations as shown in Fig. 6. From the tran-

=1 T=2

L.11113111111
PP -1111111111311..
S.-..1111111112111211 111111111111111.
-...11111111111111111,, - L-..11113112111211311 .. L
...1111111111111112133. .. ..., +..1111111131211211111,. ... ...

..111111111111313313111 . ..
£.111131331313313331332101.. ...,
£.111113311111131113121111. N
~-1111111111111111311111111....
~+011111131111131113312111211... .
--111111113331231731371131111L.. ..
-.111111123311111211131111.....

».111111112111131121111111111 .. ...
©.11317133111331311111211%. ...
©+1121313112111121121121123111. . ..
©.11111111111131111111111.. ...

-+ -11111111111111313331121%.,..,... £..131111121112131313221211. .. ...
-oeal111113113343 1111 L ....1111111111111111111. ... ...
L...-111321111323222212 .0 L

..... 11311111111311411.,

£111111111111311 111112111111128. ..., ...

Identification of Cellular Automata, Figure 6
Source configuration (T = 1) and target configuration (T = 2)
are the input for the tool of automatic programming of a cellular
automaton that builds a discrete convex hull

sition ‘given global transition source configuration’ — tar-
get configuration we extracted conditions of the cell-state
transition 0 — 0. It was found that a cell in state 0 remains
in state 0 if it has 0, 1, 2, or 3. This means that a cell in
state 0 takes state 1 if more than three of its neighbors are
in state 1.

The resultant local transition rule is as follows:

1, (x*=1) or
Kt = ((x" = 0) and (X epqy ¥' > 3))
0, otherwise,

where x! is the state of cell x in time step ¢, and u(x) is
a neighborhood of the cell x. The evolution of a designed
cellular automaton is presented in Fig. 7.

Example 2 (Detecting the contour of a convex image)
Given a convex solid image filled entirely with black pixels,
we want to design a cellular automaton which computes
the contour of the image. We represent a given image and
its contour on the integer lattice as two separate configura-
tions of a cellular automaton. The image is a source config-
uration, and the contour is a target configuration (Fig. 8).
Taking for granted a minimal eight-cell neighborhood,
all observable states of the neighborhood for the transi-
tions 1 — 1,1 — 0 and 0 — 0 are collected. The transi-
tion 0 — 0 is unconditional. It takes place independently
of the current state of the neighborhood. The two other
transitions are conditional. The black pixel (cell state 1)
remains black if four or five of its neighbors are black pix-
els; otherwise it becomes white (cell state 0). A two-dimen-
sional, semi-totalistic cellular automaton was designed,
which has an eight-cell neighborhood, two cell states, and
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The computation of a convex hull in a cellular automaton identified from the two given configurations at Fig. 6. The discrete data set
is represented in the initial configuration of the automaton (T = 0), and the completed convex hull in the configuration at time step
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function of a minimal cellular automaton from snapshots
of an experimental Belousov-Zhabotinsky medium [46].

.11111111111..
.1111111111111. a
111111111211111. . Tarakanov and Prokaev [34] demonstrated how to em-
. 11111112111111111. . . . . .
©113112121111111122211 ploy identification techniques to build a cellular-automa-

©.111111111111111111111. .
©.1111111111111111111111......
-.11111111111111111111111... ..
..111111111111111111111111. ..,
..1111131111111111111111111. ...
..1111111111112111111111112 ...
©»1111111111211111131113111 ...
©.+111111111111111111111. ... ..

ton model of a temperature field generation using real field
data from Barents Sea.

We expect that identification techniques will be ap-
plied in reconstructing local transition rules of natural spa-

©...1111111111111111111 . .. . . .. tially extended systems: interacting populations, morpho-
..... 11111111111111111........ . . . .
,,,,, 111111111111101 . .o genesis, reaction-diffusion systems, homogeneous neural

networks, as well in design of more efficient massively par-
allel processors with cellular automaton architecture.

Identification of Cellular Automata, Figure 8

The source configuration (T = 1) and the target configuration
(T = 2) are the input for the automatic programming of a cel-
lular automaton that computes counter of convex image
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Glossary

Pose The position and orientation of an object is referred

Camera-in-hand configuration The

Camera-to-hand configuration The

to as the pose. The pose has a translation component
that is an element of R? (i.e., Euclidean-space), and
the rotation component is an element of the special or-
thogonal group SO(3) C R**?, though local mappings
of rotation exist in R? ( e.g., Euler angles, angle/axis)
or R* (e.g., unit quaternions). Pose of an object has
specific meaning when describing the relative position
and orientation of one object to another or the position
and orientation of an object at different time instances.
Pose is typically used to describe the position and ori-
entation of one reference frame with respect to another
frame.

camera-in-hand
configuration refers to the case when the camera is at-
tached to a moving robotic system (e.g., held by the
robot end-effector). In this case, camera pose is typi-
cally the state being estimated.

camera-to-hand
configuration refers to the case when the camera is
stationary and observing moving targets (e. g., a fixed
camera observing a moving robot end-effector). In this
case, pose of a viewed object is typically the state being
estimated.

Feature point Different computer vision algorithms have

been developed to search images for distinguishing
features in an image (e. g., lines, points, corners, tex-
tures). The three-dimensional Euclidean-space repre-
sentation of a point in the two-dimensional image

plane is called a feature point. Feature points are se-
lected based on contrast with surrounding pixels and
the ability for the point to be tracked from frame to
frame. Sharp corners (e. g., the windows of a building),
or center of a homogenous region in the image (e. g.,
the center of car headlights) are good examples of fea-
ture points.

Calibration A camera has a set of parameters collectively

known as calibration parameters that describe the in-
teraction of optics and imaging surface to produce an
image. The camera calibration parameters are com-
posed of the intrinsic parameters (i. e., image center,
camera scale factors, and camera magnification factor)
and extrinsic parameters (i.e., relative camera pose
with respect to a fixed reference frame). The process
of learning the parameters for a particular camera is
known as calibration. Using the calibration parameters
to recover geometric data from raw image data is also
referred to as calibration.

Epipolar constraint Given two images of a three-dimen-

sional scene taken at two different poses, the Epipolar
constraint restricts the positions of two-dimensional
image points in both images. If the relative pose be-
tween the cameras is known and a point is identified
in one image, the Epipolar constraint restricts the lo-
cations of the feature points in the second image. Con-
versely, if points are matched in two images, the Epipo-
lar constraint restricts the possible relative camerea
poses that could yield the two images and the rela-
tive three-dimenstional coordinates of the points in
the scene. It is possible to codify the Epipolar con-
straint as a 3 x 3 matrix, known as the Essential Ma-
trix. Given a sufficient number of points in two images,
the Essential Matrix can be determined and decom-
posed to solve for the translation and rotation between
the two camera poses. The Epipolar constraint exists
even when image points have not been calibrated. in
which it is codified in the Fundamental Matrix. It is
possible to codify the epipolar constraint as a 3 x 3
matrix, known as the Essential Matrix. Given a suf-
ficient number of points in two images, the Essential
Matrix can be determined and decomposed to solve for
the translation and rotation between the two camera
poses. The Epipolar constraint exists even when image
points have not been calibrated, in which it is codified
in the Fundamental Matrix.

Homography The geometric concept of homography is

a one-to-one and on-to transformation or mapping
between two sets of points. In computer vision, ho-
mography generally refers to the mapping between
points in two Euclidean-planes (Euclidean homogra-
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phy), or to the mapping between points in two images
(projective homography).

Definition of the Subject

Image-based state estimation (IBSE) is the use of image
data to approximate a set of variables that determine the
current conditions of a system. Image data commonly
refers to visual images captured by an optical camera
(such as the development in this chapter); however, im-
ages can also be synthesized from other sensors, such as
SOund Navigation And Ranging (SONAR), RAdio Detec-
tion And Ranging (RADAR), LAser Detection And Rang-
ing (LADAR) or cross-section information from Com-
puted Tomography (CT) or Magnetic Resonance Imaging
(MRI). For robotic systems that employ state-estimation,
the states that are observed typically include the kinemat-
ics of a physical object such as position, orientation, and
linear and angular velocity in the Euclidean-space.

The task of determining the pose and/or velocity of
a moving camera observing a static scene is described as
the “camera-in-hand” problem since early IBSE for ro-
botics was achieved by a manipulator gripping the camera.
The opposite task where the camera is stationary observing
a moving target is called the “camera-to-hand” to denote
the scenario where the camera is observing the motion of
the robotic system from some fixed location.

Vision is arguably the primary environmental sensor
used by human beings and many other animals. As mem-
bers of a visual society, people can easily relate to infor-
mation provided from a camera. Identification and inter-
pretation of data is simple to convey in both directions of
the man-machine interaction. From an engineering per-
spective, cameras are passive sensors (i. e., do not emit en-
ergy for sensing), and thus undetectable unlike active sen-
sors modalities such as; SONAR, RADAR, and lasers. Pas-
sive sensing is important for surveillance and security tasks
and environments where energy emitting sensors are haz-
ardous. IBSE methods are important because they provide
a means to determine information from images such as
the six-dimensional pose and velocity of some identified
and tracked object. Relative pose information, proximity
to a target, and velocity of a target/camera are examples
of common feedback information that robots require for
autonomous operation.

Introduction

The use of images to determine the pose of a camera
with respect to a viewed object can be traced back to
at least 1913 when Kruppa [1] proved that two camera
views of five Euclidean points could be used to estimate

the translation and rotation separating the two camera
views. However, the lack of sufficient computational re-
sources has limited the growth of such IBSE until modern
times. In recent literature, the eight-point algorithm was
a landmark result introduced in [2] and [3] which uses the
epipolar constraint (see Subsect. “The Essential Matrix and
the Eight-Point Algorithm”) to solve for camera motion
and/or scene structure from eight or more feature points.
Algebraically, the algorithm is an implicit function of two
images of a Euclidean point and the rotation and transla-
tion between the camera views. Geometrically, the epipo-
lar constraint restricts the set of Euclidean coordinates of
a feature point between two camera views separated by
a finite rotation and translation. The development of the
epipolar constraint gave rise to a large body of work in re-
construction of motion and structure from multiple cam-
era views using linear algorithms. Specifically, advances in
computer vision research later reduced the number of req-
uisite non-coplanar feature points to as few as five fea-
ture points [4,5]; however, the five-points algorithm re-
quires solving the roots of a tenth degree polynomial and
results in additional valid solutions. The planar homogra-
phy (see Subsect. “The Planar Homography Algorithm”)
algorithm [6], which solves for motion and structure from
multiple views of four or more feature points that lie in the
same 3D plane, is also based on outcomes of the epipolar
constraint. The linear algorithms in works such as [2,3,6]
provide the geometric backbone of the IBSE methods pre-
sented in this chapter. These linear methods are attractive
due to their relative simplicity and mathematical tractabil-
ity. These methods are easily implemented as computer
programs with limited resources such as embedded sys-
tems, and can operate much faster than thirty Hertz (con-
sidered “real time” for video) with modern desktop or
laptop resources. The linear algorithms that relate multi-
ple images also require no a priori information about the
scene.

The previously described linear geometric relation-
ships are widely used in literature and have been success-
fully demonstrated in a number of applications. Yet, these
methods have some limitations. Like any linear technique,
the approximation can give erroneous results in the pres-
ence of nonlinearities such as optical effects, normaliza-
tion, and noise. Thus, in the 1990s some methods began
to develop as a means to compensate for these effects us-
ing nonlinear methods. These results use linear techniques
for an initial estimate of the relative geometry followed by
an optimization step through gradient descent techniques
(e.g., [7,8,9]), typically referred to as bundle adjustment.
Accommodating for such disturbances in the geometric
transformation is an important area of research, and the
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reader should be aware of these methods. However, this
chapter will not discuss them in detail.

Even under the assumption that the linear geomet-
ric relationships are sufficient, a significant issue that im-
pacts IBSE is that to maintain an estimate of the motion
of an object (or of the camera), the feature points must
remain in the field-of-view (FOV). Motivated by this is-
sue, researchers have investigated various methods to ex-
pand the FOV. Techniques to indefinitely relate multi-
ple pose estimates from multiple, overlapping views, have
been explored in [10,11]. Both of these papers are moti-
vated by IBSE and control of unmanned aerial vehicles.
Subsect. “Long Term Pose Estimation Through Chained
Homography Decomposition” provides an example tech-
nique that can be used for camera pose estimation over
large scenes where features leave the FOV. Cameras with
curved lenses or curved mirrors can deliver a 360° (albeit
distorted) view. Several researches have developed non-
linear observers for state estimation with such omnidirec-
tional cameras (e. g., [12,13]).

Another challenge for IBSE is that the image-plane ge-
ometry only provides a scaled pose of a camera or object
in the current image relative to a pose at reference goal
image. An additional set of linear equations can deliver
the depths of feature points up to an unknown scale fac-
tor. However, the unknown scaling can be a significant
obstacle for autonomous robotic tasks. Subsect. “Solving
for Relative Object Poses Through Knowledge of a Single
Length” presents an example method that exploits some
additional knowledge, such as a single known length on an
object, to attach a reference frame to the object and deliver
relative pose of the object with respect to the camera.

In the late 1980s, researchers began applying optimal
filter techniques, namely the Kalman Filter (KF) and Ex-
tended Kalman Filter (EKF) for IBSE. Some approaches
revolve around the Essential Matrix and use the EKF to
refine the estimate of the Essential Matrix to determine
the pose and/or velocity [14]. Other methods eschew ex-
ternal pose estimation schemes and use image features as
inputs to the KF/EKF with pose and/or velocity as an out-
put [15,16,17,18]. KF approaches to IBSE are discussed in
Sect. “Image Based Kalman Filter Estimation”.

In the 1990s and 2000s nonlinear estimators/observers
were investigated as IBSE methods. Similar to the KF
developments, some methods use linear pose estimation
techniques to estimate velocity or pose of an object [19],
while others develop estimation approaches without us-
ing the linear methods [20,21,22,23,24]. In Subsect. “Ve-
locity Estimation Through a Nonlinear Observer” a non-
linear estimator based on the planar Homography Matrix
is provided as an example that estimates velocity of a mov-

ing object given geometric knowledge of the shape of the
object. In Subsect. “Nonlinear Estimator for Range Iden-
tification”, an example of a nonlinear method to estimate
the range (i.e., depth) to feature points is provided that
exploits the additional information that the camera/object
velocity is known. Given knowledge of the camera/target
motion, the example Subsect. “Nonlinear Estimator for
Range Identification” is developed without linear pose es-
timation methods.

This chapter serves as an introduction and brief sur-
vey to the field of IBSE. Several books have been written
which can be recommended to provide in-depth treatment
of these subjects. The bedrock methods based in epipolar
geometry are covered in great detail in [25,26,27,28]. Fur-
ther discussion on Kalman Filtering for IBSE is provided
in [26].

Pinhole Projection Model

There are several approaches to model the projection of an
object’s image through a lens and imaging surface. A sim-
ple, widely used method for accurately modeling a well fo-
cused imaging system is the pinhole camera model (i.e.,
a perspective projection). For the pinhole camera model,
a Euclidean reference frame is attached to the camera at
the center of projection. The imaging surface is a plane
perpendicular to the z-axis of the camera frame, and lo-
cated a distance f from the center of projection. The dis-
tance f is the focal length, and is a physical characteristic
of the camera and lens. The pinhole camera model is illus-
trated in Fig. 1.

The coordinates of a feature point in the Euclidean-
space with respect to the camera frame are denoted as

m(t) = [x(t), y(t), ()] .

The point m(t) projects to a point m(t) on the image plane,
with normalized coordinates

C[x0) y 7"
mt) = [%’ EOR 1]

in the camera frame. This projection can be described as
a nonlinear projection function I7(-) as

m = I1(m) .

In a digital camera, the normalized coordinates of points
are measured in pixel coordinates as

() = [u(t),v(t), 11",

where u(t) and v(t) are integers that are typically measured
from a corner of the image. The relationship between the
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m=[x,y,z]
(object)

Image Based State Estimation, Figure 1
Pinhole projection model

jth image-based feature point and the corresponding Eu-
clidean point is given as

pi(t) = Amj(t) (1)

where A € R¥*3 is a constant, invertible, upper-triangular
camera calibration matrix given by [28]

fox foxcota g
A=1] 0 foyseca v . (2)
0 0 1

In (2), f is the focal length, oy, 0, are the pixel size in
the x and y directions of the camera frame (also the u
and v directions in the image plane), o is the skew angle,
which defines how rectilinear the pixels are, and uy and
v define the center of projection in pixels. Together, f,
Ox, Oy, O, U, v are the intrinsic calibration parameters,
and can be determined through camera calibration pro-
cedures [29,30,31,32,33]. The methods presented in this
chapter are based on the assumption that the camera is cal-
ibrated. Given knowledge of A, it is possible to recover the
normalized coordinates of a feature point from the pixel
coordinates. More complicated geometric primitives such
as lines, curves and surfaces are composed of infinite sets
of points M = {ri1;}, where 11(t) is every point in the
primitive. Likewise a line, curve, or surface is described in
the image by a set M = {m}, where m; = £2(rn;) is every
point in the two-dimensional primitive.

The development in this chapter will also focus on the
use of points as image features for estimation. Algorithms
exist for lines, curves, surfaces, etc., but points are sim-
ple to extract from an image, track between images, and
to mathematically represent. Furthermore, many methods
that use other primitives are simply alternative ways to

Image Based State Estimation, Figure 2
Feature points from corner detection

Image Based State Estimation, Figure 3
Feature points from the critical points of a contour

solve for the structures such as the Essential or Homogra-
phy Matrices, which can also be determined by just using
points. Extraction of feature points in images is outside the
scope of this chapter, but there are many resources avail-
able. Points in an image are often found as contrasting
areas such as corners (e.g., [34,35]), as an averaged area
such as the centroid of a region, as local extrema [36], as
critical points of a contour, or at the intersection of lines.
Figures 2—-4 show examples of corner extraction from cor-
ner detection, critical points of contours and intersection
of lines. There are many methods of contour extraction
(cf. [37,38]) and line/curve extraction (cf. [34,39,40]).

Linear Estimation of Position and Orientation
from Two Images

While techniques for estimating camera pose and scene
structure from a series of images have been developed
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Image Based State Estimation, Figure 4
Feature points from the intersection of lines

since the early 20th century, computational resources lim-
ited the advancement and usage of these methods until
the early 1980s. The first techniques developed were lin-
ear methods, in the sense that they rely solely on linear
algebra. The first of these methods involved the epipolar
constraint, and is commonly referred to as the Essential
Matrix or the eight-point algorithm, due to the fact that
it requires at least eight points in the scene (e.g., [2,3]).
A similar method was developed for planar scenes [6], and
is often referred to as the Homography Matrix.

The Essential Matrix and the Eight-Point Algorithm

Consider a camera that is viewing a collection of N feature
points with Euclidean coordinates denoted by

m;:[x;,y;‘,z;‘]rr, Vjie{l...N} (3)

expressed in the camera reference frame, denoted by FZ.
An image of the points is captured, resulting in a projec-
tion to a set of points in the image-plane denoted by the
normalized coordinates

x¥ y’f‘ T
m7:|:_i,z—]*,1] , Vje{l...N}. (4)

By translating the camera by x(f) and rotating the camera
by R(t), the camera will obtain a new pose denoted by the
reference frame ., as illustrated in Fig. 5. The Euclidean
and normalized coordinates of the collection of feature
points expressed in F are defined as

mi() = [x;(0, y;(0,2;(0]" . Vje{l...N} (5)

50) 30
zj(t) " zj()’

T
mj(t)=[ 1} . Yje{l...N}. (6)

R x

Image Based State Estimation, Figure 5
Projection of a point onto two image planes, and the resulting
epipole

The Euclidean coordinates of the feature points ex-
pressed in F¥ can be related to the coordinates expressed
in F. through the following algebraic relationship:

zj(tym;(t) = z;f‘R(t)m;-k +x(t), Vje{l...N}, ()

where the relationships in (3)-(7) have been used. Mul-
tiplying both sides of (7) by the skew symmetric form of
x(t), denoted by [x(£)]x € R¥3, yields

zj(O[x(D]xm;(t) = 2} [x()]xR(H)m]
Vjie{l...N}, (8)

after using the property that [x(#)]xx(t) is equal to a vector
of zeros. After multiplying both sides of (8) by mJT(t) and
exploiting the property that

zi()m] (D[x(D)]xm;(t) = 0
the essential constraint or epipolar constraint is given as
m] (DE(t)m7 (1) =0 9)

where E(t) € R3*3 is known as the Essential Matrix, and
is defined as

E(t) = [x(D]xR(?) . (10)

Eight or more noncoplanar feature points are required
to create a set of linear equations to solve for E(t). The
Essential Matrix can be decomposed to recover R(f) and
Ax(t), where A is an unknown scale factor [2,3]. This de-
composition only involves the use of linear algebra tech-
niques including singular value decomposition.

The inability to recover the scale of x(f) is a funda-
mental problem in IBSE. The inherent scale factor uncer-
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tainty is due to the loss of depth information when three-
dimensional Euclidean coordinates are normalized (i.e.,
projected to the two-dimensional image plane). Mathe-
matically, the scale factor uncertainty is evident from the
fact that there is no unique solution to (9). Furthermore,
there are two possible rotations and two possible trans-
lations that satisfy (10) for a particular E(t), giving four
possible solutions to the decomposition, of which only
one solution is physically valid. Thus, given some physi-
cal knowledge of the system, the correct solution can be
selected. For further detail, see [2,3].

The epipolar constraint in (9) relates two planes of
normalized Euclidean coordinates. If the calibration ma-
trix A is unknown, the epipolar constraint can be applied
to points expressed in pixel coordinates as

pi(t) = F(Dp? . (11)
In (11) F(t) € R¥3 is known as the Fundamental Ma-
trix, and has important functions in fields of computer vi-
sion. However, the Essential Matrix must be recovered for
meaningful pose reconstruction.

The Planar Homography Algorithm

Consider a camera with reference frame . The camera
views a collection of N > 4 or more feature points lying
in a plane 7 in front of the camera, as illustrated in Fig. 6.
These points have Euclidean coordinates and normalized
Euclidean coordinates defined as in (3) and (4). The plane
7 has a normal vector —n™* with respect to F*. By translat-
ing the camera by x(¢) and rotating the camera by R(¢), the
camera will obtain a new pose denoted by the reference
frame F.. The Euclidean and normalized coordinates of
the collection of feature points expressed in F are defined

Image Based State Estimation, Figure 6
Projection of coplanar points onto two image planes

as in (5) and (6). The Euclidean coordinates of the points
in two views are related by the relationship

mj(t)=R(t)mj+x(t), Vjie{l...N}. (12)
The projective relationship
d* =n*Tm7, Vje{l...N}, (13)

where d* € R is the distance from the origin of F¥ to the
plane, can be used to rewrite (12) in terms of the normal-
ized Euclidean coordinates as [6,41]

mj(t) = oej(t)H(t)m; . (14)
In (14), a;(t) is a time-varying ratio of the depth coordi-
nates defined as

*

aj(t) = il

zj(t)’ Vje{l...N},

(15)

and H(t) € R¥3 denotes the Euclidean homography de-
fined as

H(t) = R(t) + (xd(:)) T

(16)

The matrix H(t) in (16) is known by many names such
as the Planar Essential Matrix, the Planar Homography
Matrix, and the Euclidean Homography Matrix. In the
case of digital imaging, the calibration matrix (1) is used
with the Euclidean relationship in (14) to give

p]' = Ol]'AHA_lp;-(

= a;Gp} . (17)
Given given a set of N >4 image points (i.e., pj,
j € {1...N}) matched in two images and knowledge of 4,
a set of linear equations can be solved to acquire G(t) and
recover H(t). Linear decomposition methods (e. g., [6,41])
can then be applied to recover, R(t), x(¢)/d*, n* and
[0 j(t).

In the general case, linear decomposition methods will
return four mathematically valid solutions. Two solutions
are physically invalid, as n*Tsi* = d* < 0, which would
place the points behind the camera; hence, there are only
two physically valid solutions for the displacement. Scene
knowledge, such as the expected value of n* could be used
to choose the correct solution. If such knowledge is not
available, a small, arbitrary translation can be performed
with respect to the frame F¥, and a second Homography
Matrix can be computed and decomposed. Since both ho-
mographies give a solution with respect to the constant
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frame FZ¥, one solution from each must have the same n™*.
The solution with agreeing n* is the correct solution. This
method of comparing the normals is referred to as tempo-
ral coherence of the homography solution.

The translation x(¢) is recovered from the homography
decomposition only up to the scale factor d*, which is typ-
ically not known and may not be recovered from images
alone. If d* () can be measured with a separate sensor, the
translation x(¢) can be recovered. Depending on the task,
additional information can be used to recover d* and x(t).
For example, the camera is translated a known distance
x’ from F to F/, and the planar homography algorithm
is used to solve for the rotation R” and scaled translation
x"/d* from F¥ to F.. Since F. and . are separated by
pure translation, R” = R, and the known scaled transla-
tions x”/d* and x/d* and the known translation x" are
related by

x//

x
The constant d* can then be determined as
(x” x T ’
=~ d_*) x
e — 2 (19)

E-H

The planar homography algorithm is sufficient to give
orientation and (scaled) translation from the current cam-
era frame 7 to a reference frame F. The alternate case
where the camera is fixed, and the planar object moves
from a reference pose F.' to a new pose Fs(t), can also be
considered in a similar framework. By solving and decom-
posing the Homography Matrix H(t), the rotation R(f)
and scaled translation x,(¢)/d* of the object can be recov-
ered from the perceived camera rotation R(t) and transla-
tion x(t)/d* as

Ry(t) = RT(¥) (20)
xs(t) o x(0)
pral R (1) Frk (21)

If the camera can be moved precisely while the viewed ob-
ject is known to be stationary (or vice versa), then d* can
be recovered as in (18). The distance d* can not be recov-
ered if both the object and camera are moving with an un-
known motion.

Characteristics of the Essential Matrix Algorithm
and Planar Homography Matrix

The pose estimation methods that are discussed in this
chapter are examples of different approaches, and each ap-
proach has different advantages and disadvantages. The

characteristics of the Essential Matrix algorithm and pla-
nar homography algorithm are compared in this section
to distinguish the strengths and weaknesses. Some charac-
teristics are shared because the Essential and Planar Ho-
mography Matrices are formally related. Comparing (10)
and (16) indicates that

E(t) = [x(D]xH(1) . (22)

In the general case that x(f) is known only to a scale fac-
tor A, E(t) is proportional to [x(#)]x H(t). Given H(t) from
four coplanar points and two additional points outside of
the plane, it is possible to recover E(t) [26]. Similarly, given
E(t) from eight non-coplanar points, it is possible to solve
for the H(f) matrix corresponding to any three of the eight
points and their corresponding plane (see [26,42]).

A notable difference between the Essential Matrix and
the Homography Matrix is that at least eight points are re-
quired to solve for the Essential Matrix using linear meth-
ods, while at least four points are necessary to solve for the
Homography Matrix. The target/landmark/scene involved
in the state estimation will determine how many points
are available to track, and will determine which methods
may be used. The Essential Matrix can not be solved if the
Euclidean points 71(¢) lie in the same plane. Specifically,
there is a numerical dependence on the system of equa-
tions used to solve E(t), and the Essential Matrix can not
be used in the case that the eight points are coplanar.

Similarly, the points used to solve for the Homogra-
phy Matrix in (16) must be coplanar. Besides using linear
algebra techniques to solve multiple equations, there are
alternative methods to solve the Homography Matrix that
may be used in cases that feature points are not coplanar.
It is possible to use the Essential Matrix to recover the Ho-
mography for a subset of three points. A similar method,
coined the Virtual Parallax [43], skips the initial compu-
tation of the Essential Matrix. Given eight points, three
points define a plane 75, and the remaining five or more
points are projected onto 7, delivering five virtual points.
These points can be used to deliver the Homography Ma-
trix where n* and d* are defined with respect to ;. Solving
H(t) from E(t), or using the Virtual Parallax extends the
ability to use the Homography Matrix for general scenes at
the cost of requiring more points, slightly increased com-
putation cost, and possibly increased noise sensitivity.

From (10), if x(t) = 0, then E(t) = 0, even for non-
zero rotation. Thus, if there is no translation, rotation can-
not be recovered from the Essential Matrix. Generally, as
the amount of translation becomes closer to zero, the es-
timate of R(#) will incur greater error. For some applica-
tions where the camera or target is always translating, the
Essential Matrix may be useful, but for many autonomous
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robotic applications, the Essential Matrix will be insufhi-
cient and the Homography Matrix may be preferable.

A third difference is the additional information de-
livered from the Homography Matrix. While both meth-
ods can estimate translation x(t) and rotation R(t), the
Homography gives the normal vector n* which is used
in Subsect. “Estimating the Pose of a Planar Object Rel-
ative to the Camera” to estimate the pose of an object. Ho-
mography decomposition also gives the ratios a(t), Vj €
{1... N}. This ratio can be used as an error signal for con-
trol (e. g., [44,45]) or IBSE, as shown in Subsect. “Velocity
Estimation Through a Nonlinear Observer”.

Extensions to the Linear Pose Estimation Algorithms

The methods discussed in Subsects. “The Essential Ma-
trix and the Eight-Point Algorithm” and “The Planar Ho-
mography Algorithm” give a foundation for pose estima-
tion. However, as presented the methods have limitations.
These methods can only estimate translation up to a scale
factor, are limited to estimating camera or object pose rel-
ative to an initial pose corresponding to a fixed camera
view, and are constrained to limited motions such that the
viewed object remains in the FOV. This section provides
examples that can be used to extend the linear pose estima-
tion methods to overcome these deficiencies. Often these
additional methods will require some additional informa-
tion or sensor, such as a known length on the viewed ob-
ject, a known distance to the object, or accurate odometry
for the camera frame.

Long Term Pose Estimation
Through Chained Homography Decomposition

The methods discussed in Subsects. “The Essential Ma-
trix and the Eight-Point Algorithm” and “The Planar Ho-
mography Algorithm” allow for the estimation of camera
motion provided the feature points used in the Essential
or Homography Matrices remain in the FOV. Many tasks
will require state estimation continue as objects leave and
enter the field of view. Consider an unmanned air vehicle
(UAV) equipped with a GPS and a camera capable of view-
ing a landscape. The Essential or Homography Matrix can
be used to recover the motion of the plane, but the limited
camera FOV and motion of the vehicle can cause observed
feature points to leave the image. Motivated by the FOV
issue, recent research (e. g., [10,11]) has been developed to
allow a transition from estimating the camera pose from
previously viewed feature points to estimating the camera
pose from incoming feature points. For example, the work
in [10] assumes coplanarity of all points and is focused on
building and maintaining a mosaic of images. The pose es-

timation efforts in [11] do not assume coplanarity of all
sets of feature points and uses a homography relationship
to “daisy-chain” relative pose estimates together. The ap-
proach in [11] provides a mechanism to work around the
FOV obstacle by indefinitely chaining together a series of
pose estimates.

To further illustrate the daisy-chaining method pro-
vided in [11], consider an inertial world frame Fy, and
a frame attached to some vehicle, F.. Since the methods
discussed in Sect. “Linear Estimation of Position and Ori-
entation from Two Images” provide means to determine
camera motion relative to a fixed camera frame, the fol-
lowing example is based on the assumption that the ve-
hicle pose is known through some inertial sensor (e.g.,
a global positioning system (GPS)) and other sensors at
some initial time . That is, the translation and rotation,
xo(to) and Ro(tp), between F,, and Fc(ty) is known. Fig-
ure 7 illustrates this scenario with a UAV. At time t,, the
aircraft enters a GPS denied environment and relies solely
on on-board sensors including a camera. Without loss of
generality, the GPS unit is assumed to be fixed to the ori-
gin of the aerial vehicle’s coordinate frame, and the con-
stant pose of the camera frame is known with respect to
the pose of the UAV coordinate frame. The subsequent
development further assumes that the GPS is capable of
delivering altitude, perhaps in conjunction with an altime-
ter, so that the altitude above the ground a(ty) is known,
i.e., the scalar distance to the ground in the direction of
gravity (see Fig. 8).

As illustrated in Fig. 7, the initial set of tracked copla-
nar and noncolinear feature points, denoted p,(t), are
projections from the set of Euclidean points, m,(t), con-
tained in the plane 7. These feature points have Euclidean
coordinates 7i1,j(tg) € R*Vj e {1...N} in Fc(ty). The
plane m, is perpendicular to the unit vector n,(fy) in the
camera frame, and lies at a distance d,;(tp) from the cam-
era frame origin. At time t;, the vehicle has some rota-
tion Ry (#1) and translation x¢; (#1) that can be determined
from the images by decomposing the relationships given

Image Based State Estimation, Figure 7
Illustration of pose estimation chaining
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Image Based State Estimation, Figure 8
Depth estimation from altitude

in (17). For notational simplicity, the subscript j is omitted
in subsequent development.

As described in Subsect. “The Planar Homography Al-
gorithm”, Ry (t;) and xo1(#1)/d,(ty) can be determined
from two corresponding images of the feature points
Pa(to) and p,(t1). A measurement or estimate for d,(t)
is required to recover xo;(#;). This estimation is possible
with distance sensors or with a priori knowledge of the
geometric distances between the points in 7,. However,
with an additional assumption that the plane is above the
plane 7, it is possible to estimate d, (fy) geometrically us-
ing altitude information from the last GPS reading, range
finder and/or an altimeter. From the illustration in Fig. 8, if
a(ty) is the height above 7, (e. g., the slope of the ground is
constant between the feature points and projection of the
plane’s location to the ground), then the distance d,(f)
can be determined as

da(to) = na(to) - alto) . (23)

where n,(ty) is known from the homography decom-
position.

Once Rgi(t1),d,(ty), and x¢1(t;) have been deter-
mined, the rotation R;(#;) and translation x;(¢;) can be
determined with respect to Fy, as

Ry = RoRo1
X1 = Ro1xo1 + Xo .

As illustrated in Fig. 7, a new collection of feature points
Pp () can be obtained that correspond to a collection of
points on a planar patch denoted by 7. At time t,, the two
images of the sets of feature points on 7}, taken at times #;
and t, can be used to determine Ry, (t;) and x12(t2)/dy (t1),
which provides the rotation and scaled translation of F.
with respect to ‘Fy,. If 7, and 7, are the same plane, then
dy(t1) can be determined as

dp(t1) = da(t1) = da(to) + x01(t1) - n(to) . (24)

When 7, and 7, are the same plane x;,(#;) can be cor-
rectly scaled, and Ry(f;) and x,(#;) can be computed in
a similar manner as described for R;(#;) and x;(t;). The
pose estimates can be propagated by chaining them to-
gether at each time instance without further use of GPS.

In the general case, sets of feature points on m;, and
7 4 are not coplanar, and (24) cannot be used to determine
dp(t1). If the sets of feature points on ;, and 7, are both
visible for two or more frames, it is still possible to cal-
culate dj(¢) through geometric means. Let t;— denote as
some time before the daisy chain operation is performed,
when sets of feature points on 7 and 77, are visible in the
image. At time f;—, an additional set of homography equa-
tions can be determined for the points on 7} and 7, at
times t; and t;—

N\T
mai(h) = o (R + %) i) (25)
N\T
myi(h) = o (R + %) i (t-) (26)
where
- Zai(tlf) and an = Zai(tlf)
¢ Z4i(t1) b zai(t1)

Note that R and x have the same values in Egs. (25)
and (26), but the distance and normal to the plane are dif-
ferent for the two sets of points, therefore the decomposi-
tion methods will give different scaled translations

and xp(fH) = ﬂ .

dy(t1-)

The distance d,(#;—) can be found using (24). The trans-
lation x(#7) is solved as

x(t1)

xa(tl) = da(tlf)

x(t1) = da(t1-)xa(f1) -

The distance dj, (t;—) can then be determined as

xgx
dp(t-) = L.
I

The distance dj(t;) can then be found by using (24) with
dp(t1-) in place of d,(ty). Additional sensors, such as an
altimeter, can provide an additional estimate in the change
in altitude. These estimates can be used in conjunction
with (24) to update depth estimates.

Simulations To provide a practical explanation of the
daisy-chaining method this section provides simulation
results for an autonomous UAV flying into a zone with
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denied GPS availability. For the simulation, five patches
of four feature points are evenly placed 100 m apart in
a straight line. For simplicity, all planar patches of feature
points lie in the same plane. The objective is to perform
IBSE during a maneuver of a 10 m lateral shift to the right
and a 10 m longitudinal increase in altitude. This particu-
lar maneuver results in the vehicle simultaneously pitch-
ing, rolling, and yawing, while translating. For simulation
purposes, the camera is considered to be mounted under-
neath the fuselage looking downwards. The camera model

for this exercise is intended to be representative of a typ-
ical 640 x 480 lines of resolution CCD camera equipped
with a 10 mm lens. To more accurately capture true sys-
tem performance, pixel coordinates were rounded to the
nearest integer to model errors due to camera pixilation
effects (i. e., quantization noise). Furthermore, a five per-
cent error was added to the estimated vehicle altitude to
examine the robustness.

The first simulation was designed to test the accuracy
of the vision-based estimation. Vision was not used in the
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Simulation results of actual position versus estimated position when the UAV is using GPS for control
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Block diagram control system architecture

feedback in this maneuver, and the estimated pose is com-
pared to the true pose. The results of this preliminary anal-
ysis are given in Figs. 9 and 10. The effects of noise are vis-
ible but the estimated pose is accurate.

The second simulation illustrates the effects of using
the IBSE as a sensor in closed-loop control. This simu-
lation involved replacing the perfect pose measurements
used in the guidance system and autopilot with the results
from the IBSE. The resulting control architecture and sen-
sor suite for this UAV is given in Fig. 11. The noise con-
tent of the estimated pose required filtering prior to being
used by the autopilot to prevent the high frequency noise
from being passed to the aircraft actuators. As expected,
the noise occurs at 30 Hz and corresponds to the frame

rate of the camera. First-order, low-pass filters (cutoff fre-
quency as low as 4 rad/s) were used to filter the noise. The
noise also prevented effective differentiation of the posi-
tion and attitude and necessitated the use of rate gyros for
yaw and roll damping, as depicted in Fig. 11. The air data
system is also included, as shown in Fig. 11, for the ini-
tial altitude measurement, since it is more accurate for al-
titude than current GPS solutions. The results of the cam-
era-in-the-loop system performing the same autonomous
maneuver are given in Figs. 12 and 13.

The simulation results indicate that a camera supple-
mented with minimal sensors such as rate gyros and baro-
metric altitude can be used for completely autonomous
flight of a fixed wing vehicle; however, some residual oscil-
lation effects due to noise is present in the vehicle attitude
response. A majority of the noise source can directly be at-
tributed to camera pixilation effects and the corresponding
phase lag introduced by the first order filtering.

Experiments Based on the results of the simulation,
a flight test experiment was conducted to establish the fea-
sibility of the proposed IBSE method. Artificial features
were placed along a stretch of a runway. A radio controlled
aircraft with an onboard camera was flown over the run-
way. The video was overlaid with GPS data. An example
of a single frame of this video is given in Fig. 14. A second
GPS unit was also onboard to test inter-GPS accuracy. The
use of two GPS units provides a comparison for the IBSE
method, which is intended to compute GPS-like informa-

tion. Video data was captured using a DV tape recorder
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Simulation results of actual attitude versus estimated attitude when the UAV control-loop uses estimated pose information

Image Based State Estimation, Figure 14
Single video frame with GPS overlay illustrating landmarks
placed along inside edge of the runway

and analyzed offline. Due to poor image quality, including
focus, motion blur and interlacing of the DV video, it be-
came necessary to extract features by hand from individual
frames for this particular example. Features were extracted
every sixth frame, resulting in a 5 Hz input signal.

Results of the experiment are given in Fig. 15. In the
legend for Fig. 15, GPS2 represents the overlaid GPS data,
and GPS1 represents the onboard data logger GPS values.
The symbol *’ indicates the times when daisy-chaining
was performed and pose reconstruction is performed us-
ing a new set of feature points. Significant mismatch exists
between the two GPS measurements, and the IBSE results
remain proportionate to the two GPS measurements. Fur-
thermore, the estimates agree closely with GPS2 for down-

range and crossrange translation, and with GPS1 for alti-
tude translation. There is no discernible discontinuity or
increased error at the daisy-chain handoff times. Note that
the 5 Hz refresh rate of the vision-based estimation is also
higher than the 1 Hz rate of both GPS units. The pose es-
timation code can be executed in real time (> 30 Hz) on

a typical laptop.

Solving for Relative Object Poses
Through Knowledge of a Single Length

It is often not enough to recover camera pose relative to
a reference pose. This section expands the techniques in
Subsect. “The Planar Homography Algorithm” to recover
camera pose relative to a planar object. Recovering rela-
tive pose between the camera and multiple objects, as well
as the relative poses between objects, is also possible. To
achieve these results, some additional information is re-
quired to recover the scale factor. It is sufficient to know
the distance to a plane, or to recover it from precise mo-
tion, as in (19). The following example is based on work
in [46,47], where relative pose with respect to an object is
estimated given a single known geometric length between
two feature points in the Euclidean-space.

Estimating the Pose of a Planar Object Relative to the
Camera The planar homography algorithm is sufficient
to give rotation and scaled translation of the camera or ob-
ject with respect to some reference pose. However, it is not
sufficient to solve for the complete pose of the camera with
respect to a viewed object or the pose of one viewed object
with respect to another. The following development pro-
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Experimental flight test results that compare the IBSE results to two GPS signals

vides an example where the planar homography algorithm
can be used along with some additional information to at-
tach a reference frame F to a planar object, with rotation
and translation given with respect to the camera frame ..
That is, the development in this section can be used to de-
termine the rotation and translation between s and F..

Consider a camera viewing a planar object with four
or more distinguishable feature points, and denote the fea-
ture point plane as . A reference frame F. is attached to
the camera. If the camera and/or object move over time,
a set of linear equations can be solved for the Homogra-
phy Matrix H(t) as in (16). The matrix H(t) can be de-
composed into R(t), x(¢)/d*, and n* as in (16), where the
reference frame F can be taken as Fc(t), i. e., the initial
frame. The normal vector of the planar object in the cur-
rent frame F. is given as

n(t) = R(t)n™ .

The goal is to attach a reference frame Fs(t) to the
planar object. The orthonormal vectors iy, iy, i; € R? that
define F(t) form a rotation matrix R(¢) in F¢ as

Ry = [ixv iyv iz] . (27)

Without loss of generality, the origin of F(t) is assigned
to the feature point #1. The columns of R(¢) in (27) are
defined as

l, =—n (28)
i =2 (29)
S1
my — m
iy =-—nx ——1, (30)

where the constant distance between the two feature
points 51 = ||7i1; — ;|| is assumed to be the extra infor-
mation that can be exploited to complete the pose estima-
tion. If 1, (¢) and 1, (t) were known, then iy and i, can be
determined from (29) and (30) since s is assumed to be
known. To solve for 71, (t) and 1, (t), a new plane 7/ is de-
fined with normal —n(t) (so 7 is parallel to 75) and con-
taining the normalized image point m,(t). A line [ is de-
fined from the origin of ‘f. through m;(t) and m,(t). The
plane 7] intersects  at a point m}. The unknown distance
between m (t) and m)(t) is s1, as illustrated in Fig. 16.

The primitives ] and r/ are defined by the sets of points
q € R3 that satisfy the implicit functions

I={q|lq—umy; =0,Yu e R} (31)
nl={q|n-(q—m) =0, q,nm €R>}. (32)
The intersection of ] and ! occurs when
u= nm . (33)
n-myp

The expressions in (31) and (33) can be combined to solve
for the point g = m) as

n-m;

1
m, = my .

n-mp
The solution for m}(t) is used to solve for s; as

1= ] 69

and the properties of similar triangles can be used to cal-

culate the following:

si_ llmll _ ms]

=T = e (35)
st (|
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Image Based State Estimation, Figure 16
Geometric elements used to determine frame F; with respect

to Fe

Since s1, 51, ||m1(1)|), and H mj(t) || are now known or mea-
surable, (35) can be used to solve for || 711 (¢)|| and ||/, (t)]|,
which can be used to recover 1, (t) and m,(t) as

[l |

- il
mp; = mp, mp= 2 -
[l [l

Solutions for iy, iy, and Ry(f) can now be deter-
mined from (29), (30), and (27), respectively. Since F,(¢)
is attached to i (t), the translation is simply given by
xs(t) = my(t). Furthermore, since #1;(t) can be deter-
mined, it is now possible to solve for the distance d(t) as

d=n-m. (36)

If the constant length §; is not known, but d(¢) is
known or solved using methods such as (19), then the fact
that d(t) = zj(t)nT(t)mj(t) can be used to solve for the
Euclidean coordinates of 711;(t) as

~ dm]
mj = ,
n-m;

(37)

Vje{l...N}.

Solving for the Euclidean coordinates of any two points
m1(t) and m,(t) will allow the estimation of s; which can
be used to solve for the frame Fg(t).

Estimating the Pose of Multiple Planar Objects Relative
to the Camera The previous development is now ex-
tended to the case of multiple planar patches and piece-
wise planar objects, given knowledge of only a single geo-
metric length on a single static object in the scene. Con-
sider a large sample of points P visible to the camera.
These points have been grouped into k sets of coplanar
points P, C P,Vh € {1...k}, where all points in P}, lie

QL
=

=
NES

Image Based State Estimation, Figure 17
Example of multiple planar surfaces with respect to a camera

in a plane rj,. The sets P, may overlap, i. e., a point can be
in more than one set.

Segmenting a set of points into coplanar sets is not
a trivial task. The sets can be distinguished through hu-
man interaction, scene knowledge (e. g., multiple light ob-
jects on a dark background) or various automatic meth-
ods [48,49]. This example assumes that each set P, is well
conditioned in the sense that it contains no more than
three collinear points, as illustrated in Fig. 17.

In the following development, the camera is assumed
to undergo a rotation R(f) and translation x(t) from a ref-
erence frame F to a frame F.. The points in each set P,
have coordinates

ﬁ’lzj' = [XZ]',)/Z]-,ZZJ']T,
Vi€e{l...Ny}, Vhe{l...mj

nj(t) = [xXnj. ynj znjl"
Vie{l...Ny}, Vhe{l...mj

in the frames FF and F., respectively. These points
project to image points with normalized coordinates i
and my,;(t) as described in Subsect. “The Planar Homog-
raphy Algorithm”. Each set of points in the two images are
related by a homography Hy, () defined by

my; = —L Hy m}; (38)
Zhj
*
hj x() 1 *

mpj = — R(t) + h h (39)
Zhj ( d; ]
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Note that R(t) and x(t) are the same for all point sets
Py, since all coordinate changes are due to the motion
of the single camera. However, each plane 7}, is different;
therefore, each set of points will have different d:, nZ and
Hy(t).

From ij and my, , it is possible to recover Hy(t), ny,
R(t),and xp,(t) = x(t)/d} forall h € {1...m}. The subse-
quent development is based on the assumption that a sin-
gle geometric length between two points in a single set is
known. Without loss of generality, this length is assumed
to be known in set ;. Given this geometric length, a refer-
ence frame F5 can be attached to plane ; and the devel-
opment in Subsect. “Estimating the Pose of a Planar Ob-
ject Relative to the Camera” can be used to solve for R(¢),
x(t), di(t), df and all 7i11;¥ j € {1... N1}. The translation
x(t) can then be recovered from d} as

x(t) = dyxi(t) .
Given x(t), each d};, Vh € {2... m} can be recovered from
the scaled translations x; () as
xe

EAN

*
h

Once each d; has been determined, all rhzj, Vi €
{1...N,},Yh € {2...m} can be recovered as in (37).
From knowledge of m;}., a constant length 55, between two
feature points can be estimated for each plane, and the
frames Fyj can be attached to the plane 7j,. Thus, (27)-
(30) can be used to solve for Ry and x,Vh € {2...m}.
Given the rotation and translation from each plane 7, to
the reference camera frame f., the rotation and transla-
tion between each planar patch can be recovered.

For a stationary camera viewing multiple moving pla-
nar objects, the analysis cannot be performed because
there is not a common R(¢t) or x(t). If a geometric length is
known on each object, then the analysis in Subsect. “Esti-
mating the Pose of a Planar Object Relative to the Camera”
can be performed for each moving plane.

Experiments of Pose Estimation of a Single Object An
experiment using the moving vehicle in Fig. 18 is per-
formed to demonstrate the method presented in Sub-
sect. “Estimating the Pose of a Planar Object Relative to the
Camera”. Four bright LED arrays were fixed to the back
of a truck to facilitate simple image segmentation, where
the centroid of each detected array provides four feature
points used to construct the Homography Matrix. Each of
the four centroids is indicated in Fig. 18 by a cross and
anumber. The truck was equipped with a differential GPS

Image Based State Estimation, Figure 18
A processed video frame from the pose estimation experiment

unit to provide a reference to compare the pose estima-
tion. The road was marked at approximately 20f (6.1 m)
intervals and the car was driven forward and stopped ap-
proximately every 20 f.

The results of the experiment are seen in Fig. 19. The
expected periodically increasing step function along the
camera frame z direction is evident. Furthermore, the
change in pose estimate agrees closely to the GPS Nor-
thing measurement. There is also a small periodic step in-
crease estimated in the camera x direction. The estimate
becomes noticeably degraded as the distance to the vehi-
cle increases. This is primarily due to sensor noise. As the
car moves farther from the camera, the perceived lights be-
come dimmer and it is harder to extract the centroids. This
increases the effects of pixilation (i. e., quantization noise).

Experiments of Pose Estimation of Multiple Objects
Experimental results are also provided to demonstrate the
efficacy of the algorithm presented in Subsect. “Estimating
the Pose of Multiple Planar Objects Relative to the Cam-
era”. Two images of a cluttered desktop were taken with
a camera with a resolution of 1280 x 1024. One geomet-
ric length, the width of the photograph frame, is known.
In each image, the four corners of the picture frame, four
corner points on a computer monitor and four points on
a speaker give feature points. From two of the images, ref-
erence frames are attached to all three objects as seen in
Fig. 20 and the location of all corner points are recon-
structed in the camera frame as seen in Fig. 21.

The true pose of these objects with respect to the cam-
era is impossible to ascertain, so two heuristic tests are per-
formed. First the estimated dimensions of the objects are
compared to hand-measured dimensions in Table 1. The
maximum error is in the height of the monitor screen, with
an estimate error of 5.7%. The average estimate error is
1.8%. For the second test, a third image was then taken
from another viewpoint, as seen in Fig. 22. The corners
of the picture frame were identified, but no other points
on any other object are selected. The current location of



4766

Image Based State Estimation

150
GPSN

= 100
g \
E Trans Z
2 50

7]

8— GPSE ;rans Trans Y

N— "
0 — X X
I I I I I I I I I I ]
0 T5 'T‘ 10 15? 20 T 25 ?30 35 40 T 45 50 55
car drive(s:ar stops car drives| ~car stops car drives T
car stops )
car slows car slows car drives
200 ‘ : ‘
Rot Y

D 100F 4
A=)

c Rot Z

£  of i
©

c

2

S -100f Rot X i

\
-200 ‘ : ‘ ‘ w
10 20 30 40 50

Image Based State Estimation, Figure 19
Results of experiment to estimate the pose of a moving vehicle
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Image Based State Estimation, Figure 20
Image with reference frames attached to a photograph, monitor
and speaker

Image Based State Estimation, Table 1
Measured vs Estimated Lengths

Object Width Height Est.width Est. height

Photo |6” 8" Known 8.03”
Screen | 16” 12”7 16.92” 12.04”
Speaker | 4.125” | 6.875" | 4.19” 6.96”

Image Based State Estimation, Figure 21
Geometric reconstruction of the photograph, monitor and
speaker in the camera frame F.. Units are in feet

the corners of the monitor and speaker in the image are
estimated through the estimated relative positions solved
in the previous reconstruction. From the location of the
frames and points known in the camera frame, the pose of
each reference frame can be determined with respect to the
photograph frame, and the location of each of the object’s
points can be determined within its own reference frame.
With the picture frame localized in the new camera frame,
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Attached reference frames

Image Based State Estimation, Figure 22
Reprojected feature points from their estimated Euclidean posi-
tions

the locations of the other frames and points are estimated
and projected to their estimated locations in the third im-
age.

Estimation of Linear and Angular Velocity

Image based estimation of velocity has a shorter history
than estimation of pose. One method of velocity estima-
tion is a continuous version of the eight-point algorithm
that uses optical flow (i. e., velocity of image points). Early
efforts were developed by Zhuang and Haralick [50]. Ma
et al. [51] also introduced a continuous version of the
eight-point algorithm that very closely resembled the clas-
sic eight-point algorithm. An optical flow based version of
the planar homography algorithm is also provided in [26],
which is discussed in Subsect. “Continuous Planar Ho-
mography Algorithm”.

Another method of velocity estimation is to use stan-
dard pose estimation methods to generate an initial esti-
mate that is input to functions or filters that estimate ve-
locity. Soatto et al. used a logarithmic map of the results
of the eight-point algorithm to estimate velocity [14]. Chi-
trakaran et al. [19] use the results of the planar homog-
raphy as input to a nonlinear observer, which will be dis-
cussed in Subsect. “Velocity Estimation Through a Non-
linear Observer”.

Continuous Planar Homography Algorithm

Consider a camera with reference frame F. moving with
linear velocity v(t) and angular velocity @(t). The cam-

era views a collection of N > 4 or more feature points ly-
ing in a plane = in front of the camera. The plane 7 has
normal n(t) with respect to F., and lies a distance d(t)
from the origin of F. along n(t). These feature points have
Euclidean coordinates #;(t) € R3 and velocities given as
a function of the linear and angular velocity of the camera,
v and o, respectively,

rhj=a)><n'1j+v, V]G{IN} (40)
The Euclidean coordinates of the coplanar feature points
obey the projection relationship

d=n";, Vje{l...N}. (41)
Substituting (41) into (40) gives

: v

iy = ([w]x + EnT) mp, Vje{l..N}, (42

where [w(t)]x € R3*? is the skew-symmetric matrix form
of the vector w(t) such that [w(#)]xm;(t) = w(t) x m;(1).
From the normalized image points m;(¢) and the corre-
sponding optical flow vectors 7i1;(t), the optical flow ver-
sion of the Homography Matrix can be obtained as

) Vi mo
mj = : ([a)]x + dn )m] (43)
= acHc.m; (44)

where o = z;/z; is a ratio of depth to change in depth,
and He = ([w]x + (v/d)n") is the Continuous Homog-
raphy Matrix. Similar to the pose estimation method of
Subsect. “The Planar Homography Algorithm?, it is pos-
sible to solve for a¢, Hc.(t), n(t), w(t) and v(t)/d. Similar
to translation estimates, the velocity can only be solved up
to the scale factor d. Also like the pose estimation case,
there exist multiple mathematical solutions for n(t), w(t)
and v(t)/d, where two solutions can be eliminated based
on the physics of the problem see [26] for further details.

Velocity Estimation Through a Nonlinear Observer

Given an image sequence (e. g., video), the pose estimation
methods discussed in Sect. “Linear Estimation of Position
and Orientation from Two Images” can be used to esti-
mate velocity using established observer design methods.
For example, Chitrakaran et al. [19], used homography-
based techniques to design a nonlinear observer to iden-
tify an object’s unknown velocity. The method in [19] re-
quires knowledge of the object’s initial pose with respect
to the camera, and knowledge of a single length on the ob-
ject. As demonstrated in Subsect. “Estimating the Pose of
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a Planar Object Relative to the Camera” the knowledge of
the single length is sufficient to recover the initial pose.

Consider an inertial frame 7 attached to a fixed cam-
era that is viewing a planar object with an attached refer-
ence frame F;(t), moving with unknown linear and angu-
lar velocities v(t), ws(t) € R? expressed in frame 7. Four
or more feature points are visible on the object at all time,
and the coordinates of one point are known with respect
to Fs(t).

The feature points have pixel coordinates in the image
plane as given in (1). The extended image coordinates [52]
of the image point p;(t), denoted by p.(t), seen when the
camera is at a pose F(t) with respect to the viewed object
are defined as

Pe(t) = [ur (1), v (1), In(z))]" (45)
where In () denotes the natural logarithm. The constant
vector p¥ € R3 denotes the extended image coordinates of
the corresponding image point seen in a reference image
taken when the object is at a known reference pose F7,
and is defined as

pr=1[uf.vi.In(zf)]".

(46)
If F¥ is not known, the methods of Subsect. “Estimating
the Pose of a Planar Object Relative to the Camera” can be
used to estimate F.* given a known geometric length.

The Homography Matrix H(t) can be solved from the
images of the object taken at F and Fy(t), and can be
decomposed to give R(f) and « (¢). The translation of the
object, denoted by e, () € R?, is defined as

ey = pe— P . (47)
The first two elements of e, (¢) are directly measured from
the images, and

In (z1()) —In(zf) = —In (1)

where o;(¢) is reconstructed from the homography. The
time derivative of (47), is given by
. . o
€y = Pe = Z_iAeLv [Vs — R[s1]x RTws]
1

(48)

where s; denotes the known, constant coordinates of fea-
ture point 1in Fy(t). In (48), A, € R¥*? is defined as

(49)

the Jacobian-like matrix L, () € R**3 is defined as

x
1 0 -2
21
L,=| o9 1 2L |. (50)
21
0 0 1

and R(?) is reconstructed from the Homography Matrix.

The rotation of the object at ‘F(t), with respect to the
fixed coordinate system F*, is defined using the angle-axis
representation of the rotation R(f) as

ew 2 u(o(t) . (51)

In (51), u (t) € R3 is a unit vector giving the axis of rota-
tion, and 0 (t) € R denotes the rotation angle about u(t),
where 0 (t) € (—m, ]. The time derivative of (51) is given

by

éw = Leyws , (52)

where the Jacobian-like matrix L, (t) € R3*3 is defined as

sinc (6)

0
o= b=y b U G

) (Wl . (53)
The IBSE objective is to develop an estimator that can
be used to identify the velocity of an object given by

v(t) = [vT(D. 01 (1)]" € RE.

Combing (48) and (52), the combined linear and angular
velocity error system can be determined as a function of
v(t) as

. T .77
e=[e3,ez)]

=Jv, (54)

where the nonsingular Jacobian-like matrix J(t) € R®* is
defined as

(03] (03]
—AcL, ——AcL,R[s1] RT
J= Zik el Zik elw [l]x (55)
0 L,
The open-loop system in (54) can be inverted in as
v=J"l¢ (56)
where
]_1
_[Ear (BLAT) S AL R (s RTLG!
0 Lt

_ | ELTATT RIsil«RTLY!
0 L} ’
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and
B o L0 . ,
L, =L+ 5 sinc 5 [u]x + (1 — sinc(0)) [u]% -

Based on (56), and the fact that J~1(¢) exists, the velocity
estimation goal can be expressed as the desire to estimate
é(t) and map it to v(¢). The estimated pose is denoted as
é(t), and the estimator error is defined as

é=e—¢é. (57)

Based on Lyapunov analysis and design methods detailed
in [19] and [53], an estimate update law é(t) is generated
from the known error signal é(¢) as

t t

é =/ (K+Is)e'(f)df+f psgn(&)dr + (K + Is)é(t)
0 0

(58)

where K and p € R®*® are positive definite constant di-
agonal gain matrices, I € R®® denotes the 6 x 6 iden-
tity matrix, and the notation sgn(é) denotes the standard
signum function applied to each element of the vector é(t).
The estimator in (58) ensures that

EGIR Hé(t)” 50 as o0, (59)
Based on (59), the relationship in (56) can be used to re-
cover the velocity v(t).

Experiments of Velocity Estimate

A simulation is presented to illustrate the performance
of this type of the image-based velocity estimate. Four
coplanar points are simulated undergoing a periodic mo-
tion involving translation and rotation along all directions.
Figs. 23 and 24 show the true velocity, the estimated veloc-
ity and resulting estimation error.

An experiment was also performed to estimate the ve-
locity of the truck in Subsect. “Experiments of Pose Esti-
mation of a Single Object”. A low-pass filter was applied
to the output of the nonlinear estimator to mitigate the ef-
fects of signal noise. Results of the experiment are seen in
Fig. 25. The GPS data was backwards differenced to pro-
vide a comparison velocity. The truck periodically acceler-
ated and stopped without changing direction. The camera
optical axis (z-axis) and the truck were bearing approx-
imately due North. It is expected that image-based esti-
mate of the truck velocity in direction of the camera z-axis
should be very close to the GPS-based estimate of velocity
North. Indeed the velocity estimation is in close agreement
with the GPS estimate, though the effects of signal noise
are prevalent as the vehicle moves farther away.
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Image Based State Estimation, Figure 23
Linear velocity estimation results for simulation of nonlinear ve-
locity observer
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Image Based State Estimation, Figure 24
Angular velocity estimation results for simulation of nonlinear
velocity observer

Image Based Kalman Filter Estimation

The KF and its variations enjoy widespread use as state
estimators in many fields of engineering and science. De-
scribed simply, the KF is a linear, recursive estimator. For
linear systems, the KF is an optimal estimator that gives
the estimate with the least error covariance. For nonlin-
ear systems (such as IBSE), the EKF provides an effec-
tive estimate by linearizing the state equations. A brief re-
view of the KF/EKEF is provided to introduce the notation.
References for further insight into KF/EKF are provided
in [54,55].



4770

Image Based State Estimation

lin. vel. (mph)

\"

X Vy
_2 | | |
o fs5 %10 19
car drives car stops car drives car stops

Tzo¢ 25

| |
f’*)O T 45 50 55

car drives

3? 40

car stops

car slows car slows car drives
15
— 1
[
]
> 05
S
= 0
2
< 05
g
-1
-1.5 ! |
0 5 10 15 20 25 30 35 40 45 50 55
time (sec)

Image Based State Estimation, Figure 25
Estimated velocity of a moving vehicle

Given its relative simplicity and prominence, it is no
surprise that the KF/EKF has been widely used in IBSE.
KF/EKF approaches also explicitly account for signal/
measurement noise, in contrast to the methods presented
in Sect. “Linear Estimation of Position and Orientation
from Two Images”. Some IBSE approaches use pose esti-
mation methods as in Sect. “Linear Estimation of Position
and Orientation from Two Images” as an initial pose mea-
surement that is supplied to the KF/EKF for further pose
and/or velocity estimation. The advantage of this solving
for the pose estimate as an input to the KF/EKF is that the
system can be expressed in the linear form

x = Ax ,

thus the estimate is expected to be optimal. For exam-
ple, Soatto et al. [14] give two Kalman filter approaches
based on the Essential Matrix. The first approach solves for
motion from the Essential Matrix and passes the estima-
tion through a Kalman filter. The second approach solves
for the Essential Matrix and passes the result as a mea-
surement into a Kalman filter to be refined. However, the
space of Essential Matrices is not a vector space (e. g., the
sum of two Essential Matrices is not necessarily an Es-
sential Matrix), so the output of the Kalman filter is pro-
jected to space of Essential Matrices before being decom-
posed to find the rotation and translation. Other methods

eschew external pose estimation schemes and use image
features as inputs to the KF/EKF with pose and/or veloc-
ity as output [15,16,18]. The advantage of this approach
is lower computational cost and avoiding the restrictions
and limitations of the pose reconstruction methods de-
tailed in Subsect. “Characteristics of the Essential Matrix
Algorithm and Planar Homography Matrix”.

The state to be estimated is denoted by the vector
x(t) € R"™ and consists of pose, orientation, and velocity
signals. The system output (i. e., the signals available for
measurement) consists of image information, such as fea-
ture points, and is denoted by y() € R. The system is ex-
pressed as a discrete-time nonlinear system as [15]

x[k + 1] = f(x[k], wlk], k) (60)

ylk] = h(x[k]. v[k]. k) (61)

where w[k] and v[k] are uncorrelated, white, zero-mean
noise signals with known covariance matrices Q[k] and
R[k], respectively. There is varying notation and terminol-
ogy associated with the KF/EKF. This chapter denotes the
estimated state by X[k], the time update or a priori esti-
mate as X~ [k], and measurement update or a posteriori es-
timate as £ T [k]. Likewise, the a priori and a posteriori er-
ror covariance matrices are denoted by P~[k] and P [k],
respectively.
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The a priori state estimates at time k are given by
X[kl = fi—1(X[k], 0, k) (62)

P™[k] = FIk]P* [k—1]F"[k]+L[k]Q[k—1]L" [K], (63)

where
nxn _ Of
F[k] eR xn — £|x=5c+[k—l] and
nxXn af
Lk] e R™" = Gy lr=it k1] -

The a posteriori state estimates at time k are given by
K[k] = P~ [k]H" [K]
- (K[K]P~[k]H[k] + M[k]R[k]MT[k])_l (64)

= %7 [k] + K[K] (y[k] — h(x"[K],0,k))  (65)

PT[k] = (I — K[k]H[k]) P~ [k] (I — K[k]H[K])"

+ K[k]L[KIR[K]L" [K]K[K] (66)

where K[k] is called the Kalman Gain, and

doh

H[k] € R>X" = a|x=;¢—[k] and
doh

LIkl e RP = 5|x=5c_[k] .

Assuming the camera is stationary and viewing a rigid
body undergoing general rigid body motion, a reference
frame ’F; is attached to the object with an origin at a point
mo(t) = [x0(1), yo(t), zo(t)] € R3, which is not necessar-
ily visible (e. g., it can be in the interior of the rigid body).
Translation and linear velocity v(t) is measured as the dis-
placement of 7714 (t), and orientation is measured as the ori-
entation R € SO(3) between the inertial camera frame and
body frame. Broida et al. [15] choose to represent rotation
in terms of unit quaternions, which can be mapped to ro-
tation matrix R(¢) as in [56]. A unit quaternion is a four
element vector denoted as

q(t) £ (gDl ()] e R*,

where qo(t) € R, g, (t) € R3, and llg(t)]| = 1. The unit
quaternion is computed from a rotation matrix R(t) as

1 1
qo = E\/l +tr(R) gy = Eu\/?) — tr(R) , (67)
with the reverse mapping given by
R(g) = (@5 — 4, 9)]s + 24vq, —2q0lqv)x . (68)

To facilitate the subsequent development, let the notation
R:j(q),Ryj(q), R;j(q) denote the first, second, or third
row of (1/zj(t))R(g)rn;(t). For instance

X
Ryj = (‘ﬁ—qg—fﬁ—fﬁ)z—]
0

Vi Zj
+2(q192 — q394) = + 2(q193 + 9294) — .

20 20
The angular velocity is given by the vector w(t), and the
derivative of the unit quaternion is given as a function of
angular velocity as

q=19q
0 w, —wy Wy
o 1 —w,; 0 Wy wy
2 wy —w, 0 w,
—wy —w, —w; 0

The state vector for the KF-based IBSE is denoted by
x[k] € R1213N and defined as

T
T =T =T
v m m
x[k] = mg, —,qT,wT, -1 .. X
20 20 20

(69)

where
mi(t) = [x;(1). yj(H).z;()]", je{l...N}

for N points, and mg(t) € R? is the image of the origin
given by

T
X0 )o
my=|—,—
20 20

The resulting linear state-space systems can now be ex-
pressed as

x[k + 1] = f(x[k], 0, k) = F[k]x[k]

where F[k] is given by

FF 0 0
F = 0 F 0 c R12+3NX12+3N
B 0 R
Yz X0
7 0 . 1 0 2
0 = 0 1 2 e
Vz Vx X
F = 0 0 % 0 _50 e R
Yz y
o 0 0 o
o 0o 0o o 2k
- 0
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0 W, —wy Wy
—w, 0 Wy Wy
F=| o, -wx 0 Wz
—wy —wy —w; 0
03x1 0O3x1 O3x1  O3x1
—X1 44 —q3  q2
—X2 g3 q4 —q1
X3 —q2 q q4 € R¥7
—X4 —qQ1 —q2 —q3
03x1 O3x1 O3x1 O3x1
=T
0354 'ZOI
3NX5
Fs=1 054 €R
=T
O34 ':—y
v
F, = ——ZI3N S RSNXSN (70)
20

where 0,x, is a zero matrix of size a x b and Ly is
a 3N x 3N identity matrix.
The measurement

y[k] = h(x[k]) = [m],..., my]"

is the collection of feature points where the linearization
of h(x[k]) is denoted by H[k] and given by

G 0 W 0 8§ 0 ... 0
G, 0 W, 0 0 S ... 0
H=
: Do R (71)
Gy 0 Wy 0 O 0 ... Sy
c RZNX3N .

In (71), Gj(q) € R?*2 isan auxiliary variable defined as

1
G: = 1+RZ]' 0
j= 0 . ’
1+R;;

Wj(q) € R¥* is given elementwise by

Wity = 1+ R R (4 4 R, 2R
jla — (1+sz)2 zj 3qu X0 zj 3qu

aefl,...4}

OR,; OR,;

g = ———— (1 + R )L — R, —2L

Wiz (1+R;))? [( * Rej) qa (o + Rej) qa
aedl,...4}

and S;(q) € R**? is given elementwise by

Sjba = [(1 + sz)Rha — (%0 + sz)Rbu] ,

1
(1+ sz)z

be{l,2}, ae{l,23}.

The definitions of x[k], F[k], H[k] in (69)-(71) can then
be used in the recursive estimator defined in equations
(62)-(66).

Range Identification

In the previous sections, the distance to the feature points
is a pervasive uncertainty in the system. This section pro-
vides an example of how the range to feature points can
also be estimated. The problem in range identification is
to determine the depth of a set of feature points. That
is, given a set of image points m;(t) = [x;/z;, y;/zj, 1]",
the task in range identification is to determine the terms
z;(t) and thus recover m(t) = [x, y;, zj]T. In general, ad-
ditional information about the target or camera motion is
required to perform range identification. For example, the
methods in this section require known velocity estimation
of the camera or viewed target. An example problem is
a mobile robot or UAV, where a combination of joint en-
coders, accelerometers, or inertial measurement units and
a camera can be used to determine the velocity and pose
relative to objects in the environment.

Several researchers have investigated the range identi-
fication problem for conventional imaging systems when
the motion parameters are known. In [20], Jankovic and
Ghosh developed a discontinuous observer, to exponen-
tially identify range information of features from succes-
sive images of a camera where the object model is based on
known skew-symmetric affine motion parameters. In [21],
Chen and Kano generalized the object motion beyond the
skew-symmetric form of [20] and developed a new discon-
tinuous observer that exponentially forced the state obser-
vation error to be uniformly ultimately bounded. More re-
cently, a state estimation strategy was developed in [12,24]
for affine systems with known motion parameters where
only a single homogeneous observation point is provided
(i.e., a single image coordinate). In [57], a reduced order
observer was developed to yield a semi-global asymptotic
stability result for a fixed camera viewing a moving ob-
ject with known motion parameters for a pinhole cam-
era. In [23], a continuous observer is used to asymptot-
ically identify the range information for a general affine
system with known motion parameters. Recent efforts in
range estimation (e.g., [12,13]) have extended this con-
cept for use with omnidirectional cameras (i. e., cameras
that use curved mirrors to achieve a 360° field of view)
and uncertain motion. This section focuses on the case
in where a continuous observer is used to asymptotically
identify the range information for a general affine system
with known motion parameters, using a pinhole camera
as in [23].
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Nonlinear Estimator for Range Identification

For the problems in this section, consider the scenario of
a moving target with a stationary camera or the scenario
of moving camera with a stationary target. In both sce-
narios, the relative motion dynamics can be written in the
same form, although the motion parameters have differ-
ent physical meanings. Specifically, for both scenarios, the
affine motion dynamics can be expressed as

x ap a4 x by
y | =| aa axn ax y |+| b2 | (72)
z asy az;  ass z b3

where x(t), y(t), z(t) € R denote the unmeasurable task-
space coordinates of the point in an inertial frame at-
tached to the camera. The parameters a; ;(t) € R and
bi(t)Vi, j = 1, 2,3 denote the known motion parameters.
To illustrate how the same dynamics apply to both scenar-
ios presented, consider the case of a moving target with
linear and angular velocity v,(t) and w;(t) measured with
respect to the camera frame. A point attached to the ob-
ject has coordinates m(t) in the camera frame, with rela-
tive motion to the camera described by

m=—|wxm—vi=Am+b. (73)
For the moving camera stationary object scenario, con-
sider a feature point attached to a stationary object. The
linear and angular velocities of the target with respect to
the camera (expressed in F.) can be written as

v = —Rv. w; = —Rw. (74)

where R(t) € SO(3) denotes the corresponding rotation
between the camera and object frame, and v(¢) and w.(t)
denote the linear and angular velocity of the camera, re-
spectively. Based on (74), the relationship in (73) can be
rewritten as

i = [Rwc]x i+ Rve = Am + b . (75)

The normalized Euclidean coordinates of a fea-
ture point (which are measurable from the image-space
through the pin-hole model in (5)), are denoted by
m(t) € R?, and defined as

x y7T
_’Z] ,

m 2 (my,my]" = | (76)
The affine dynamics introduced in (72), and the image-
space signal introduced in (76) define the perspective sys-
tem [21]. After taking the time derivative of (76) and uti-
lizing (72), the image-space trajectory of the object feature

can be obtained as

anx + apy + aizz + by

m; =
z
x(as1x + asy + assz+ b
_ (as1 32}’2 33 3) 77)
z
. a21x+a22y+a23z+b2
my =
z
anx + apy+asz+b
_ )/( 31 322’2 33 3) ' (78)

To facilitate subsequent analysis, the time derivative of the
inverse of z(t) is determined as

d (1) . —a31x—a32y—a33z—b3

a\z " 79)

By utilizing (76), the expressions given in (77)-(79) can be
rewritten as

my = a3 + (ay — as3)m; + appm;

- a31mf —apmimy + fi  (80)
My = axs + anmy + (axn — azs)m;
—apm; —asymimy + f, (81)

d (1 1 b
d_ (_) = ——=(azimy + az;my + asz) — _; (82)
t\z z z

where fi(z, my), f2(z, my) € R are unmeasurable signals!
defined as

1
ﬁé;%—%mo (83)

fo 2 (b= byms). (84

The IBSE objective in this section is to determine the
unmeasurable state z(t) of the perspective vision system
described by (72) and (76). From (76) and the fact that
m1(t) and m,(t) are measurable, it is clear that if z(¢) is
identified, then the complete Euclidean coordinate of the
feature can be determined. To achieve this objective, an
observer is constructed based on the unmeasurable image-
space dynamics for m(t). To quantify the performance of
the observer, a measurable observer estimation error sig-

nal, denoted by e(t) € R, is defined as
e 2 [er, e2]" = [my — iy, my — )T, (85)

where 7i(t) & [jq(t),j/z(t)]T € R? denotes a subse-
quently designed observer signal. To facilitate the ob-

The signals fi(z, m1), and fo(z, m;) are unmeasurable due to
a dependence on the unmeasurable state z(t)
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server design, a filtered observation error signal, denoted
by r(t) € R?, is designed as

A . .
r = [r,nlt = [é +arer, é, +azer]” (86)

where o, @, € R denote positive constant gains. Based on
the dynamics in (80) and (81) and the definitions intro-
duced in (85) and (86), it is clear that r(¢) is unmeasurable
due to the fact that #1(t) is a function of the unmeasurable
disturbance terms f1(z, m,;) and f,(z, m;). The subsequent
development will follow the strategy given in [23], where
the design estimates fi(z, m;) and f,(z, m,) based on the
strategy that if the mismatch between the estimates and the
disturbance terms f;(z, m;) and f,(z, m,) can be driven to
zero, then z(t) can be identified by exploiting the fact that
b;(t)Vi = 1, 2,3 and the states m;(t) and m;(t) are mea-
surable. Specifically, from (83) and (84), the inverse of the
square of z(¢) can be determined as

(})2 _ ff+5
z)  (by —bsm)? + (by — bymy)?

For (87) to be valid, it is clear that the following observ-
ability condition must be satisfied

(b1 — bymy)* + (by — bymy)* > 0.

(87)

(88)

That is, z(t) can be identified once the mismatch between
the disturbance terms fi(z, m;) and f2(z, m5) and the re-
spective estimates are driven to zero.

By taking the time-derivative of (85) the following er-
ror dynamics can be obtained for e(t)

e=y—7. (89)

Based on the structure of (80), (81), and (89), the elements
of the observer signal y(t) are designed as [23]

A

my = a3 + (a1 — as3)m; + appm;

—azym} — azymymy + fi - (90)
My = ax + ayymy + (az — ass)my

—azm} — azymymy + f, (91)
]él = (kg + o) fi + yisgnler) + arkser (92)
]éz = —(ko + @) f> + yasgn(er) + arksrer . (93)

Under the assumptions that a; (), bi(t) Vi, j=1,2,3
are known motion parameters; the measured input signals
m1(t) and m;(t), and that the unmeasurable state 1/z(t)
are all bounded functions of time; that the parameters
a;,j(t) are first order differentiable; and that the parame-
ters b;(t) are second order differentiable, then the estimate
z(t) will asymptotically converge to the true value z(t).

Future Directions

The field of IBSE is still an evolving area that has achieved
prominence only in the past twenty years. During this
time, there have been several major shifts in research,
including linear estimation methods, Kalman filtering
methods and, more recently, nonlinear estimator/observer
methods. However, as new methods are introduced, pre-
vious methods continue to be popular and widely used in
a variety of problems. It seems likely that these methods
will continue to be used, rather than giving way to any en-
tirely new methodology.

There are several open problems attracting attention,
mostly rooted in the limitations of IBSE. One open area
includes camera field of view issues and moving beyond
the pinhole camera model. These two problems are linked
in the use of omnidirectional cameras, which have re-
ceived recent attention. A second open area involves the
use of multiple moving cameras and moving objects. Us-
ing methods discussed in this chapter, each camera can es-
timate the relative pose and velocity between itself and vis-
ible objects in its FOV, including other cameras and/or the
moving platforms (e. g., a vehicle or robot) on which they
are mounted. Given overlapping camera FOV’s or cameras
visible to each other, and communication between cam-
eras, it is possible to relate relative pose of all objects and
cameras, even if they are not in the field of view. However,
it is uncertain how to maintain such a network of state
estimates or how errors might propagate through such
a network.

There is also research to reduce the necessary a pri-
ori knowledge needed to perform IBSE. Due to the loss
of depth information in imaging, some a priori informa-
tion will always be necessary to recover the correct scale
of size and/or motion. Nevertheless, it is desirable to re-
quire as little extra information as possible. For example,
there are efforts to eliminate complete knowledge of the
body dynamics for the range identification problem dis-
cussed in Sect. “Range Identification”, reducing the neces-
sary knowledge to a subset of the motion parameters.
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Glossary

Glossary based on [28]:

Affinity Measure or tightness of the binding between an
antigen combining site and an antigenic determinant;
the stronger the binding, the higher the affinity.

Antigen Any substance that when introduced into the
body, is capable of inducing an immune response.

Antigen presenting cells (APC) B-cells, cells of the mon-
ocyte Lineage (including macrophages as well as den-

dritic cells), and various other body cells that present
antigen in a form that B- and T-cells can recognize.

Antibody A soluble protein molecule produced and se-
creted by B-cells in response to an antigen. Antibodies
are usually defined in terms of their specific binding to
an antigen.

B cell White blood cells expressing immunoglobulin
molecules on its surface. Also known as B-lympho-
cytes, they are derived from the bone marrow and de-
velop into plasma cells that are the main antibody se-
cretors.

Clonal selection theory A theory that states that the
specificity and diversity of an immune response are
the result of selection by antigen of specifically reactive
clones from a large repertoire of preformed lympho-
cytes, each with individual specificities.

Dendritic cell Set of antigen-presenting cells (APCs)
present in lymph nodes, spleen and at low levels in
blood, which are particularly active in stimulating T-
cells.

Lymph node Small organs of the immune system, widely
distributed throughout the body and linked by lym-
phatic vessels.

Lymphocyte White blood cell found in blood, tissue, and
in lymphoid organs.

Major histocompatability A group of genes encoding
polymorphic.

Complex (MHC) Cell-surface molecules (MHC class I
and II) that are involved in controlling several aspects
of the immune response. MHC genes code for self-
markers on all body cells and play a major role in trans-
plantation rejection.

Pathogen A microorganism that causes disease.

T Cell White blood cell that orchestrate and/or directly
participate in the immune defenses.

Definition of the Subject

Immunecomputing, or Artificial Immune Systems (AIS),
has recently emerged as a computational intelligence ap-
proach that show great promise. Inspired by the complex-
ity of the immune system, computer scientists and engi-
neers have created systems that in some way mimic or cap-
ture certain computationally appealing properties of the
immune system, with the aim of building more robust and
adaptable solutions. AIS have been defined by [28] as:

“adaptive systems, inspired by theoretical immunol-
ogy and observed immune functions, principle and
models, which are applied to problem solving”.
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However, in order to build AIS an interdisciplinary ap-
proach is required that employs modeling of immunology
(both mathematical and computational) in order to under-
stand the underlying complexity inherent within the im-
mune system. AIS do not rival their natural counterparts,
they do not exhibit the same level of complexity or even
perform the same function, but they do capture essential
properties of the immune systems that are making them
a competitive computational intelligence paradigm.

Introduction

The immune system is a complex system that undertakes
a myriad of tasks. The abilities of the immune system have
helped to inspire computer scientists to build systems that
mimic, in some way, various properties of the immune
system. This field of research, Artificial Immune Systems
(AIS), has seen the application of immune inspired al-
gorithms to problems such as robotic control [72], net-
work intrusion detection [37,67], fault tolerance [5,16],
bioinformatics [20,77] and machine learning [70,71,106],
to name a few. To many, trying to mimic how the immune
system operates in a computer may seem an unusual thing
to do, why then would people in computing wish to do
this? The answer is that, from a computational point of
view, the immune system has many desirable properties
that they would like their computer systems to possess.
These properties are such things as robustness, adaptabil-
ity, diversity, scalability, multiple interactions on a variety
of timescales and so on.

The origins of AIS has its roots in the early the-
oretical immunology work of Farmer, Perelson and
Varela [35,79,101]. These works investigated a number of
theoretical immune network models proposed to describe
the maintenance of immune memory in the absence of
antigen. Whilst controversial from an immunological per-
spective, these models began to give rise to an interest from
the computing community. The most influential people
at crossing the divide between computing and immunol-
ogy in the early days were Hugues Bersini and Stephanie
Forrest. It is fair to say that some of the early work by
Bersini [10,11] was very well rooted in immunology, and
this is also true of the early work by Forrest [36,53]. It was
these works that formed the basis of a solid foundation for
the area of AIS . In the case of Bersini, he concentrated on
the immune network theory, examining how the immune
system maintained its memory and how one might build
models and algorithms mimicking that property. With re-
gards to Forrest, her work was focused on computer secu-
rity (in particular network intrusion detection) [37,55] and
formed the basis of a great deal of further research by the

community on the application of immune inspired tech-
niques to computer security.

At about the same time as Forrest was undertaking her
work, other researchers began to investigate the nature of
learning in the immune system and how that might by
used to create machine learning algorithms [19]. They had
the idea that it might be possible to exploit mechanisms of
the immune system (in particular the immune network) in
learning systems, so they set about doing a proof of con-
cept [19]. Initial results were very encouraging, and they
built on their success by applying the immune ideas to
the classification of DNA sequences as either promoter or
non-promoter classes, [56] and the detection of potentially
fraudulent mortgage applications [57].

The work of Hunt and Cook spawned more work in
the area of immune network based machine learning over
the next few years, notably in [91] where the Hunt and
Cook system was totally rewritten, simplified and applied
to unsupervised learning (very similar to cluster analy-
sis). Concurrently, similar work was carried out by [31,32],
who developed algorithms for use in function optimiza-
tion and data clustering (the details of these are described
in more details later in the chapter). The work of Tim-
mis on machine learning spawned yet more work in the
unsupervised learning domain, in trying to perform dy-
namic clustering (where the patterns in the input data
move over time). This was met with some success in works
such as [76,108]. At the same time, using ideas other than
the immune network theory, work by [50] used immune
inspired associative memory ideas to track moving targets
in databases.

In the supervised learning domain, very little hap-
pened until work by [102] (later augmented in [106]) de-
veloped an immune based classifier known as AIRS. The
system developed by Watkins was then adapted into a par-
allel and distributed learning system in [103], and has
shown itself to be one of the real success stories of immune
inspired learning [45,46,105].

In addition to the work on machine learning, there has
been plenty of other activity in AIS over the years. To out-
line all the applications of AIS and developments over the
past 10 years would take a long time, and there are some
good review papers in the literature, thus the reader is di-
rected those [23,28,39,95]. In addition to these works, [52]
investigated the application areas AIS have been applied
to, and considered the contribution AIS have made to
these areas. Their survey of AIS is not exhaustive, but at-
tempts to produce a picture of the general areas to which
they have been applied. Of the 97 papers reviewed, 12 cat-
egories were identified to reflect the natural groupings of
the papers. These were, in the order of most papers first:
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clustering/classification, anomaly detection (e.g. detect-
ing faults in engineering systems), computer security, nu-
merical function optimization, combinatoric optimization
(e. g. scheduling), learning, bioinformatics, image process-
ing, robotics (e. g. control and navigation), adaptive con-
trol systems, virus detection and web mining. Hart and
Timmis go on to note that these categories can be sum-
marized into three general application areas of learning,
anomaly detection and optimization.

Work in [88] details an alternative approach to the
use of immune metaphors and present a deterministic im-
mune network approach, that is in stark contrast to the
work presented here. This work has shown to be excep-
tionally competitive when compared to other computa-
tional intelligence approaches [89,90]. Due to a growing
amount of work conducted on AIS, the International Con-
ference on Artificial Immune Systems (ICARIS) confer-
ence series was started in 2002! and has operated in sub-
sequent years [12,58,78,93,98]. This is the best source of
reference material to read in order to grasp the variety of
application areas of AIS, and also the developments in al-
gorithms and the more theoretical side of AIS.

This remaining article is organized as follows: in
Sect. “What Is an Artificial Immune System?” first discuss
the current perception of what AIS are, and we do this in
terms of a simple engineering framework; in Sect. “Cur-
rent Artificial Immune Systems Biology and Basic Algo-
rithms” we provide a simple overview of the immunology
that has served to inspire the development of immune in-
spired systems to date, and this is coupled with an outline
of the basic algorithms that have been use in AIS to date;
in Sect. “Alternative Immunological Theories for AIS” we
turn our attention to alternative immunology (away from
the more classic described in the previous section) and fo-
cus on the danger theory approach which exploits a fun-
damental different analogy from immunology that other
AIS have done to date and discuss the cognitive immune
paradigm as an alternative approach to the development of
AIS; Sect. “Emerging Methodologies in AIS” reviews new
approaches to the development of AIS in the context of
a conceptual framework and finally in Sect. “Future Di-
rections” we review some of the possible challenges and
directions that AIS might follow.

What Is an Artificial Imnmune System?

In an attempt to create a common basis for AIS, work
in [28] proposed the idea of a framework for engineering
AIS. They argued the case for such a framework as the exis-
tence of similar frameworks in other biologically inspired

'http://www.artificial- immune- systems.org

approaches, such as artificial neural networks (ANN) and
evolutionary algorithms (EAs), has helped considerably
with the understanding and construction of such systems.
For example, de Castro and Timmis [28] consider a set of
artificial neurons, which can be arranged together to form
an artificial neural network. In order to acquire knowl-
edge, these neural networks undergo an adaptive process,
known as learning or training, which alters (some of) the
parameters within the network. Therefore, they argued
that in a simplified form, a framework to design an ANN
is composed of: a set of artificial neurons, a pattern of
interconnection for these neurons, and a learning algo-
rithm. Similarly, they argued that in evolutionary algo-
rithms, there is a set of artificial chromosomes represent-
ing a population of individuals that iteratively suffer a pro-
cess of reproduction, genetic variation, and selection. As
a result of this process, a population of evolved artificial
individuals arises. A framework, in this case, would cor-
respond to the genetic representation of the individuals
of the population, plus the procedures for reproduction,
genetic variation, and selection. Therefore, they proposed
that a framework to design a biologically inspired algo-
rithm requires, at least, the following basic elements:

A representation for the components of the system
A set of mechanisms to evaluate the interaction of indi-
viduals with the environment and each other. The en-
vironment is usually simulated by a set of input stimulj,
one or more fitness function(s), or other means

e Procedures of adaptation that govern the dynamics of
the system, i. e., how its behavior varies over time

This framework can be thought of as a layered approach
such as the specific framework for engineering AIS of [28]
shown in Fig. 1. This framework follows the three basic el-
ements for designing a biologically inspired algorithm just
described, where the set of mechanisms for evaluation are
the affinity measures and the procedures of adaptation are
the immune algorithms. In order to build a system such
as an AIS, one typically requires an application domain
or target function. From this basis, the way in which the
components of the system will be represented is consid-
ered. For example, the representation of network traffic
may well be different than the representation of a real time
embedded system. In AIS, the way in which something is
represented is known as shape space. There are many kinds
of shape space, such as Hamming, real valued and so on,
each of which carries it own bias and should be selected
with care [38]. Once the representation has been chosen,
one or more affinity measures are used to quantify the in-
teractions of the elements of the system. There are many
possible affinity measures (which are partially dependent
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upon the representation adopted), such as Hamming and
Euclidean distance metrics. Again, each of these has its
own bias, and the affinity function must be selected with
great care, as it can affect the overall performance (and ul-
timately the result) of the system [38]. This was also re-
cently shown experimentally in the case of immune net-
works, where the affinity function affected the overall out-
come of the shape of the network [49,51] The final layer
involves the use of algorithms, which govern the behavior
(dynamics) of the system. Such algorithms include those
based on the following immune processes: negative and
positive selection, clonal selection, bone marrow, and im-
mune network algorithms.

Current Artificial Immune Systems Biology
and Basic Algorithms

The main developments within AIS, have focused on three
main immunological theories: clonal selection, immune
networks and negative selection. Researchers in AIS have
concentrated, for the most part, on the learning and mem-
ory mechanisms of the immune system inherent in clonal
selection and immune networks, and the negative selec-
tion principle for the generation of detectors that are capa-
ble of classifying changes in self. In this section, we review
the immunology that has been capitalized on by the AIS
community. We outline the three main immunological
theories noted above that have acted as a source of inspira-
tion. At each stage, we review a simple AIS approach that
has extracted some feature from that theory. It is worth
noting that, although not covered here, a large effort is cur-
rently being made in the AIS community into exploring
other immune ideas and mechanisms such as danger the-
ory and innate immunity.

Immunity

The vertebrate immune system (the one which has been
used to inspire the vast majority of AIS to date) is com-
posed of diverse sets of cells and molecules. These work in
collaboration with other systems, such as the neural and
endocrine, to maintain a steady state of operation within
the host: this is termed homeostasis. The role of the im-
mune system is typically viewed as one of protection from
infectious agents such as viruses, bacteria, fungi and other
parasites. On the surface of these agents are antigens that
allow the identification of the invading agents (pathogens)
by the immune cells and molecules, which in turn provoke
an immune response. There are two basic types of immu-
nity, innate and adaptive. Innate immunity is not directed
towards specific pathogens, but against any pathogen that
enter the body. The innate immune system plays a vital
role in the initiation and regulation of immune responses,
including adaptive immune responses. Specialized cells of
the innate immune system evolved so as to recognize and
bind to common molecular patterns found only in mi-
croorganisms. However, the innate immune system is by
no means a complete solution to protecting the body.
Adaptive, or acquired immunity, is directed against
specific invaders, with adaptive immune cells being mod-
ified by exposure to such invaders. The adaptive immune
system mainly consists of lymphocytes, which are white
blood cells, more specifically B and T cells. These cells
aid in the process of recognizing and destroying specific
substances. Any substance that is capable of generating
such a response from the lymphocytes is called an antigen
or immunogen. Antigens are not the invading microor-
ganisms themselves; they are substances such as toxins or
enzymes in the microorganisms that the immune system
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considers foreign. Adaptive immune responses are nor-
mally directed against the antigen that provoked them and
are said to be antigen-specific.

Natural Clonal Selection

The clonal selection theory (CST) [15] is the theory used
to explain the basic response of the adaptive immune sys-
tem to an antigenic stimulus. It establishes the idea that
only those cells capable of recognizing an antigenic stimu-
lus will proliferate, thus being selected against those that
do not. Clonal selection operates on both T cells and B
cells. In the case of B cells, when their antigen receptors
(antibodies) bind with an antigen, the B cell becomes acti-
vated and begins to proliferate producing new B cell clones
that are an exact copy of the parent B cell. The clones then
undergo somatic hypermutation and produce antibodies
that are specific to the invading antigen [9]. After prolifer-
ation, B cells differentiate into plasma cells or long-lived B
memory cells. Plasma cells produce large amounts of anti-
bodies which will attach themselves to the antigen and act
as a type of tag for other immune cells to pick up on and
remove from the system. This whole process is known as
affinity maturation.

Memory cells help the immune system to be protective
over periods of time. In the normal course of the evolution
of the immune system, an organism would be expected to
encounter a given antigen repeatedly during its lifetime.
The initial exposure to an antigen that stimulates an adap-
tive immune response is handled by a small number of B
cells, each producing antibodies of different affinity. Stor-
ing some high affinity antibody producing cells (memory
cells) from the first infection, so as to form a large initial
specific B cell sub-population for subsequent encounters,
considerably enhances the effectiveness of the immune re-
sponse to secondary encounters. Such a strategy ensures
that both the speed and accuracy of the immune response
becomes successively stronger after each infection.

Autoimmunity is the term used to describe the exis-
tence of antigen receptors that recognize the body’s own
molecules, or self-antigens. According to the CST, im-
mune specificity is a property of immune receptors. When
a non-self antigen is detected, a suitable immune response
is elicited and the antigen is destroyed. Thus, the recogni-
tion of self-antigen is forbidden, and self-reacting recep-
tors must be deleted.

Artificial Clonal Selection

Work in [30,32] proposes an optimization algorithm,
known as CLONALG, inspired by the clonal selection pro-
cess, as outlined in the previous section. Given a func-

tion F, a population of candidate solutions (antibodies)
are evolved to either minimize or maximize the function.
Each member of this population is a vector, in a cer-
tain shape space, which maps values to the parameters of
the function F. CLONALG exploits the cloning, mutation
and selection mechanisms of clonal selection, to effectively
evolve a set of memory cells that contain candidate solu-
tions to the function F.

CLONALG operates via the following procedure.
A population P is initialized with random vectors, where P
is set of candidate solutions for the given function. Each
member of P is evaluated against the function, and the
highest affinity n number are selected for cloning, where
affinity can be measured as the distance to the optimal
value. Clones are produced at a rate proportional to the
affinity (so the better the affinity, the more clones are pro-
duced). Each clone is subject to a mutation rate, which
is inversely proportional to the affinity. These clones are
added to P and then the n highest affinity are selected to
remain in the population. A number of low affinity mem-
bers are then removed from the population and replaced
with the same number of randomly generated members.
This process is repeated until some convergence criteria
is satisfied, or a fixed number of iterations has been per-
formed.

Experimentally, CLONALG has been shown to per-
form well on standard benchmark tests for optimization
problems [32]. However, it has not been reported in the lit-
erature that CLONALG itself outperforms any well known
technique. Other algorithms similar to CLONALG exist
in the literature, such as [65] and [20], with comparative
studies showing that whilst CLONALG is effective, bet-
ter results can be obtained with more specialized versions
of the algorithm [20,77]. Indeed, recent work by [21] has
shown that a clonal selection based algorithm using a spe-
cial aging operator can perform as well as the state-of-art
on certain protein folding problems.

Clonal selection based algorithms have also been de-
veloped for dynamic environments, reporting good per-
formance [40,66,70]. CLONALG has also been adapted
for simple pattern recognition problems, but the results
from that work are less conclusive [107]. It has also
been adapted for more sophisticated learning systems
where results are very encouraging indeed for static learn-
ing [45,104,105] and for dynamic learning [80].

Immune Networks

In a landmark paper for its time, [59] proposed that the
immune system is capable of achieving immunological
memory by the existence of a mutually reinforcing net-
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work of B cells. This network of B cells occurs due to the
ability of paratopes (molecular portions of an antibody) lo-
cated on B cells, to match against idiotopes (other molec-
ular portions of an antibody) on other B cells. The binding
between idiotopes and paratopes has the effect of stimu-
lating the B cells. This is because the paratopes on B cells
react to the idiotopes on similar B cells, as it would an anti-
gen. However, to counter the reaction there is a certain
amount of suppression between B cells which acts as a reg-
ulatory mechanism. This interaction of B cells due to the
network, was said to contribute to a stable memory struc-
ture, and account for the retainment of memory cells, even
in the absence of antigen. This theory was refined and for-
malized in successive works by [35,79] and combined with
work by [13] was very influential in development of the
immune network based AIS such as [56,76,96,97].

Artificial Immune Networks

Based on the work of CLONALG, an algorithm known
as aiNet was proposed in [31]. aiNet is a simple exten-
sion of CLONALG (described above), but exploits inter-
actions between B cells according to the immune network
theory. The main difference between the two approaches,
is that after new clones are integrated into the population,
a network suppression function is employed throughout
the population to remove cells that have similar affinities?
this facilitates the maintenance of diversity within the pop-
ulation. Recent work by [83] has shown that aiNET per-
forms better on data that has a more uniform underlying
distribution, due to the nature of how aiNET performs the
suppression. However, this work did focus on the initial
version of aiNET, and there are recent variants of aiNET
that seem to perform much better.

aiNet was initially designed for data clustering, but has
been extended over the years, as a hierarchical clustering
tool in [29] and through hybridization with fuzzy systems
methods by [14]. In the last paper, aiNet was augmented
to take into account an adaptive radius measure instead of
a fixed radius for B cell matching. This lead to a much im-
proved version of aiNet, being able to achieve better sep-
aration of the data, forming clusters in less time. Work
by [27] adapted aiNet for multi-modal function optimiza-
tion. In that paper, aiNet was also modified to be applied
to the same optimization problems as CLONALG, and was
shown to have greatly improved performance over CLON-
ALG, but this is not as comparable to other clonal selection
based systems [94,99]. However, it was recently identified

21t should be noted that this is a slight departure from the im-
mune network theory, where both suppression and stimulation occur
between cells

that if careful thought was given to the optimization prob-
lem, the basic aiNet algorithm can be augmented to give
significant gains in performance [3].

Negative Selection

Negative selection is a process of selection that takes place
in the thymus gland. T cells are produced in the bone mar-
row and before they are released into the lymphatic sys-
tem, undergo a maturation process in the thymus gland.
The maturation of the T cells is conceptually very simple.
T cells are exposed to self-proteins in a binding process.
If this binding activates the T cell, then the T cell is killed,
otherwise it is allowed into the lymphatic system. This pro-
cess of censoring prevents cells that are reactive to self from
entering the lymph system, thus endowing (in part) the
host’s immune system with the ability to distinguish be-
tween self and non-self agents.

Artificial Negative Selection

The negative selection principle inspired [36] to propose
a negative selection algorithm to detect data manipulation
caused by computer viruses. The basic idea is to gener-
ate a number of detectors in the complementary space and
then to apply these detectors to classify new (unseen) data
as self (no data manipulation) or non-self (data manip-
ulation). In the negative selection algorithm as proposed
by Forrest et al. we can define self as a set S of elements
of length I in shape-space. Then generate a set D of de-
tectors, such that each fails to match any element in S.
With these detectors, monitor a continual data stream for
any changes, by continually matching the detectors in D
against the stream. This work spawned a great deal of in-
vestigations into the use of negative selection for intru-
sion detection, with early work meeting with some suc-
cess [37], and this being built on in later years [7,34,54,55].
The work on negative selection has been dominate in AIS.
A great deal of work has gone into investigating various al-
ternatives of representations [26,42,44], techniques for es-
timating detector coverage [43,60,61,62] and applications
of said technique [6,24,25,33,63,64,68,69,81] to name only
a few. However, later works began to highlight certain lim-
itations of the approach [84,85,86,87] with regards to scal-
ability issues and applicability of the technique to classifi-
cation. In addition, work in [38] outline the need to con-
sider carefully the application domain when developing
AIS, and they give particular attention to negative selec-
tion. They review the role AIS have played in the devel-
opment of a number of machine learning tasks, includ-
ing that of negative selection. However, Freitas and Tim-
mis point out that there is a lack of appreciation for pos-
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sible inductive bias within algorithms and positional bias
within the choice of representation and affinity measures
that comes from not carefully applying not only negative
selection, but other algorithms as well.

Alternative Inmunological Theories for AIS
Innate Immune System

In recent years there has been a growing interest in
the mechanisms of innate immune system in immunol-
ogy [41]. up to this point, AIS had concentrated soley on
the adaptive immune systems, but the Danger theory pro-
posed by [73,74] has caught the interest of the AIS practi-
tioner in recent years as a compliment to the adaptive.
The Danger theory attempts to explain the nature and
workings of the immune response in a way different to the
more traditional clonal selection view. Matzinger criticizes
this idea, as she states that observations demonstrate that
it may sometimes be necessary for the body to attack itself
and conversely the immune system may not attack cells it
knows to be foreign (this is not possible under the classical
clonal selection theory). Matzinger argues a more plausi-
ble way to describe the triggering of an immune response
is a reaction to a stimulus the body considers harmful. This
might be seen as a very small change but in reality this is
real shift in thinking about how the immune system re-
sponds to pathogens. In essence, this model allows for for-
eign and immune cells to exist together, a situation im-
possible in the traditional standpoint. When under attack,
cells dying unnaturally may release a danger signal, that
disperses to cover a small area around that cell: a danger
area. It is within this and only within this area that the im-
mune system becomes active and will concentrate its at-
tack against any antigen within it. There is still much de-
bate in the immunological world as to whether the Dan-
ger theory is a plausible explanation for observed immune
function, but it is proving to be an interesting theory none
the less and if affecting the thinking in the AIS world. As
we have discussed in the previous section, the idea of using
the innate immune systems, in particular the danger the-
ory, has started to become popular. The first to propose
the idea was [1] in the context of using such danger theory
ideas in the context of network intrusion detection. Here
the authors discussed how one might introduce the notion
of danger areas in networks which might be indicated by
unusual behavior without having to define a-priori what
those behaviors were (a large departure from the current
way of network intrusion detection using AIS, where un-
usual behavior was used to train the system). This work
was then extended to notably [47,48] where the dendritic
cell algorithm was proposed and [8] where the idea of ar-

tificial tissue was proposed. Work in [48] describes how
dendritic cells (DC), which is a cell considered to be part
of the innate immune system, performs a function that in
effect controls the adaptive immune response when un-
der attack. What a DC does depends on the signals that
it receives within the tissue: these might be danger sig-
nals, PAMPS (pathogenic associated molecular patterns),
safe signals and inflammatory cytokines. The DC will ma-
ture into different states depending on the concentration
of these signals, and the state of the DC influences the
response of the T cell to which the DC is presenting the
antigen. Based on these ideas, a DC inspired algorithm
has been developed, and tested within a tissue environ-
ment developed in [100]. The application area was that
of anomaly detection and the DC had to identify if cer-
tain types of behavior on a computer were anomalous or
not: no predefined knowledge of what constitutes anoma-
lous is required, but what is required is a definition of what
constitutes dangerous behaviors for various variables. Re-
sults reported in [48] would seem to indicate that the DC
algorithm is capable of identifying anomalous behavior
(processes that were considered not be normal) over time.
However, this is still quite preliminary work, and the sys-
tem needs to be baselined against a state-of-art type sys-
tem in order to fully see the contribution this approach
can bring.

Cognitive Immunology

Much like the paradigm shift of danger theory, within AIS
recent attention has been paid to the cognitive immune
paradigm proposed by [18]. Notably work in [2] discusses
how Cohen views the immune system as a cognitive sys-
tem, capable of detection, cognition and decision making
and argues that the primary role of the immune system is
not protection (as is considered by say the clonal selection
theory), but one of body maintenance. [2] say that in Co-
hen’s view, removal of pathogen, is beneficial to the health
of the body, and thus defense against pathogen is consid-
ered to be just a special case of body maintenance. In order
to carry out body maintenance, the immune system must
be able to detect the current state of the bodys tissues and
elicit an appropriate response.

According to the clonal selection theory, immune
specificity is a property of the somatically generated im-
mune receptors of the T and B cells, which both initiates
and regulates the immune response. Initiation is achieved
via the binding between an antigen and a receptor that
is specific to it. As stated by [2], Cohen, however, points
out that immune receptors are intrinsically degenerate, i. e.
they can bind more than one ligand. Immune specificity,
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therefore, cannot be purely dependent on molecular bind-
ing as no one receptor can be specific to a single antigen.
Instead, affinity, the strength of binding between a recep-
tor and its ligand, is a matter of degree. Indeed, as a fol-
low on to their work in [4] outline a simple computa-
tional model that demonstrates degenerate recognition in
the context of a lymph node, and work in [75] has also in-
vestigated degeneracy in the context of pattern recognition
and begun to develop high-level AIS as a result.

Emerging Methodologies in AIS

The methodology in which AIS are built has been ad-
dressed by work in [82]. This paper proposes a concep-
tual framework that allows for the development of more
biologically grounded AIS, through the adoption of an
interdisciplinary approach. As will be clear from the ar-
ticle, metaphors that have been employed have typically
been simple, but somewhat effective. However, as pro-
posed in [82], through greater interaction between com-
puter scientists, engineers, biologists and mathematicians,
better insights into the workings of the immune system,
and the applicability (or otherwise) of the AIS paradigm
will be gained. These interactions should be rooted in
a sound methodology in order to fully exploit the synergy.

These interactions should be rooted in a sound
methodology in order to fully exploit the synergy. The au-
thors argue that rather than going straight from observing
the biology and then to the development of an algorithm,
a more principled approach is required to adequately cap-
ture the required properties of the biological system in the
engineered counterpart. The methodology is one of ab-
straction, as seen in Fig. 2. The first step is observe the bi-
ological system through a means of experimentation and
analysis. From there is is possible to create a mathematical
model of the biosystem: a relatively detailed model of the

system. However, these mathematical models may be too
complex to solve, and therefore another level of abstrac-
tion is required to gain further insight into the interactions
within the system and overall systems dynamics. There-
fore, these mathematical models are then used to derive
a more abstract computational model: the model can be
executed and analyzed for properties that are desired in the
engineered system we wish to construct, these can be en-
compassed into an analytical framework and design prin-
ciples and high-level abstraction of algorithms and systems
can be developed abstract from any application area. This
is then instantiated in the application area, being tailored
to the specific requirement of that application area. The
result is well-grounded bio-inspired algorithm, that is un-
derstood better on a theoretical level and captures the rele-
vant biological properties for the required application. As
part of this process, the authors suggest a second stage of
development and that is to create meta-frameworks which
cut across a number of frameworks that have arisen as part
of the initial development. At this stage it is possible to
ask unifying questions across these systems that are con-
cerned with complexity of the system, these questions are
(1) Openness: how much openness is required in the sys-
tem, biological systems do not stop computing, therefore
should our computations stop? (2) Diversity: How much
diversity is required in the system to attain the perfor-
mance we require, how many different types of actors are
needed? (3) Interaction: How should these agents inter-
act? At what timescale and what should they communi-
cate? (4) Structure: biological systems operate on a num-
ber of levels, how many levels are needed in our artificial
systems, are suitable levels of a hierarchy required? and
(5) Scale: Biological systems operate on vast scales, rather
different from a typical immune inspired algorithm. How
many actors re required in the system to achieve the de-
sired complexity?
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Future Directions

With this may come a better understanding of how to ap-
ply AIS, and not fall into the traps highlighted by [38].
A recent paper by [52] highlight the fact that to date, the
development of AIS has been scattergun i. e. many applica-
tions have been tried without a great deal of thought. In-
deed, this paper provides a detailed overview of the many
application areas that AIS have tried, and this will not be
repeated here: the interested reader should consult that pa-
per. The authors go on to propose a number of properties
that they feel any AIS should have, and that these proper-
ties may help guide the type of application they could be
applied to:

o “They will exhibit homeostasis.

o They will benefit from interactions between innate and
adaptive immune models.

e They will consist of multiple, interacting, communicat-
ing components.

e Components can be easily and naturally distributed.

e They will be required to perform life-long learn-
ing” [52].

It apparent that, despite the success of some applications
of AIS, all AIS to date fail to fully capture the complex op-
eration of the immune system. What has changed is the in-
creased scope of immunological theories that those work-
ing with AIS take inspiration from. For example, In their
summaries of the future for AIS, both [39] and [52] point
towards an increased emphasis on the innate and home-
ostatic functions of the immune system as possible areas
for AIS exploitation. In addition to the increased scope of
AIS, there has been a recent and healthy rise in investi-
gating the theoretical workings of various immune algo-
rithms [17,22,85]. In a recent position paper, [92] argues
that the area of AIS has reached something of an impasse.
They discusses a number of challenges to the AIS commu-
nity which they believe will stimulate discussion and help
move the area forward:

“Challenge 1: To Develop Novel and Accurate
Metaphors and be a Benefit to Immunology. Typ-
ically naive approaches to extracting metaphors
from the immune system have been taken. This
has occurred as an accident of history, and AIS has
slowly drifted away from its immunological roots.
Time is now ripe for greater interaction with im-
munologists and mathematicians to undertake spe-
cific experimentation and create useful models, all
of which can be used as a basis for abstraction into
powerful algorithms.

Challenge 2: To Develop a Theoretical basis for AIS.
Much work on AIS has concentrated on simple ex-
traction of metaphors and direct application. De-
spite the creation of a framework for developing
AIS, it still lacks significant formal and theoretical
underpinning. AIS have been applied to a wide va-
riety of problem domains, but a significant effort is
still required to understand the nature of AIS and
where they are best applied. For this, a more theo-
retical understanding is required.

Challenge 3: To Consider the Application of AIS.
Work to date in the realm of AIS has mainly concen-
trated on what other paradigms do, such as simple
optimization, learning and the like. This has hap-
pened as an accident of history and whilst produc-
tive, the time is here to look for the killer applica-
tion of AIS, or, if not that radical, then applications
where the benefit of adopting the immune approach
is clear.

Challenge 4: To Consider the Integration of Im-
mune and Other Systems. The immune system does
not work in isolation. Therefore, attention should
not only be paid to the potential of the immune
system as inspiration, but also other systems with
which the immune system interacts, in particular
the neural and endocrine systems. This will pave
the way for a greater understanding of the role and
function of the immune system and develop a new
breed of immune inspired algorithms.” [92]

To be sure, some of these challenges are now being ad-
dressed within the community. The area of AIS is a dy-
namic and vibrant area of research, it is inherently inter-
disciplinary in nature and great lessons can be learnt be-
tween various communities and they can all benefit from
successful interactions.
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Glossary

Type of an agent All the information possessed by this
agent. It may refer to the preferences of this agent
and/or to the knowledge of this agent of the prefer-
ences of other agents.

State of the world Description of all information pos-
sessed by all agents.

Social choice rule A correspondence mapping the set of
states of the world in the set of allocations. It represents
the social objectives that the society or its representa-
tives want to achieve.

Mechanism A list of message spaces and an outcome
function mapping messages into allocations. It repre-
sents the communication and decision aspects of the
organization.

Equilibrium concept A mapping (or a collection of
them) from the set of states of the world into alloca-
tions yielded by equilibrium messages. This equilib-
rium is a game-theoretical notion of how agents be-
have, e.g. Nash Equilibrium, Bayesian Equilibrium,
Dominant Strategies, etc.

Implementable social choice rule in an equilibrium

concept (e. g. nash equilibrium) A Social Choice Rule is
implementable in an equilibrium concept (e. g. Nash
Equilibrium) if there is a mechanism such that for each
state of the world the allocations prescribed by the So-
cial Choice Rule and those yielded by the equilibrium
concept coincide.

Definition of the Subject

Implementation theory studies which social objectives
(i. e. Social Choice Rules) are compatible with the incen-
tives of the agents (i. e. are implementable). In other words
it is the systematic study of the social goals that can be
achieved when agents behave strategically.

Introduction
Dear colleague;

I wrote this survey with you in mind. You are an economist
doing research who would like to know why implementa-
tion is important. And by this I do not mean why some
people won the Nobel Prize working in this area. I mean,
what are the deep insights found by implementation the-
ory and what applications are delivered by these tools. I
propose a simple game: try to answer the following ques-
tions. If you cannot answer them, but you think they are
important, read the survey. At the end of this survey, I will
give you the answers. I will also tell you why I like imple-
mentation theory so much!

1. Why are agents price-takers? Is price-taking possible in
economies with a finite number of agents?

2. Suppose two firms wish to merge. They claim that the
merger will bring large cost reductions but some people
fear that the firms just want to avoid competition. What
would be your advice?
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3. How should a monopoly be regulated when regulators
do not know the cost function or the demand function
of the monopolist?

4. How should it be determined whether or not a public
facility - a road, a bridge, a stadium - should be con-
structed and who should pay for it?

5. Is justice possible in this world? Can we reconcile jus-
tice and self-interest?

6. Can an uninformed planner achieve better allocations
than those produced by completely-informed agents in
an unregulated market?

7. In competitive ice skating, the highest and lowest marks
awarded by judges are discarded and the remaining are
averaged. Do you think that this procedure eliminates
incentives to manipulate votes?

8. What kind of policies would you advocate to fight
Global Warming?

The answers to these questions are found in Sect. “Answers
to the Questions” The rest of this paper goes as follows.
Sect. “Brief History of Implementation Theory” is a his-
torical introduction that can be skipped. Sect. “The Main
Concepts” explains the basic model. Sect. “The Main In-
sights” explains the main results. Sect. “Unsolved Issues
and Further Research” offers some thoughts about the fu-
ture direction of the topic.

Brief History of Implementation Theory

From, at least Adam Smith on, we have assumed that
agents are motivated by self-interest. We also assumed that
agents interact in a market economy where prices match
supply and demand. This tradition crystallized in the Ar-
row-Debreu-McKenzie model of General equilibrium in
the 1950s. But it was quickly discovered that this model
had important pitfalls other than focusing on a narrow
class of economic systems: On the one hand, an extra agent
was needed to set prices, the auctioneer. On the other
hand agents follow rules, i. e. to take prices as given, which
are not necessarily consistent with self-interest. An iden-
tical question had arisen earlier when Taylor [129] and
Lange [70], following Barone [17], proposed a market so-
cialism, where socialist managers maximize profits: Why
would socialist managers choose output in the way pre-
scribed to them (or who will provide and preserve capi-
tal in a system where the private property of such items
is forbidden?)? Samuelson [113] voiced identical concern
about the Lindahl solution to allocate public goods: “It is
in the selfish interest of each person to give false signals”.
This concern gave rise later on to the golden rule of incen-
tives — as stated by Roger Myerson [91]: “An organization
must give its members the correct incentives to share in-

formation and act appropriately”. Earlier, it had aroused
the interest of Leonid Hurwicz, the father of Implementa-
tion theory, in economic systems other than the market.
In any case it was clear that an important ingredient was
missing in the theory of economic systems. This element
was that not all information needed for resource alloca-
tion was transmitted by prices: Some vital items have to be
transmitted by agents.

Several proposals arose to fill the gap: On the one
hand, models of markets under asymmetric information,
Vickrey [135], Akerlof [3], Spence [128] and Rothchild
and Stiglitz [106]. On the other hand models of pub-
lic intervention, like optimal taxation, Mirless [82], and
mechanisms for allocating public goods, Clarke [27] and
Groves [48], with the so-called Principal-Agent models
somewhere in the middle. The key word was “Truthful
Revelation” or “Incentive Compatibility”: Truthful reve-
lation of information must be an equilibrium strategy,
either a dominant strategy, as in Clarke and Groves, or
a Bayesian equilibrium as in Arrow [7] and D’Aspremont
and Gerard-Varet [10]. A motivation for this procedure
was provided by the “Revelation Principle”, Gibbard [45],
Myerson [89], Dasgupta, Hammond and Maskin [38] and
Harris and Townsend [50]: If a mechanism yields certain
allocations in equilibrium, telling the truth about one’s
characteristics must be an equilibrium as well (however,
telling the truth may not be an equilibrium in the origi-
nal mechanism you might have to use an equivalent di-
rect mechanism). This result is of utmost importance and
it will be thoroughly considered in Sect. “The Main Con-
cepts” However, it was somehow misread as “there is no
loss of generality in focusing on incentive compatibility”.
But what the revelation principle asserts is that truthful
revelation is one of the, possibly, many equilibria. It does
not say that truthful revelation is the only equilibrium. As
we will see in some cases it is a particularly unsatisfactory
way of selecting equilibria.

The paper by Hurwicz [53], popularized by Re-
iter [102], presented a formal structure for the study of
economic mechanisms which has been followed by all sub-
sequent papers. Maskin [76], whose first version circulated
in 1977, is credited as the first paper where the problem of
multiple equilibria was addressed as a part of the model
and not as an afterthought, see the report of the Nobel
Prize Committee [101]. Maskin studied implementation
in Nash equilibrium (see Glossary). Later his results were
generalized to Bayesian Equilibrium by Postlewaite and
Schmeidler [100] and Palfrey and Srivastava [94,95].

Finally, Moulin [87] studied Dominance Solvability
and Moore and Repullo [87] Subgame Perfect Equilib-
rium. The century closed with several characterizations on
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what can be implemented in other equilibrium concepts:
Moore and Repullo [85] in Nash Equilibrium, Palfrey and
Srivastava [96] in Undominated Nash Equilibrium, Jack-
son [58] in Bayesian Equilibrium, Dutta and Sen [39]
in Strong Equilibrium and Sjostréom [125] in Trembling
Hand Equilibria. With all these papers in mind, the ba-
sic aspects of implementation theory are now well under-
stood.

The interested reader may complement the previous
account with the surveys by Maskin and Sjostrom [78] and
Serrano [122] which cover the basic results and by Baliga
and Sjostrom [13] for new developments including exper-
iments. See also Maskin [75], Moore [84], Corchon [29],
Jackson [60] and Palfrey [93]. Several important applica-
tions of Implementation Theory are not surveyed here:
Auctions, see Krishna [67], Contract theory, see Laffont
and Martimort [69], Matching, see Roth (forthcoming)
and Moral Hazard see Ma, Moore and Turnbull [73].

The Main Concepts

We divide this section into four subsections: The first de-
scribes the environment, the second deals with social ob-
jectives, the third revolves around the notion of a mecha-
nism and the last defines the equilibrium concepts that we
will use here.

The Environment

Let I ={1,...,n} be the set of agents. Let §; be the
type of i. This includes all the information in the hands
of i. Let ©; be agent i’s type set. The set ©® C [[i_, ©;
is the set of states of the world. For each 6 € ®
we have a feasible set A(f) and a preference profile
R(#) = (R1(0),...,R,(0)). Ri(0) is a complete, reflexive
and transitive binary relation on A(#). I;(8) denotes the
corresponding indifference relation. Set A = ( g A(9).
Leta = (aj, ay,...,a,) € Abean allocation, also written
(ai,a—;), where a—; = (a1, az, ..., ai—1,dj41,-- ., an)-

The standard model of an exchange economy is a spe-
cial case of this model: § is an economy. X;(8) C Rk is
the consumption set of i. w;(0) € intX;(f) are the endow-
ments in the hands of i. The preferences of i are defined on
X;(0). The set of allocations A(0) is defined as

AB)={al) (aij+wij(0) <0, j=12... .k

i=1
(air, @iz, ..., a;) € Xi(0), Viel

A special case of an exchange economy is bilateral trading:
Here there are two agents, the seller and the buyer. The

seller has a unit of an indivisible good and both agents are
endowed with an infinitely divisible good (“money”). Pref-
erences are representable by linear utility functions. The
type of each agent, also called her valuation, is the marginal
rate of substitution between both goods. Finally, the set of
types is a closed interval of the real line.

Another example is the social choice model where the
set of states of the world is the Cartesian product of indi-
vidual type sets, ©® = [[i—; ©;. The set of feasible alloca-
tions is constant. The preferences of each agent only de-
pend on her type, forall 6 € ©, R;(6) = R;(6;) alli € I.

The model of public goods is a hybrid of the social
choice and the exchange economy models. For a subset
of goods, say 1,2,..., [, agents receive the same bundle
(these are the public goods). For goods I + 1, ..., k, agents
can consume possibly different bundles.

Social Objectives

Implementation begins by asking what allocations we want
to achieve. In this sense, implementation theory reverses
the usual procedure, namely, fix a mechanism and see
what the outcomes are. The theory is rather agnostic as
to who is behind we: It could be a democratic society, it
could be a dictator, a benevolent planner, etc. Formally,
a correspondence F: ® —» A such that F(0) C A(0) for
all 6 € ® will be called a Social Choice Rule (SCR). Under
risk or uncertainty, allocations are state-dependent (recall
the concept of contingent commodities in General Equi-
librium). Thus an allocation is a single-valued function
f: ® — A.The notion of a SCR is replaced by that of a So-
cial Choice Set (SCS) defined as a collection of functions
mapping © into A. Examples of SCR are the Pareto rule,
which maps every state into the set of Pareto efficient allo-
cations for this state, the Walrasian SCR which maps ev-
ery economy in the set of allocations that are a Walrasian
Equilibrium for this economy, etc.

If states of the world were contractible, i.e. if they
could be written in an enforceable contract specifying the
allocations in each state, SCR or SCS would be directly
achieved, assuming that those not complying could be
punished harshly. Unfortunately, states of the world are
a description of preferences and productive capabilities,
being those difficult to describe and therefore easy to ma-
nipulate. Thus, we have to find another method to reach
the desired allocations.

Mechanisms

If the information necessary to judge the desirability of al-
locations is in the hands of agents, it seems that the only
way of retrieving this information is by asking them. But,
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of course, agents cannot be trusted to reveal truthfully
their information because they might lose by doing so.
Thus the owner of a defective car will think twice about
revealing the true state of the car if the price of defective
cars is less than the price of reliable cars. But perhaps we
may design ways in which the messages sent by different
agents are checked one against the other. We may also de-
sign ways in which agents send information by indirect
means, say by raising flags, making gestures, and so on and
so forth. This is the idea behind the concept of a mecha-
nism (also called a game form).

Formally, a mechanism is a pair (M, g) where M =
[T} M; is the message space and g: M — A is the out-
come function. M; denotes agent i’s message space with
typical element m;. In some cases, i. e. when goods are in-
divisible, the outcome function maps M into the set of
lotteries on A, denoted by LA. In this case the outcome
function yields the probability of obtaining an object. Let
m = (my,..,m,) € M, be a list of messages, also written
(mj, m_;) where m_; is alist of all messages except those
sent by i.

Another interpretation of a mechanism, more in tune
with decentralized systems, is that messages describe con-
tracts among agents and the outcome function is a legal
system that converts contracts into allocations.

If feasible sets are state dependent we have a problem:
Suppose that at 6 we want to achieve allocation a € A(8).
So there must be a message, say m such that g(m) = a. But
what if there is another state, say 6 for which a ¢ A(6')?
In this case g(m) ¢ A(0’). In other words, since mecha-
nisms are not state dependent they may yield unfeasible al-
locations. We will postpone the discussion of this problem
until Sect. “Unsolved Issues and Further Research” For the
time being, let us assume that feasible sets are not state de-
pendent.

Equilibrium

Since the messages sent by agents are tied to their incen-
tives, it is clear that we have to use an equilibrium concept
borrowed from game theory. Thus, given § € ®, a mech-
anism (M, g) induces a game in normal form (M, g, 0).
There are many “solutions” to what would constitute an
equilibrium. Let us begin by considering the notion of
a Nash equilibrium:

Definition 1 A message profile m* € M is a Nash equi-
librium for (M, g,0) if, for all i € I g(m*)R;(0)g(m;,
m* ) for all m; € M;.

Let NE(M, g, 0) be the set of allocations yielded by all
Nash equilibria of (M, g, 8). We now ask, given a SCR,
what mechanism, if any, would produce outcomes identi-

cal to the SCR. In this sense, the mechanism is the variable
of our analysis i. e. the mechanism “solves” the equation
NE(M, g,0) = F(0), for all 8 € ©. Formally,

Definition 2 The SCR F is implementable in Nash equi-
librium if there is a mechanism (M, g) such that, for all
0 e O,/NEM,g0)F# @ and:

1. F(0) € NE(M. g.6).
2. NE(M, g,0) C F(6).

The previous concept can be easily generalized. Given
a mechanism (M, g) an equilibrium concept is a map-
ping, say Ey,g): © —> A such that Ey,4)(0) S A(0) for
all 6§ € @. For instance E(y,q)(0) may be the set of allo-
cations arising from dominant strategy profiles in 6 when
the mechanism (M, g) is in place. The notion of imple-
mentation in an equilibrium concept easily follows. See
Thomson [132] for a discussion of other concepts of im-
plementation.

The problem is that some equilibrium concepts can
not be written in the way we just described because the
actions to be taken in state, say 6’, depend on preferences
in states other than 6’. To see this, suppose that agents at-
tach a vector of probabilities to each possible type of the
other agents, Harsanyi [51]. Denote by q(6—;/6;) the vec-
tor of probabilities attached by i that other agents have
types 0—; given that she is of type 6;. For simplicity as-
sume that it is a strictly positive vector. Suppose that pref-
erences are representable by a von Neumann-Morgenstern
utility index V;(a, 8). In this framework, (as first noticed
by Vickrey [135]) a strategy for i, denoted by s;, is no
longer a message but a function from the set of types of i
in the set of messages of i, namely, s;: &; — M;. A strat-
egy profile, s, is a collection of strategies, one for each
agent, s = (sy,....,s,) also written as (s;, s—;). For sim-
plicity, the next definition assumes that type sets are fi-
nite.

Definition 3 A Bayesian Equilibrium (BE) for (M, g,
R(+))isas* such thatforalli, 8 € ®,and m; € M;,

3 (O | 0)Vi(g(s*(0)).0)
9—1‘6@—1‘

> Y q(-i | 6)Vi(glmy,s*,(6-1)), 6)
0_,eO_;

Thus, an equilibrium concept - given a mechanism - is
a collection of functions, denoted by Hyy, ), such that for
all hyr,) € Hoarg) ha,g): © — A.Finally, the definition
of implementable SCS in BE follows.
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Definition 4 The mechanism (M, g) implementsa SCS F
in BE if:

1. For any BE s there exists x € F(6), such that g(s(0)) =
x(0) forall 6 € ©.

2. For any x € F, there is a BE s such that g(s(0)) = x(6)
forall 0 € ©.

Looking at our definitions of an implementable SCR or
SCS we see that the first requirement is that all equilibria
yield “good” allocations. The second requirement is that
given an allocation to be implemented, there is an equilib-
rium “sustaining” this allocation. These two requirements
bear some resemblance to the two fundamental theorems
of welfare economics, namely that competitive equilib-
rium is efficient and that any efficient allocation can be
achieved as a competitive equilibrium with the appropriate
endowment redistribution. Notice that endowment redis-
tribution is not used in the definition of implementation.

The Main Insights

We group our results here under three headings: The Rev-
elation Principle and its consequences, Monotonicity and
how to avoid it and the limits of design. We will discuss
them each in turn.

The Revelation Principle and its Consequences

The definition of a mechanism is extremely abstract. No
conditions have been imposed on what might constitute
a message space or an outcome function. And since im-
plementation theory considers the mechanism the variable
to be found, this is an unhappy situation: we are asked
to find something whose characteristics we do not know!
Fortunately the revelation principle comes to the rescue
by stating a necessary condition for implementation: If
a single valued SCR, which we will call a Social Choice
Function (SCF) is implementable, there is a revelation
mechanism for which telling the truth is an equilibrium.
A revelation mechanism (associated with a SCF) is a mech-
anism in which the message space for each agent is her set
of types and the outcome function is the SCF. We say that
a SCF is truthfully implementable or incentive compatible
if truth-telling is a Bayesian equilibrium (or a dominant
strategy) of the direct mechanism associated with it. The
following result formally states the revelation principle:

Theorem 1 If f is a Bayesian (resp. dominant strategy)
implementable SCF, f is incentive compatible.

Proof Let f be Bayesian implementable. Therefore, there
exists a mechanism (M, g) and a Bayesian equilibrium s*

such that g(s*(0)) = f(0) for every 6 € ©. Since s*(-) is
a Bayesian equilibrium, V0 € ©,Vm; € M

Y a0 | 0)Vilg(s*(6)).0)

97;697;

> Y q(O-i | 6)Vi(glmy,s*,(6-1)),6) .
ine@f,ﬂ

Which implies that V0! € ©;,V0_; € O_;,

Yo a0 | 6)Vi(f(6).6)

97;697;

> Y g0 | 6)Vi(f(6].6-1).6) .

97;697;

The proof for the case of dominant strategies is identical.
|

Theorem 1 (T.1 in the sequel) can be explained in terms of
a mediator, i. e. somebody to whom you say “who you are”
and who chooses the strategy that maximizes your payofts
on your behalf. Would you try to fool such a person? If
you do so, you are fooling yourself because the mediator
would choose a strategy that is not the best for you. Thus,
the best thing for you to do is to tell the truth (providing an
unexpected backing to the aphorism “honesty is the best
policy™!).

Consider now the following results, due to Hur-
wicz [54] (who proved it for the case of n = 2) and to Gib-
bard [45] and Satterthwaite [115] respectively.

Theorem 2 In exchange economies environments there is
no SCF such that:

. It is truthfully implementable in dominant strategies.

. It selects individually rational allocations.

. It selects efficient allocations.

. Its domain includes all economies with convex and con-
tinuous preferences.

BN G N~

Theorem 2’ In social choice environments there is no SCF
such that:

1. It is truthfully implementable in dominant strategies.
2. 1t is non-dictatorial.

3. Its range is A, with #A > 2.

4. Its domain includes all possible preference profiles.

It is clear that there are trivial SCF in which any three
conditions in T.2-2 are compatible. But T.2-2' are very
robust in the sense that they hold for small domains of
economies [15,16], for weaker notions of individual ratio-
nality [110,119] and in public goods domains [71]. More-
over, assuming quasi-linear utility functions, Hurwicz and
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Walker [56], building on a previous paper by Walker,
proved that the set of economies for which conditions 1-
3 in T.2 are incompatible is open and dense. Bevia and
Corchon [20] show that these conditions are incompatible
for any economy where utility functions are quasi-linear,
strictly concave, differentiable and fulfill a very mild regu-
larity condition. These results show that Vickrey-Clarke-
Groves mechanisms fail to achieve efficient allocations
in general (Vickrey-Clarke-Groves mechanisms are rev-
elation mechanisms that work in public good economies
where utility functions are quasi-linear in “money”. The
outcome function selects the level of public good that max-
imizes the sum of utilities announced by agents and the
money received by each individual is the sum of the utility
functions announced by all other agents. For an exposition
of these mechanisms, see Green and Laffont [46]).

A proof of T.2 can be found in Serizawa [118]. Simple
proofs of T.2’ can be found in Barbera [14], Benoit [18])
and Sen [117].

T.1 and 2-2" imply that there is no mechanism imple-
menting an efficient and individually rational (resp. non-
dictatorial) SCF in dominant strategies when the domain
of the SCF is large enough. In other words, the revelation
principle implies that the restriction to mechanisms where
agents announce their own characteristic is not important
when considering negative results. Thus, the Revelation
principle is an appropriate tool for producing negative re-
sults. But we will see that to rely entirely on this principle
when trying to implement a SCF may yield disastrous re-
sults.

A natural question to ask is what happens with the
above impossibility results when we weaken the require-
ment of implementation in dominant strategies to that of
implementation in Bayesian equilibrium. The following
result, due to Myerson and Satterthwaite [92], answers this
question.

Theorem 2" In the bilateral trading environment there is
no SCF such that:

1. It is truthfully implementable in Bayesian Equilibrium.

2. 1t selects individually rational allocations once agents
learn their types.

3. It selects ex-post efficient allocations.

4. Its domain includes all linear utility functions with inde-
pendent types distributed with positive density and the
sets of types have a nonempty intersection.

Proof (Sketch, see Krishna and Perry [66] for details) By
the revenue equivalence theorem (see Klemperer [64], Ap-
pendix A), all mechanisms fulfilling conditions 2) and 3)
above raise identical revenue. So it is sufficient to con-

sider the Vickrey-Clarke-Groves which, as we remarked
before, is not efficient. O

Again the weakening of any condition in T.2" may pro-
duce positive results [138] (Table 1 presents an illuminat-
ing discussion of this issue). For instance, suppose seller
valuations are 1 or 3, and buyer valuations are 0 or 2. The
mechanism fixes the price at 1.5 and a sale occurs when
the valuation of the buyer is larger than the valuation of
the seller. This mechanism implements truthfully a SCF
satisfying 2) and 3) above. Unfortunately, it does not work
when valuations are drawn from a common interval with
positive densities.

But unlike T.2-2/, there are robust examples of SCF
truthfully implementable in Bayesian Equilibrium when
conditions 2) or 4) are relaxed. Also, inefficiency converges
to zero very quickly when the number of agents increases
(see [47]). This is because the equilibrium concept is now
weaker and we are approaching a land where incentive
compatibility has no bite, as we will see in T.3 below.

First, d’Aspremont and Gerard-Varet [9,10], and Ar-
row [7] showed that conditions 1)-3)-4) are compatible
with individual rationality before agents learn their types
in the domain of public goods with quasi-linear utility
functions. They proposed the “expected externality mech-
anism” in which each agent is charged the expected ex-
ternality she creates on the remaining players. Later on,
Myerson [90] and Makowski and Mezzetti [74] presented
incentive compatible SCF yielding ex-post efficient and in-
dividually rational allocations in the domain of exchange
economies with quasi-linear preferences and more than
two buyers. In Myerson [90], agents have correlated val-
uations. Buyers are charged even if they do not obtain
the object or they may receive money and no object
or even receive the object plus some money. Makoswki
and Mezzetti [74] assume no correlation and that the
highest possible valuation for a buyer is larger than the
seller’s highest possible valuation. They consider a family
of mechanisms, called Second Price Auction With Seller
(SPAWS), in which the highest bidder obtains the ob-
ject, the seller receives the first bid and the winning buyer
pays the second price. These mechanisms not only induce
truthful behavior and yield ex-post efficient and individ-
ually rational allocations: For any other mechanism with
these properties we can find a SPAWS mechanism yield-
ing the same allocation.

Suppose now that information is Non-Exclusive in the
sense that the type of each player can be inferred from the
knowledge of all the other players’ type. Intuition suggests
that in this case, incentive compatibility has no bite what-
soever (i. e. T2"” does not apply) since the behavior of each
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player can be “policed” by the remaining players. In or-
der to prove this, we will concentrate on an extreme, but
illuminating, case of non-exclusive information, namely
Nash equilibrium. In this framework, since information is
complete, a direct mechanism is one where each agent an-
nounces a state of the world.

Consider the following assumption:

e (W)JdzeAsuchthatVOe®,VacA, aR;(0)z, Viel.

This assumption will be called “universally worst out-
come” because it postulates the existence of an alloca-
tion which is unanimously deemed as the worst. In an ex-
change economy this allocation would be zero consump-
tion for everybody. Now we have the following result (Re-
pullo [103], Matsushima [79]):

Theorem 3 If n = 2 and W holds, any SCF is truthfully
implementable in Nash Equilibrium. If n > 2, any SCF is
truthfully implementable in Nash Equilibrium.

Proof When n =2 consider the following outcome
function: g(0’,0") = f(6") V&' € ©, g(0’,60") = zforall
0" # 6”. Clearly, truth is an equilibrium. When n > 2,
consider the following outcome function: If m is such that
n — 1 agents announce state 0, then g(m) = f(6’). Oth-
erwise, g(-) is arbitrary. Clearly truth is an equilibrium as
well in this case. O

The first thing to notice is the difference between the cases
of two and more than two individuals. We will have more
to say about this in the next section. The second is that
the construction in Theorem 3 produces a large number
of equilibria, and that there seems to be no good reason
for individuals to coordinate in the truthful equilibria.
For instance, suppose workers can be either fit or unfit.
When a profit-maximizing firm asks its employees about
their characteristics, and all workers are fit, a unanimous
announcement such as “we are all unfit” is an equilib-
rium. If fit workers are required hard work and unfit work-
ers are asked to light work, do you think it is reason-
able that workers coordinate in the truthful equilibrium?
A more elaborate example was produced by Postlewaite
and Schmeidler [100]: There are three agents. The first
agent has no information and agents 2 and 3 are perfectly
informed. The ranking of agent 1 over alternatives is the
opposite of agents 2 and 3 who share the same prefer-
ences. The SCF is the top alternative of agent 1 in each
state. It is intuitively clear that besides the truthful equi-
libria, there is another untruthful equilibrium where both
informed agents lie and they are strictly better off than un-
der truthful behavior. Again, coordination in the truthful
equilibrium seems very unlikely. Thus, we have to recog-

nize that we have a problem here. The next section will tell
you how we can solve it.

Summing up, what do we learn from the results in this
section?

1. When looking for an implementable SCF, a useful first
test is whether this SCF yields incentives for the agents
to tell the truth, see T.1. But this test is incomplete be-
cause of the existence of equilibria other than the truth-
ful one, see T.3. These untruthful equilibria sometimes
sound more plausible than the truthful one.

2. Allimpossibility theorems - T.2-2'-2" - have the same
structure: Truthful implementation, individual ratio-
nality/non-dictatorship, efficiency/large range of the
SCR and large domain. Usually in social choice envi-
ronments conditions 2 and 3 are weaker than in eco-
nomic environments but the condition on the domain
is stronger.

3. The classic story of the market making possible efficient
allocation of resources under private information has
to be revised. Private information in many cases pre-
cludes the existence of any mechanism achieving effi-
cient and individually rational allocations under infor-
mational decentralization, see T.2-2'-2"" .

4. The same remarks apply to naive applications of the
Coase theorem where agents are supposed to achieve
Pareto efficient allocations just because they have con-
tractual freedom (ditto about Bargaining Theory). In
the parlance of Coase, private information is an impor-
tant transaction cost.

5. When mechanisms with adequate properties exist, like
those proposed by Arrow, d’Aspremont and Gerard-
Varet, Myerson and Makowski and Mezzetti, they are
not of the kind that we see in the streets. Careful design
is needed. These mechanisms are tailored to specific as-
sumptions on valuations, thus their range of applicabil-
ity may be limited.

Monotonicity and How to Avoid It

We have seen that equilibria other than the truthful one
are likely to arise. We have also seen that these equilibria
cannot be disregarded a priori. So we have to find a way
of getting rid of equilibria that do not yield desirable allo-
cations. Under Dominant Strategies, clearly, if all prefer-
ence orderings are strict, implementation and truthful im-
plementation becomes identical, see [38], Corollary 4.1.4
([68] presents other conditions under which this result
holds. See [103] for the case where implementation and
truthful implementation in dominant strategies do not co-
incide). For the ease of exposition we consider next Nash
equilibria.
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It turns out that the key to this issue in the case of
Nash Equilibrium is the following monotonicity prop-
erty, sometimes called Maskin monotonicity because
Maskin [76] established its central relevance to implemen-
tation.

e (M) A SCR F is Monotonic if
{a € F(), aR;(0)b — aR;(0")b VYiec I} — ac F#)

Monotonicity says that if an allocation is chosen in state 6
and this allocation doesn’t fall in anybody’s ranking in
state 6, this allocation must also be chosen in 6’. We will
also speak of a “monotonic transformation of preferences
at 0” when the requirement aR;(0)b — aR;(0")b Vi eI
is satisfied. This requirement simply says that the set of
preferred allocations shrinks when we go from 6 to 6’
Monotonicity looks like a not unreasonable property,
even though as we will see in a moment, there are cases
in which it is incompatible with other very desirable prop-
erties. In any case the importance of monotonicity comes
from the fact that it is a necessary condition for implemen-
tation in Nash Equilibrium, as proved by Maskin [76].

Theorem 4 If a SCR is implementable in Nash Equilib-
rium it is Monotonic.

Proof If F is Nash implementable, there must be a mech-
anism (M, g) such that Va € F(0), there is a Nash equi-
librium m*, such that g(m*) = a. Since aR;(0)b —
aR;(0")b Vi € I, m" is also a Nash Equilibrium at 6’.
Since F is implementable, a € F(8'). O

Let us now discuss the concept of monotonicity. First, the
bad news. Popular concepts in voting, like Plurality, Borda
Scoring and Majority Rule are not monotonic, neither is
the Pareto correspondence, see Palfrey and Srivastava [96],
p. 484. Even the venerable Walrasian correspondence is
not monotonic! The failure of the Pareto and the Wal-
rasian SCR to be monotonic can be amended: If prefer-
ences are strictly increasing in all goods, the Pareto SCR is
monotonic in economic environments. The Constrained
Walrasian SCR - in which consumers maximize with re-
spect to the budget constraint and the availability of re-
sources - is also monotonic. More serious is a result due
to Hurwicz [55] that uses two weak conditions on a SCR
defined in the domain of exchange economies.

e (L) The domain of F contains all preferences repre-
sentable by linear utility functions.
e (ND)Ifa e F(0)and al;(6)b Vi e I, thenb € F(0).

The first condition is a rather modest requirement on the
richness of the domain of F. The second is a non-discrimi-
nation property which says that if everybody considers two

allocations to be indifferent and one allocation belongs to
the SCR then it must be the other. Now we have the fol-
lowing:

Theorem 5 Let F be a SCR satisfying L and ND and such
that:

1. It is Nash implementable.
2. It selects individually rational allocations.
3. Then, if x is a Walrasian allocation at 0, x € F(6).

Proof (Sketch, see [130] for details) Take an economy
6. Let x be a Walrasian allocation for 8. Consider a new
economy, called 6%, where the marginal rates of substitu-
tion among goods are constant and equal to a vector of
Walrasian prices. By individual rationality, F must select
an allocation which is indifferent to x. By ND, x € F(6h).
Since F is Nash implementable, it satisfies M. Now since
xR;(01)b — xR;(0)b Vi€ I,byM, x € F(). O

Thus under weak conditions, Walrasian allocation are al-
ways in the set of those selected by a Monotonic SCR. And
these allocations may fail to satisfy properties of fairness or
justice as pointed out by the critics of the market. Under
stronger assumptions, the converse is also true, i.e. only
Walrasian allocations can be selected by a Nash imple-
mentable SCR [55]. Also, T.5 has the following unpleasant
implication.

Theorem 6 There is no SCF in exchange economies such
that:

1. It is Nash implementable.

2. It selects individually rational allocations.
3. ND holds.

4. It is defined on all exchange economies.

Proof T.5 implies that any Walrasian allocation belongs
to the allocations selected by F. Since Walrasian equilib-
rium is not unique for some economies in the domain,
hence the result. O

T.6 has a counterpart in social choice domains, Muller and
Satterthwaite [38].

Theorem 6 There is no SCF in a social choice domain

such that:

1. It is monotonic.

2. It is not dictatorial.

3. Its range is A with #A > 2.

4. It is defined on all possible preferences.

An implication of T.6-6 is that single valued SCR are still
problematic. But the consideration of multivalued SCR,
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brings a new problem: The existence of several Nash equi-
libria. For instance, if a, b € F(0) with a and b being effi-
cient allocations, agents play a kind of “Battle of the Sexes”
game with no clear results. Moreover the Nash Equilib-
rium in mixed strategies may yield allocations outside
F(0) (the concern about mixed-strategy equilibria was first
raised by Jackson [59]).

Now let us come to the good news. Firstly, the ND con-
dition, which is essential for T.5 to hold, is not as harmless
as it appears to be. For instance, it is not satisfied by the
Envy-Free SCR, see Thomson [131] for a discussion. Sec-
ondly, there are perfectly reasonable SCR which are mono-
tonic: we have already encountered the Constrained Wal-
rasian SCR. Also any SCR selecting interior allocations in
LA when preferences are von Neumann-Morgenstern is
monotonic. In the domain of exchange economies with
strictly increasing preferences, the Core and the Envy-Free
SCR are also monotonic. In domains where indifference
curves only cross once -the single-crossing condition —
monotonicity vacuously holds. So Monotonicity, restric-
tive as it is, is worth a try. But before this, let us introduce
a new assumption

e (NVP) A SCR f satisfies No Veto Power if VO € ©,
{aRi(0)b, Vb € A, for atleast n—1 agents} — a € F(0)

In other words, if there is an allocation which is top-
ranked by, at least, n — 1 agents, NVP demands that this
allocation belongs to the SCR. This sounds like a reason-
able property for large n. Also in exchange economies with
strictly increasing preferences and more than two agents,
NVP is vacuously satisfied because there is no top alloca-
tion for n — 1 agents.

The following positive result, a relief after so many
negative results, was stated and proved by Maskin [76], al-
though his proof was incomplete.

Theorem 7 If a SCR satisfies M and NVP is Nash imple-
mentable when n > 2.

Proof (Sketch) Consider the following mechanism. M; =
©® x A x N where N is the set of natural numbers. The
outcome function has three parts.

Rule 1 (Unanimity). If m is such that all agents an-
nounce the same state of the world, 6, the same alloca-
tion a with a € F(f) and the same integer, then g(m) = a.

Rule 2 (One Dissident). If there is only one agent
whose message is different from the rest, this agent can
choose any allocation that leaves her worse off, according
to her preference as announced by others.

Rule 3 (Any other case). a € g(m) iff a was announced
by the agent who announced the highest integer (ties are
broken by an arbitrary rule).

Let us show that such a mechanism implements any
SCR with the required conditions. Clearly if the true state
is 0, m; = (0, a,1) with a € F() is a Nash Equilibrium
since no agent can gain by saying otherwise, so Condi-
tion 1 in the definition of Nash implementation holds.
Let us now prove that Condition 2 there also holds. Sup-
pose we have a Nash Equilibrium in Rule 1. Could it be
an “untruthful” equilibrium? If so we have two cases. Ei-
ther the announced preferences are a monotonic transfor-
mation of preferences at 6, in which case, M implies that
the announced allocation is also optimal at §. If they are
not, there is an agent who can profitably deviate. Clearly,
if equilibrium occurs in Rule 2, with, say, agent i as the
dissident, any agent other than i can drive the mechanism
to Rule 3, so it must be that all these agents are obtaining
their most preferred allocation, which by NVP belongs to
F(f). An equilibrium in Rule 3 implies that all agents are
obtaining their most preferred allocation which, again by
NVP belongs to F(0). O

The interpretation of the mechanism given in the proof
of T.7 is that if everybody agrees on the state and the al-
location is what the planner wants, this allocation is se-
lected. If there is a dissident (a term due to Danilov [37])
she can make her case by choosing an allocation (a “test al-
location”) in her lower contour set, as announced by oth-
ers. Finally, with more than one dissident, it’s the jungle!
Any agent can obtain her most preferred allocation by the
choice of an integer. Typically, there is no equilibrium in
this part of the mechanism. Notice that (M) is just used to
eliminate unwanted equilibria.

The mechanism is an “augmented” revelation mecha-
nism (a term due to Mookherjee and Reichelstein [83]),
where the announcement of the state is complemented
with the announcement of an allocation - this can be
avoided if the SCR is single valued - and an integer.
The final proof of T.7 was done independently by Will-
iams [137], Repullo [104], Saijo [109] and McKelvey [95].

The case of two agent is more complicated because
when an agent deviates from a common announcement
and becomes a dissident, she converts the other agent into
another dissident! As in T.3, W does the job, i.e. any
SCR satisfying M, NVP and W is Nash implementable,
see Moore and Repullo [85] and Dutta and Sen [40] for
a full characterization. Again, the cases of two agents
and more than two agents are different. In some areas
of mathematics, such as statistics and differential equa-
tions the cases of two dimensions and more than two di-
mensions are also different. The relationship of these with
the findings of implementation is not yet fully explored,
see [108].
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Under asymmetric information M is substituted by
a — rather ugly — Bayesian Monotonicity (BM) condition
which is a generalization of M to these environments. BM
is again necessary and in conjunction with some techni-
cal conditions plus incentive compatibility, sufficient for
implementation in BE. The interested reader can do no
better than to read the account of these matters in [93]. It
must be remarked that many well-known SCR - includ-
ing Arrow-Debreu contingent commodities and some
efficient SCR - do not satisfy BM and thus cannot be
implemented in BE. However, the Rational Expectations
Equilibria and the (interim) Envy-Free SCR satisfy BM, see
Palfrey and Srivastava [94].

T.7 was the first positive finding of implementation
theory. And it prompted researchers to be more ambi-
tious: Can we implement without Monotonicity? An in-
teresting observation, due to Matsushima [79] and Abreu
and Sen [2], is that if agents have preferences representable
by von Neumann-Morgenstern utility functions, any SCR
can be “virtually implemented” in the sense that the set of
allocations yielded by Nash equilibria is arbitrarily close to
the set of desired allocations. This is because, as we saw
before, any SCR mapping in the interior of LA is Mono-
tonic. Thus allocations in the boundary can be arbitrarily
approximated by allocations in the interior.

A more satisfying approach was introduced by Moore
and Repullo [86] by considering subgame perfection as the
solution concept. It is not possible to explain fully this ap-
proach here because it would take us too far; in particular
the notion of a mechanism must be generalized to “stage
mechanism”. Instead, we give a result that conveys the
force of subgame perfect implementation. It refers to pub-
lic good economies with quasi-linear utility functions —
where under dominant strategies the set of economies with
inefficient outcomes is large — and with two individuals -
where Nash implementability is harder to obtain.

Suppose that utility functions read U; = V(y, 6;)+ m;
where y € Y C 0, 6, € ©; with #0; < oo and m; € N,
i = 1,2. Thesetof allocations A = {(y, m1, m;) € YxR?/
my + my < w} where w are the endowments of “money”.
Moore and Repullo [86] proved the following:

Theorem 8 Any SCF is implementable in Subgame Perfect
Equilibrium in the domain of economies explained above.

Moore and Repullo proved that many SCR which could
not be implemented in Nash Equilibrium can be im-
plemented in Subgame Perfect Equilibrium. This is be-
cause subgames can be designed to kill unwanted equi-
libria without using monotonicity. Their result was im-
proved upon by Abreu and Sen [2]. The problem with
this approach is that the concept of subgame perfection

is problematic because it requires that, no matter what has
happened in past, in the remaining subgame, players are
rational, even if this subgame was attained because some
players made irrational choices.

The Moore-Repullo result was not only important by
itself but it opened the way to the consideration of other
equilibrium concepts that allow very permissive results.
For instance, Palfrey and Srivastava [96] proved the fol-
lowing result

Theorem 8’ Any SCR satisfying NVP is implementable in
Undominated Nash Equilibrium.

At this point, it seemed that by invoking the adequate re-
finement of Nash equilibrium, any SCR could be imple-
mented. But the implementing mechanisms were getting
weird and some people were beginning to get suspicious.
Why and how is discussed in the next section.

Summing up the results obtained here, we have the fol-
lowing:

1. (Maskin) Monotonicity is a necessary and in many
cases sufficient condition for implementation in Nash
Equilibrium, see T.4 and 7. Similar results are obtained
with Bayesian Monotonicity in Bayesian Equilibrium.

2. The Monotonicity requirements are not harmless.
Many solution concepts do not satisfy it. Even worse,
Monotonicity has some unpalatable consequences, see
T.5-6.

3. Monotonicity can be avoided by considering stage
games or refinements of Nash Equilibrium. Practically,
any reasonable SCR can be implemented in this way,
see T.8-8'.

The Limits of Design

So far we have assumed that there are no limits to what the
designer can do. She can pick up any mechanism with no
restrictions on its shape. This procedure, indeed, pushes
the possibilities of design to the limit. But by doing this, we
have learned a good deal about the limitations of the the-
ory of implementation. It is fair to say that today the con-
sensus is that there are some extra properties which should
be considered when designing an implementing mecha-
nism. We review here five approaches to this question.

Game-Theoretical Concerns. Jackson [59] was the first
to point out that some mechanisms had unusual fea-
tures from the point of view of game theory: Some sub-
games have no Nash equilibrium. Message spaces, which
in the corresponding game become strategy spaces, are
unbounded or open. Thus, in the integer game con-
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sidered in T.7, if agents eliminate dominated strategies,
each integer is dominated by the next highest one and
no integer is undominated: Those agents who eliminate
dominated strategies are unable to make a choice. These
constructions eliminate unwanted equilibria, which as we
saw before, is the problem with Nash implementation.
Jackson illustrates his point by showing that under no re-
strictions on mechanisms, any SCR can be implemented
in undominated strategies, a weak solution concept. Then
he requires that the mechanism be Bounded in the fol-
lowing sense: whenever a strategy m; is dominated, there
is another strategy dominating m; and which is undom-
inated. He shows that implementation in undominated
strategies with bounded mechanisms result many times
in incentive compatibility, which as we saw in Sect. “The
Main Concepts” is a hard requirement. This shows the
bite of the boundedness assumption. However, in the
case of implementation with undominated Nash equi-
librium, the boundedness assumption has little impact,
see [61,126]. The first of these papers introduced a related
requirement, the Best Response Property: for every strat-
egy played by the other agents, each agent has a best re-
sponse.

Natural Mechanisms Given that we have run so far
from the kind of mechanisms we are used to, it seems
reasonable to ask what can be implemented by mecha-
nisms that resemble real-life mechanisms. These mech-
anisms must be simple too because simplicity is an im-
portant characteristic in practice. Let us call them Natural
Mechanisms. Dutta, Sen and Vohra [41] consider mecha-
nisms in which messages are prices and quantities and thus
resemble market mechanisms. Their approach was refined
by Saijo, Tatamitani and Yamato [111] who demanded the
best response property as well. They showed that several
well-known SCR such as the (constrained) Walrasian, are
implementable in Nash equilibrium. Bevid, Corchén and
Wilkie [21] showed that in Bertrand-like market games,
the Walrasian SCR is implementable in Nash and Strong
equilibrium, showing that the fear of coalitions destabi-
lizing market outcomes is, at least, partially unwarranted.
Sjostrom [127] considered quantity mechanisms, reminis-
cent of those used by Soviet planners, with negative re-
sults about what these mechanisms can achieve. In public
good economies, Corchon and Wilkie [31] and Peleg [97]
introduced a market mechanism implementing Lindahl
allocations in Nash and Strong equilibrium. The mecha-
nism works because Lindahl prices have to add up to the
marginal cost. If an agent pretends to free ride she de-
creases the quantity of the public good. Here, contrary to
Samuelson’s dictum it is in the selfish interest of each per-

son to give true signals. Pérez-Castrillo and Wettstein [98]
offered a bidding mechanism that implements efficient al-
locations when choosing between a finite number of public
projects. They also applied these ideas to back up Shapley
value.

Credibility Another implicit assumption is that once the
mechanism is in place, there is no way to stop it. Thus,
if for some m, g(m) is a “universally worst outcome”, the
planner has to deliver this allocation even if she is trying to
implement a Pareto Efficient allocation. Is this a credible
procedure? In many cases, if the planner is a real person it
seems that she would do her best to avoid g(m)! Here we
have two possibilities: Either we identify additional con-
straints on the planner that look reasonable or we jump to
model the planner as a full-fledged player. The first road
leads us to identify a subset of allocations of A, say X,
which can never be used by the mechanism. For instance,
in Chakravorty, Corch 6n and Wilkie [25] X is the set of
allocations that are never selected by the SCR for some
state of the world, i.e. X = {a € A/30 € ©, a € F(0)}.
The motivation for this definition is that it hardly seems
credible that the planner can choose an allocation that
is never intended to be implemented. Redefining the al-
location set as A = A\ X the definitions of a mechanism
and an implementable SCR can be easily translated in this
framework. However, depending on the domain, SCR that
are monotonic when defined on A are no longer mono-
tonic when defined on A: For instance, the (constrained)
Walrasian SCR. Thus, these SCR can not be implemented
when the planner can only use allocations in A. A weak-
ness of this approach is that the list of reasonable con-
straints on allocations may be large. The second possibil-
ity drives us to model implementation as a signaling game
where the planner receives signals — messages — from the
agents, updates her beliefs and then chooses an allocation
which maximizes her expected utility [11]. Again, some
SCR that are Nash implementable, are not implementable
in this framework. However, in this case there are SCR
that are not Nash implementable but are implementable
in this framework. This is because the model takes a ba-
sic assumption of game theory to the limit, namely, that
agents know the strategies of other players. In this case,
the planner knows if a report on agents’ types is truthful
or not before the allocation is delivered!

Renegotiation Another strong assumption is that the
mechanism prescribes actions that can not be changed by
agents. This contradicts experiences such as black mar-
kets where agents trade on the existing goods (Ham-
mond [49]). A way of modeling this is to assume that
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agents are able to renegotiate some allocations (Maskin
and Moore [77]. Renegotiation in a different context was
considered by Rubinstein and Wolinsky [107]). Assum-
ing that agents have complete information, this is for-
malized by means of the concept of a reversion func-
tion. This function, say r, maps each allocation and each
state of the world into a new allocation, i.e. r: A x
® — A. The reversion function induces new prefer-
ences, called reverted preferences (this is the “translation
principle” in Maskin and Moore [77]). Notice that re-
verted preferences are state dependent even if prefer-
ences are not. Formally, given a reversion function r,
the reversion of R(6), denoted by R"(6) is defined as
aRi(0)b < r(a,0)R;(0)r(b,0),Va,b € A, Vi€ I. Given
a reversion function r, we can interpret that agents’ pref-
erences are the reverted preferences. Then, all definitions
given before can be adapted to this case. Again, SCR that
were monotonic there, are not so in this framework and
vice versa. See Jackson and Palfrey [62] for applications.
An extension to the case where there are several renegoti-
ation functions is given by Amoros [6]. A weakness of this
approach is that models renegotiation as a “black box”.

Multiple Implementation Maskin [75] was the first to
realize that the notion of implementation requires the
planner to know the solution concept used by the agents
to analyze the game. He proposed the notion of “Dou-
ble Implementation” where a SCR was implemented at the
same time in Nash and Strong equilibria. He showed that
many Nash implementable SCR indeed are doubly imple-
mentable. We have seen in Point 2 above that the (con-
strained) Walrasian and Lindahl SCR are doubly imple-
mentable by natural mechanisms. They are also doubly
implementable by abstract mechanisms, Schmeidler [116].
Double implementation also occurs with several solutions
to the problem of the commons, Shin and Suh [124] and
Pigouvian Taxes, Alcalde, Corchén and Moreno [4]. Yam-
ato [139] introduced another type of double implementa-
tion by requiring implementation in Nash and Undom-
inated Nash Equilibria [139]. He showed that in a large
class of exchange economies with at least three agents,
monotonicity is necessary and sufficient for double imple-
mentation. Saijo, Sjostrom and Yamato [112] considered
implementation in Dominant Strategies and Nash Equi-
librium. Clearly, other variations of the idea of Double Im-
plementation are possible, see Point 4 in Sect. “Unsolved
Issues and Further Research” below.

Summing up, it is now clear that implementing mech-
anisms can not be just “anything”. Their features mat-
ter. Demanding that mechanisms satisfy the best response
property, be simple, not use extreme allocations, be robust

to the possibility of renegotiation and implement in sev-
eral equilibrium concepts makes our lives more difficult
but makes our models a great deal better.

Unsolved Issues and Further Research
Implementation with State Dependent Feasible Sets

A motivation of implementation theory was to study the
possibility of socialism. However, all the results presented
in this survey refer to environments where the feasible
set is given, a far cry from any kind of planning proce-
dure. In fact, there are only a handful of papers dealing
with implementation when the feasible set is unknown:
Postlewaite [99] and Sertel and Sanver [123] studied ma-
nipulation of endowments. Hurwicz, Maskin and Postle-
waite [57] studied implementation assuming that endow-
ments/production possibilities can be hidden or destroyed
but never exaggerated. Instead of a mechanism we have
a collection of state dependent mechanisms each meant
for an economy. After the mechanism is played, produc-
tion capabilities are shown, e. g. endowments are put on
the table. This idea was worked out in a series of papers by
Hong on private good economies, Hong [52], and by Tian
on public good economies, Tian and Li [134] . Serrano
and Vohra [120] worked out implementation of the core
and Dagan, Serrano and Volij [36] of taxation methods.
And that’s all folks! Why has such an important issue been
almost neglected? My explanation is that the proposed
mechanisms are difficult to understand. Another approach
has been tried by Corchén and Triossi [35] where a re-
version function takes care of restoring feasibility when
messages lead to unfeasible allocations. The approach is
tractable and simpler but relies on the black box of the
renegotiation function.

Sociological Factors/Bounded Rationality

So far, all the solution concepts describing the behavior
of agents are game-theoretical. In recent years, we have
seen a host of equilibrium concepts based on “irrational”
agents. It would be interesting to see what SCR can be im-
plemented with these forms of behavior. Eliaz [42] con-
siders “Fault Tolerant” implementation where a subset
of players (“faulty players”) fail to achieve their optimal
strategies. Under complete information, No Veto Power
and a strong form of Monotonicity are sufficient for imple-
mentation when the number of faulty players is less than
n/2 — 1, n > 2. Matsushima [80] shows that a small pref-
erence for honesty is sufficient to knock down unwanted
equilibria, see also Corchon and Herrero [34].
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Dynamic Implementation

The theory presented here is static but there are some
papers dealing with implementation in dynamic set-ups.
We mention a few: Freixas, Guesnerie and Tirole [43]
studied the “Ratchet Effect”, where firms underproduce
for fear of being asked to do too much in the future.
Kalai and Ledyard [63] showed that if the planner is
sufficiently patient, every SCR is dominant-strategy imple-
mentable. Burguet [22] showed that the revelation prin-
ciple does not hold when outcomes are chosen in sev-
eral periods. Candel [24] proved a revelation principle in
a model where a public good is produced in two periods.
Finally, Cabrales [23] and Sandholm [114] studied imple-
mentation in an evolutionary setting. A related topic is that
of complexity, see Conitzer and Sandholm [28]. It seems
likely that a dynamic theory of incentives will bring new
insights and will need new analytical tools.

Robustness Under Incomplete Information

When designing a mechanism, sometimes the planner
does not know the structure of information. In this case
a mechanism must implement regardless the structure
of information, i.e. priors of agents, type spaces, etc.
Corchén and Ortuno-Ortin [30] approached the prob-
lem by assuming that the economy is composed of “is-
lands” and that there is complete information inside each
island. A mechanism robustly implements a SCR if it does
it in BE for every possible prior (compatible with the is-
land assumption) and in Uniform Nash Equilibrium. The
latter requires that an equilibrium strategy for an agent
must be the best reply to what other agents in the island
play and to any possible message sent by agents outside
the island when they follow their equilibrium strategies
(D’Aspremont and Gerard-Varet [10]). They showed that
any SCR satisfying M and NVP is robustly implementable
(a later contribution by Yamato [140] showed that Robust
and Nash Implementation coincide in this framework).
The same concern has been approached in a series of pa-
pers by Bergemann and Morris (see e. g. [19]) where they
ask SCR to be implemented whatever the players’ beliefs
and higher order beliefs about other player’ types. Arte-
mov, Kunimoto and Serrano [8] require implementation
for the payoff type space and the space of first-order beliefs
about other agents’ payoff types. They obtain very permis-
sive results.

In a different vein, Koray [65], has argued that, since
priors are not contractible, the regulator needs to be reg-
ulated in order to stop her from manipulating the priors.
He shows that the outcomes of this game vary over a wide

spectrum. Again the need of prior-free implementation is
clear.

Answers to the Questions

1. Yes. We already saw in 4.3, Point 2, that “Bertrand-
like” mechanisms implement the Constrained Wal-
rasian SCR in Nash and Strong equilibrium. But this is
not all: Schmeidler [116] exploited the connection be-
tween price taking — which underlies Walrasian equi-
librium - and “strategy taking”, which underlies Nash
and Strong equilibrium and obtained double imple-
mentation by a mechanism which does not resemble
the market. Implementation of the Lindahl SCR by
an abstract mechanism was obtained by Walker [136]
building on previous papers by Groves and Ledyard
and Hurwicz. Unfortunately, these positive results turn
negative when we consider Arrow-Debreu contingent
commodities, Chattopadhyay, Corchén and Naeve [26]
and Serrano and Vohra [121].

2. A merger affects social welfare in two ways: Positively,
from cost savings and negatively, from restricting com-
petition. The first effect is uncertain and, by now, I do
not have to convince you that we should take with ut-
most caution all announcements made by firms con-
cerning cost savings. Corchén and Fauli-Oller [33]
show that under a condition that is fulfilled in sev-
eral standard IO models, the SCR that maximize social
surplus can be implemented by a dominance solvable
mechanism with budget balance.

3. There is a very simple mechanism which attains maxi-
mum surplus, Loeb and Magath [72]. But in this mech-
anism the monopolist receives all the surplus and the
demand function must be known by the planner. These
points were worked out by subsequent contributions
from Baron and Myerson, Lewis and Sappington, Sib-
ley and others.

4. By now the reader should know the difficulties of imple-
menting efficient public decisions. When information
is exclusive this is impossible, even though an approxi-
mate efficient decision can be obtained when the num-
ber of agents is large. When information is complete,
we have seen several examples of mechanisms imple-
menting efficient outcomes.

5. There is no difference between implementing market
or fair outcomes. Both have to pass the same tests, i. .
incentive compatibility, monotonicity and simplicity/
credibility of design. In exchange economies, Thom-
son [133] presents a simple and elegant mechanism that
implements envy-free allocations in Nash Equilibrium.
In cooperative production, Corchén and Puy [32] pre-
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sented a family of mechanisms that implement in Nash
Equilibrium any efficient SCR where the distribution of
rewards is a continuous function of efforts.

6. Yes! An uninformed planner can set up a mechanism
that yields efficient outcomes in circumstances where
the market yields inefficient allocations, i.e. under ex-
ternalities or public goods see Point 5 in 4.3 above. All
we need is non-exclusive information and that the SCR
be Monotonic, the latter requirement can be skipped
under refinements of Nash Equilibrium.

7. Not completely. Suppose complete information among
three or more judges and that they all perceive the same
quality of a given performance. Clearly, truth is an equi-
librium, because if all judges minus you tell the truth
you cannot change the outcome by saying something
different. Unfortunately, any unanimous announce-
ment is also an equilibrium by the same reason. Thus
we are in a situation akin to T.3. Fortunately, if pref-
erences of judges fulfill certain restrictions, full imple-
mentation of the true ranking of ice skaters is possible,
because Monotonicity and No Veto Power hold so T.7
applies, Amoros, Corchén and Moreno [5]. If judges
have differential information, the truth is no longer im-
plementable as suggested by T.2"”. See Gerardi, McLean
and Postlewaite [44] for further insights and references
on this problem.

8. 22222 Do you think that we have all answers? This is just
economics!! In any case, the application of Implemen-
tation to environmental policies may be a topic of great
importance in the future, see Baliga and Maskin [12].
Finally I will tell you why I like implementation the-
ory so much. Firstly, the implementation model solves
the problems of the General Equilibrium model men-
tioned in Sect. “Brief History of Implementation The-
ory”, namely: 1: It models a general economic system.
2: All variables are endogenously determined by the in-
teraction of agents. 3: Agents incentives are carefully
modeled and are taken fully into account. Secondly, the
theory is not based on assumptions like convexity or
continuity/differentiability which, no matter how much
we are used to them, are very stringent. By the way,
a beautiful paper by Laffont and Maskin (referenced in
their [68] survey) developed incentive compatibility in
a differentiable framework.
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Glossary

Infinite dimensional control system A infinite dimen-
sional control system is a dynamical system whose
state lies in an infinite dimensional vector space—typ-
ically a Partial Differential Equation (PDE)—and de-
pending on some parameter to be chosen, called the
control.

Exact controllability The exact controllability property is
the possibility to steer the state of the system from any
initial data to any target by choosing the control as
a function of time in an appropriate way.

Approximate controllability The approximate control-
lability property is the possibility to steer the state of
the system from any initial data to a state arbitrarily
close to a target by choosing a suitable control.

Controllability to trajectories The controllability to tra-
jectories is the possibility to make the state of the sys-
tem join some prescribed trajectory by choosing a suit-
able control.

Definition of the Subject

Controllability is a mathematical problem, which consists
of determining the targets to which one can drive the state
of some dynamical system, by means of a control param-
eter present in the equation. Many physical systems such
as quantum systems, fluid mechanical systems, wave prop-
agation, diffusion phenomena, etc., are represented by an
infinite number of degrees of freedom, and their evolution
follows some partial differential equation (PDE). Finding
active controls in order to properly influence the dynamics
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of these systems generate highly involved problems. The
control theory for PDEs, and among this theory, control-
lability problems, is a mathematical description of such sit-
uations. Any dynamical system represented by a PDE, and
on which an external influence can be described, can be
the object of a study from this point of view.

Introduction

The problem of controllability is a mathematical descrip-
tion of the general following situation. We are given an
evolution system (typically a physical one), on which we
can exert a certain influence. Is it possible to use this influ-
ence to make the system reach a certain state? More pre-
cisely, the system takes generally the following form:

y=F(t,y.u), (1)

where y is a description of the state of the system, y de-
notes its derivative with respect to the time ¢, and u is the
control, that is, a parameter which can be chosen in a suit-
able range. The standard problem of controllability is the
following. Given a time T' > 0, an initial state y, and a tar-
get y1, is it possible to find a control function u (depending
on the time), such that the solution of the system, starting
from y, and provided with this function u reaches the state
y1 at time T?

If the state of the system can be described by a finite
number of degrees of freedom (typically, if it belongs to
an Euclidean space or to a manifold), we call the problem
finite dimensional. The present article deals with the case
where y belongs to an infinite-dimensional space, typically
a Banach space or a Hilbert space. Hence the systems de-
scribed here have an infinite number of degrees of free-
dom. The potential range of the applications of the theory
is extremely wide: the models from fluid dynamics (see
for instance [52]) to quantum systems (see [6,54]), net-
works of structures (see [23,44]), wave propagation, etc.,
are countless.

In the infinite dimensional setting, the Eq. (1) is typi-
cally a partial differential equation, where F acts as a dif-
ferential operator on the function y, and the influence of u
can take multiple different forms: typically, u can be an
additional (force) term in the right-hand side of the equa-
tion, localized in a part of the domain; it can also appear in
the boundary conditions; but other situations can clearly
be envisaged (we will describe some of them).

Of course the possibilities to introduce a control prob-
lem for partial differential equations are virtually infinite.
The number of results since the beginning of the theory
in the 1960s has been constantly growing and has reached

huge dimensions: it is, in our opinion, hopeless to give
a fair general view of all the activity in the theory. This
paper will only try to present some basic techniques con-
nected to the problem of infinite-dimensional controlla-
bility.

As in the finite dimensional setting, one can distin-
guish between the linear systems, where the partial differ-
ential equation under view is linear (as well as the action
of the control), and the nonlinear ones.

Structure of the Paper

In Sect. “First Definitions and Examples”, we will intro-
duce the problems that are under view and give some ex-
amples. The main parts of this paper are Sects. “Linear Sys-
tems” and “Nonlinear Systems”, where we consider linear
and nonlinear systems, respectively.

First Definitions and Examples
General Framework

We define an infinite-dimensional control system as the
following data:

1. an evolution system (typically a PDE)
y=F(t.y.u),

2. the unknown y is the state of the system, which is
a function depending on time: t € [0, T] — y(t) € Y,
where the set Y is a functional space (for instance a Ba-
nach or a Hilbert space), or a part of a functional space,

3. aparameter u called the control, which is a time-depen-
dent function ¢t € [0, T] — u(t) € U, where the set U
of admissible controls is again some part of a functional
space.

As a general rule, one expects that for any initial data
Y|t=o and any appropriate control function u there exists
a unique solution of the system (at least locally in time).
In some particular cases, one can find problems “of con-
trollability” type for stationary problems (such as elliptic
equations), see for instance [56].

Examples

Let us give two classical examples of the situation. These
are two types of acting control frequently considered in
the literature: in one case, the control acts as a localized
source term in the equation, while in the second one, the
control acts on a part of the boundary conditions. The ex-
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amples below concern the wave and the heat equations
with Dirichlet boundary conditions: these classical equa-
tions are reversible and irreversible, respectively, which, as
we will see, is of high importance when considering con-
trollability problems.

Example 1 Distributed control for the wave/heat equation
with Dirichlet boundary conditions. We consider:

e (2 aregular domain in R", which is in general required
to be bounded,

e ® a nonempty open subdomain in £2,

o the wave/heat equation is posed in [0, T] x £2, with
alocalized source term in w:

wave equation heat equation

Ov = 8%tv —Av=14uu,
Vg =0,

0v— Av = 1,u,
vige =0.

o In the first case, the state y of the system is given by
the couple (v(t,-), d;v(t, -)), for instance considered
in the space H}(£2) x L*(£2) orin L*(22) x H™1(£2).

e In the second case, the state y of the system is given
by the function v(t,-), for instance in the space
L2(£2).

e In both cases, the control is the function u, for in-
stance considered in L2([0, T]; L*(®)).

Example 2 Boundary control of the wave/heat equation
with Dirichlet boundary conditions. We consider:

e (2 aregular domain in R", typically a bounded one,

e Y an open nonempty subset of the boundary 952,

o the heat/wave equation in [0, T] x £2, with nonhomo-
geneous boundary conditions inside X:

wave equation

Ov =82y — Av =0,
Vige = lzu,

heat equation

8tV—AV = 0,
Vige = lzu.

The states are the same as in the previous example, but
here the control u is imposed on a part of the bound-
ary. One can for instance consider the set of controls as
L*([0, T]; L*(X)) in the first case, as C§°((0, T) x X)
in the second case.

Needless to say, one can consider other boundary condi-
tions than Dirichlet’s. Let us emphasize that, while these
two types of control are very frequent, these are not by far
the only ones: for instance, one can consider the following
“affine control”: the heat equation with a right hand side

u(t)g(x) where the control u depends only on the time,
and g is a fixed function:

% v — Av = u(t)g(x) ,
vige =0,

see an example of this below. Also, one could for instance
consider the “bilinear control,” which takes the form:

{ v — Av = g(x)u(t)v,
vige =0.

Main Problems

Now let us give some definitions of the typical controlla-
bility problems, associated to a control system.

Definition 1 A control system is said to be exactly con-
trollable in time T > 0 if and only if, for all yy and y; in
VY, there is some control function u: [0, T] — ‘U such that
the unique solution of the system

y = F(t,y,u
y (_ Y, u) @)
Yit=0 = )0 >
satisfies
V=T = )1 -

Definition 2 We suppose that the space V is endowed
with a metric d. The control system is said to be approxi-
mately controllable in time T' > 0 if and only if, for all y,
and y; in Y, for any & > 0, there exists a control function
u: [0, T] — ‘U such that the unique solution of the sys-
tem (2) satisfies

d(yje=1,21) <e.

Definition 3 We consider a particular element 0 of V.
A control system is said to be zero-controllable in time
T > 0 if and only if, for all yy in Y, there exists a control
function u: [0, T] — U such that the unique solution of
the system (2) satisfies

V=1 =0.

Definition 4 A control system is said to be controllable
to trajectories in time T' > 0 if and only if, for all yy in Y
and any trajectory y of the system (typically but not nec-
essarily satisfying (2) with u = 0), there exists a control
function u: [0, T] — U such that the unique solution of
the system (2) satisfies

V=1 = ¥(T).
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Definition 5 All the above properties are said to be ful-
filled locally, if they are proved for y, sufficiently close to
the target y; or to the starting point of the trajectory y(0);
they are said to be fulfilled globally if the property is estab-
lished without such limitations.

Remarks

We can already make some remarks concerning the prob-
lems that we described above.

1. The different problems of controllability should be dis-
tinguished from the problems of optimal control, which
give another viewpoint on control theory. In general,
problems of optimal control look for a control # mini-
mizing some functional

J(u, y(u)) ,

where y(u) is the trajectory associated to the control u.

2. It is important to notice that the above properties of
controllability depend in a crucial way on the choice of
the functional spaces Y, ‘U. The approximate controlla-
bility in some space may be the exact controllability in
another space. In the same way, we did not specify the
regularity in time of the control functions in the above
definitions: it should be specified for each problem.

3. A very important fact for controllability problems is
that when a problem of controllability has a solution,
it is almost never unique. For instance, if a time-invari-
ant system is controllable regardless of the time T, it
is clear that one can choose u arbitrarily in some in-
terval [0, T/2], and then choose an appropriate control
(for instance driving the system to 0) during the inter-
val [T/2, T]. In such a way, one has constructed a new
control which fulfills the required task. The number of
controls that one can construct in this way is clearly in-
finite. This is of course already true for finite dimen-
sional systems.

4. Formally, the problem of interior control when the con-
trol zone w is the whole domain §2 is not very difficult,
since it suffices to consider the trajectory

t
v(t) :== v + ?(Vl — ) ,

to compute the left-hand side of the equation with this
trajectory, and to choose it as the control. However, by
doing so, one obtains in general a control with very low
regularity. Note also that, on the contrary, as long as
the boundary control problem is concerned, the case
when X' is equal to the whole boundary 952 is not that
simple.

5. Let us also point out a “principle” which shows that in-

terior and boundary control problems are not very dif-
ferent. We give the main ideas.
Suppose for instance that controllability holds for any
domain and subdomain £2 and w. When considering
the controllability problem on §2 via boundary con-
trol localized on X, one may introduce an extension §2
of £2, obtained by gluing along ¥ an “additional” open
set £2,, so that

R=02U02, 2NN, CY and 2 is regular .

Consider now w C §2,, and obtain a controllability re-
sult on §2 via interior control located in @ (one has, of
course, to extend initial and final states from £2 to £2).
Consider y a solution of this problem, driving the sys-
tem from y, to yi, in the case of exact controllability,
for instance. Then one gets a solution of the boundary
controllability problem on £2, by taking the restriction
of y on £2, and by fixing the trace of y on X' as the cor-
responding control (in the case of Dirichlet boundary
conditions), the normal derivative in the case of Neu-
mann boundary conditions, etc.

Conversely, when one has some boundary controllabil-
ity result, one can obtain an interior control result in the
following way. Consider the problem in £2 with interior
control distributed in w. Solve the boundary control
problem in §2 \ @ via boundary controls in dw. Con-
sider y the solution of this problem. Extend properly
the solution y to §2, and as previously, compute the left
hand side for the extension, and consider it as a control
(it is automatically distributed in ).

Of course, in both situations, the regularity of the con-
trol that we obtain has to be checked, and this might
need a further treatment.

6. Let us also remark that for linear systems, there is no
difference between controllability to zero and control-
lability to trajectories. In that case it is indeed equiva-
lent to bring yo to y(T) or to bring yo — ¥(0) to zero.
Note that even for linear systems, on the contrary, ap-
proximate controllability and exact controllability dif-
fer: an affine subspace of an infinite dimensional space
can be dense without filling all the space.

Linear Systems

In this section, we will briefly describe the theory of con-
trollability for linear systems. The main tool here is the du-
ality between controllability and observability of the ad-
joint system, see in particular the works by Lions, Rus-
sell, and Dolecki and Russell [24,50,51,63,65]. This duality
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is also of primary importance for finite-dimensional sys-
tems.

Let us first describe informally the method of duality
for partial differential equations in two cases given in the
examples above.

Two Examples

The two examples that we wish to discuss are the bound-
ary controllability of the wave equation and the interior
controllability of the heat equation. The complete answers
to these problems have been given by Bardos, Lebeau
and Rauch [9] for the wave equation (see also Burq and
Gérard [14] and Burq [13] for another proof and a general-
ization), and independently by Lebeau and Robbiano [48]
and Fursikov and Imanuvilov, see [35] for the heat equa-
tion. The complete proofs of these deep results are clearly
out of the reach of this short presentation, but one can
explain rather easily with these examples how the corre-
sponding controllability problems can be transformed into
some observability problems. These observability prob-
lems consist of proving a certain inequality. We refer for
instance to Lions [51] or Zuazua [76] for a more complete
introduction to these problems.

First, we notice an important difference between the
two equations, which will clearly have consequences con-
cerning the controllability problems. It is indeed well-
known that, while the wave equation is a reversible equa-
tion, the heat equation is on the contrary irreversible and
has a strong regularizing effect. From the latter property,
one sees that it is not possible to expect an exact control-
lability result for the heat equation: outside the control
zone w, the state u(T) will be smooth, and in particular one
cannot attain an arbitrary state. As a consequence, while
it is natural to seek the exact controllability for the wave
equation, it will be natural to look either for approximate
controllability or controllability to zero as long as the heat
equation is concerned.

For both systems we will introduce the adjoint system
(typically obtained via integration by parts): it is central in
the resolution of the control problems of linear equations.
In both cases, the adjoint system is written backward in
time form. We consider our two examples separately.

Wave Equation We first consider the case of the wave
equation with boundary control on X and Dirichlet
boundary conditions on the rest of the boundary:

Pyv—Av=0,
Vige = lzu,
(V. ve)je=0 = (vo, ) -

The problem considered is the exact controllability in

L2(2) x H71(£2) (recall that the state of the system is

(v, v4)), by means of boundary controls in L2((0, T) x X).
For this system, the adjoint system reads:

—3%”// - AI// =0,
Ve =0, (3)
(¥, I//t)\t=T = (Y, I///T) .

Notice that this adjoint equation is well-posed: here it is
trivial since the equation is reversible.

The key argument which connects the controllability
problem of the equation with the study of the properties
of the adjoint system is the following duality formula. It
is formally easily obtained by multiplying the equation
with the adjoint state and in integrating by parts. One
obtains

T

[ f U x)dx — f wt(-,x)v(-,x)dx]
2 2 0

:—// a—wlgudtda. (4)
0,T)xXX on

In other words, this central formula describes in a simple
manner the jump in the evolution of the state of the system
in terms of the control, when measured against the dual
state.

To make the above computation more rigorous, one
can consider for dual state the ¥ “classical” solutions
in C°([o0, T];Hé([?)) N CL([0, T]; L*(£2)) (these solutions
are typically obtained by using a diagonalizing basis
for the Dirichlet laplacian, or by using evolution semi-
group theory), while the solutions of the direct problem
for (vo, v1,u) € L3(2) x H71(§2) x L3(X) are defined in
Co([0, TL; L2(£2)) N CY([0, T]; H~(£2)) via the transposi-
tion method; for more details we refer to the book by Li-
ons [51].

Now, due to the linearity of the system and because
we consider the problem of exact controllability (hence
things will be different for what concerns the heat equa-
tion), it is not difficult to see that it is not restrictive to
consider the problem of controllability starting from 0
(that is the problem of reaching any y; when starting from
yo = (v9,vy) = 0). Denote indeed R(T, yo) the affine
subspace made of states that can be reached from y; at
time T for some control. Then calling y(T) the final state of
the system for y|,—o and u = 0, then one has R(T, yo) =
y(T) + R(T,0). Hence R(T,yy) = Y & R(T,0) =
V.
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From (4), we see that reaching (vr, V’T) from (0, 0) will
be achieved if and only if the relation

fW(T,x)V’de—f Y/ (T, x)vrdx
2

// —lzudtda (5)
0,T)xX an

is satisfied for all choices of (1, ¥/7.).

On the left-hand side, we have a linear form on (Y7,
Y1) in HY(£2) x L*(2), while on the right hand side, we
have a bilinear form on ((Yr, W’T), u). Suppose that we
make the choice of looking for a control in the form

oy
u=ay, ©
on
for some V¥ solution of (3).

Then one sees, using Riesz’ theorem, that to solve this
problem for (v, v}) € L*(£2) x H71(£2), it is sufficient to
prove that the map (Y7, ¥;) = [[0%/(0n) 13 || 120, 1)x 5)
is a norm equivalent to the H}(£2) x L*(£2) one: for some
C >0,

oy
I W'T)HH(I)(Q)XLZ(Q) < C”W Ix|l20,mxz)- (7)

This is the observability inequality to be proved to prove
the controllability of the wave equation. Let us mention
that the inequality in the other sense, that is, the fact that
the linear map (Y, w’T) — dy/(dn) 1y is well-defined
and continuous from Hé([?) x L2(£2) to L*(382) is true
but not trivial: it is a “hidden” regularity result, see [66].
When this inequality is proved, a constructive way to
select the control is to determine a minimum (¥ 7., W/T) of

the functional
Iy
=3 Jf gl aree

(VT vo)ane - (®)

Wr.vp) = W, ¥7)
+ (¢T,V1)H(1)xH*1

then to associate to (¥, W/T) the solution ¢ of (5), and
finally to set u as in (6).

The way described above to determine a particular
control—it is clear that not all controls are in the form
(6)—is referred as Lions’s HUM method (see [51]). This
particular control can be proved to be optimal in the L?
norm, that is, any other control answering to the control-
lability problem has a larger norm in L*((0, T) x X). As
a matter of fact, looking for the L? optimal control among
those which answer to the problem is a way to justify the
choice (6), see [51].

Heat Equation Now let us consider the heat equation
with Dirichlet boundary conditions and localized dis-
tributed control:

0v—Av = 1,u,
Vg = 0,
V‘t=0 =1 .

In this case, we consider in the same way the dual prob-
lem:

—0ip —Ap =0,
P2 =0, 9)
¢(T) = ¢r.

Notice that this adjoint equation is well-posed. Here it is
very important that the problem is formulated in a back-
ward way: the backward in time setting compensates the
opposite sign before the time derivative. It is clear that the
above equation is ill-posed when considering initial data
att = 0.

In the same way as for the wave equation, multiplying
the equation by the adjoint state and integrating by parts
yields, at least formally:

/ ¢Tv‘t=de—/ gb(O)vodx:// ¢udtdx. (10)
ko) 2 0,T)xw

Note that standard methods yield regular solutions for
both direct and adjoint equations when v, and ¢ belong
to L(£2), and u belongs to L2((0, T) x w).

Now let us discuss the approximate controllability and
the controllability to zero problems separately.

Approximate controllability. Because of linearity, the
approximate controllability is equivalent to the approxi-
mate controllability starting from 0. Now the set R(0, T)
of all final states v(T) which can be reached from 0, via
controls u € L?((0, T) x ), is a vector subspace of L?(£2).
The density of R(0, T) in L?(£2) amounts to the existence
of a nontrivial element in (R(0, T))L. Considering ¢r
such an element, and introducing it in (10) together with
vo = 0, we see that this involves the existence of a nontriv-
ial solution of (9), satisfying

¢|(0,T)><a) =0.

Hence to prove the approximate controllability, we have to
prove that there is no such nontrivial solution, that is, we
have to establish a unique continuation result. In this case,
this can be proved by using Holmgren’s unique continua-
tion principle (see for instance [40]), which establishes the
result. Note in passing that Holmgren’s theorem is a very
general and important tool to prove unique continuation
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results; however it requires the analyticity of the coeffi-
cients of the operator, and in many situations one cannot
use it directly.

Let us also mention that as for the exact controllabil-
ity of the wave equation above, and the zero-controllabil-
ity for the heat equation below, one can single out a con-
trol for the approximate controllability by using a varia-
tional approach consisting of minimizing some functional
as in (8): see [26,53].

Controllability to zero. Now considering the problem
of controllability to zero, we see that, in order that the con-
trol u brings the system to 0, it is necessary and sufficient
that for all choice of ¢ € L*(£2), we have

—f ¢ (0)vodx = // pudtdx .
2 0, T)xw

Here one would like to reason as for the wave equation,
that is, make the choice to look for u in the form

u:=¢l,,

for some solution ¢ of the adjoint system. But here the ap-
plication

N: ¢r € L*(2) — (/f ¢2dtdx)
0, T)xXw®

determines a norm (as seen from the above unique contin-
uation result), but this norm is no longer equivalent to the
usual L%(£2) norm (if it was, one could establish an exact
controllability result!). A way to overcome the problem is
to introduce the Hilbert space X obtained by completing
L2(£2) for the norm N. In this way, we see that to solve the
zero-controllability problem, it is sufficient to prove that
the linear mapping ¢ +— ¢(0) is continuous with respect
to the norm N: for some C > 0,

oI—

[¢0)122) = Cll¢ LollL2(0,1)xw) - (11)
This is precisely the observability inequality which one
has to prove to establish the zero controllability of the
heat equation. It is weaker than the observability inequal-
ity when the left-hand side is ||¢(T)|2(p) (which as we
noticed is false).

When this inequality is proven, a constructive way to
determine a suitable control is to determine a minimum
¢ in X of the functional

1
1> = / |¢|2dtdx —I—/ ¢(0)vodx ,
2 0, T)xw ko)

then to associate to ¢ the solution ¢ of (3), and finally to
set

u:=$1w.

(That the mapping ¢4 +> ¢ 1, can be extended to a map-
ping from X to L?*(w) comes from the definition of X.)

So in both situations of exact controllability and con-
trollability to zero, one has to establish a certain inequality
in order to get the result; and to prove approximate con-
trollability, one has to establish a unique continuation re-
sult. This turns out to be very general, as described in Para-
graph Subsect. “Abstract Approach”.

Remarks Let us mention that concerning the heat equa-
tion, the zero-controllability holds for any time T > 0 and
for any nontrivial control zone w, as shown by means of
a spectral method—see Lebeau and Robbiano [48], or by
using a global Carleman estimate in order to prove the ob-
servability property—see Fursikov and Imanuvilov [35].
That the zero-controllability property does not require the
time T or the control zone w to be large enough is natural
since parabolic equations have an infinite speed of propa-
gation; hence one should not require much time for the in-
formation to propagate from the control zone to the whole
domain. The zero controllability of the heat equation can
be extended to a very wide class of parabolic equations;
for such results global Carleman estimates play a central
role, see for instance the reference book by Fursikov and
Imanuvilov [35] and the review article by Fernandez-Cara
and Guerrero [28]. Note also that Carleman estimates are
not used only in the context of parabolic equations: see
for instance [35] and Zhang [70]. Let us also mention two
other approaches for the controllability of the one-dimen-
sional heat equation: the method of moments of Fattorini
and Russell (see [27] and a brief description below), and
the method of Laroche, Martin and Rouchon [45] to get
an explicit approximate control, based on the idea of “flat-
ness” (as introduced by Fliess, Lévine, Rouchon and Mar-
tin [33]).

On the other hand, the controllability for the wave
equation does not hold for any T or any X'. Roughly speak-
ing, the result of Bardos, Lebeau and Rauch [9] states that
the controllability property holds if and only if every ray
of the geometric optics in the domain (reflecting on the
boundary) meets the control zone during the time interval
[0, T]. In this case, it is also natural that the time should
be large enough, because of the finite speed of propaga-
tion of the equation: one has to wait for the information
coming from the control zone to influence the whole do-
main. Let us emphasize that in some cases, the geometry
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of the domain and the control zone is such that the con-
trollability property does not hold, no matter how long
the time T is. An example of this is for instance a circle in
which some antipodal regions both belong to the uncon-
trolled part of the boundary. This is due to the existence
of Gaussian beams, that is, solutions that are concentrated
along some ray of the geometrical optics (and decay expo-
nentially away from it); when this ray does not meet the
control zone, this contradicts in particular (7). The result
of [9] relies on microlocal analysis. Note that another im-
portant tool used for proving observability inequalities is
a multiplier method (see in particular [42,51,60]): however
in the case of the wave equation, this can be done only in
particular geometric situations.

Abstract Approach

The duality between the controllability of a system and
the observability of its adjoint system turns out to be very
general, and can be described in an abstract form due
to Dolecki and Russell [24]. For more recent references
see [46,69]. Here we will only describe a particular simpli-
fied form of the general setting of [24]. Consider the fol-
lowing system

y =Ay + Bu, (12)

where the state y belongs to a certain Hilbert space H,
on which A, which is densely defined and closed, gen-
erates a strongly continuous semi-group of bounded op-
erators. The operator B belongs to £L(U; H), where U is
also a Hilbert space. The solutions of (12) are given by the
method of variation of constants so that

T
y(T) = e y(0) + / e T=DABy(7)dr .
0

We naturally associate with the control equation (12), the
following observation system:

z=—A%z,
Z(T) = zr, (13)
c:= B*z.

The dual operator —A* generates a strongly continuous
semi-group for negative times, and c in L2(0, T; U) is ob-
tained by

c(t) = B*eT—04% 5

In the above system, the dynamics of the (adjoint) state z
is free, and c is called the observed quantity of the sys-
tem. The core of the method is to connect the controllabil-
ity properties of (12) with observability properties of (13)
such as described below.

Definition 6 The system (13) is said to satisfy the unique
continuation property if and only if the following implica-
tion holds true:

¢c=0in [0,T] = z=0in [0,T].

Definition 7 The system (13) is said to be observable if
and only if there exists C > 0 such that the following in-
equality is valid for all solutions z of (13):

lz(T)lla < Clicll2, ;v - (14)

Definition 8 The system (13) is said to be observable at
time 0 if and only if there exists C > 0 such that the fol-
lowing inequality is valid for all solutions z of (13):

20l = Cllellz20,7;v) - (15)

The main property is the following.

Duality property

1. The exact controllability of (12) is equivalent to the ob-
servability of (13).

2. The zero controllability of (12) is equivalent to the ob-
servability at time 0 of (13).

3. The approximate controllability of (12) in H is equiva-
lent to the unique continuation property for (13).

Brief explanation of the duality property. The main fact is
the following duality formula

T
=/ <u(f),B*e(T—f>A*z(T)> dr, (16)
0 U

which in fact can be used to define the solutions of (12) by
transposition.

1 and 3. Now it is rather clear that by linearity, we can
reduce the problems of exact and approximate controlla-
bility to the ones when y(0) = 0. Now the property of ex-
act controllability for system (12) is equivalent to the sur-
jectivity of the operator

T
S:ueLl*0,T;U) — / e D4Byu(r)dr € H,
0

and the approximate controllability is equivalent to the
density of its range. By (16) its adjoint operator is

T
S*:zreHr / B*eT=94% 2 dr € L2(0, T; U) .
0
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Hence the equivalences 1 and 3 are derived from a classical
result from functional analysis (see for instance the book
of Brezis [12]): the range of S is dense if and only if S$*
is one-to-one; S is surjective if and only if $* satisfies for
some C > 0:

lzrll < ClIS* 27,

that is, when (14) is valid.

2. In this case, still due to linearity, the zero-controlla-
bility for system (12) is equivalent to the following inclu-
sion:

Range ™) c Range (S) .

In this case there is also a functional analysis result
(generalizing the one cited above) which asserts the equiv-
alence of this property with the existence of C > 0 such
that

Ie™)* Rl < ClIS*hll,

see Dolecki and Russell [24] and Douglas [25] for more
general results.

It follows that in many situations, the exact controlla-
bility of a system is proved by establishing an observability
inequality on the adjoint system. But this general method
is not the final point of the theory: not only is this only
valid for linear systems, but importantly as well, it turns
out that these types of inequalities are in general very diffi-
cult to establish. In general when a result of exact control-
lability is established by using this duality, the largest part
of the proof is devoted to establishing the observability in-
equality.

Another information given by the observability is an
estimate of the size of the control. Indeed, following the
lines of the proof of the correspondence between observ-
ability and controllability, one can see that one can find
a control u which satisfies:

e Case of exact controllability:

TA
lullz20,7u) = Cobsllyr —e “yolla .

e Case of zero controllability:

lull20,7:1) < Cobsllyollm -

where in both cases C,p,; determines a constant for which
the corresponding observability inequality is true. (Obvi-
ously, not all the controls answering to the question sat-
isfy this estimate). This gives an upper bound on the size
of a possible control. This can give some precise estimates
on the cost of the control in terms of the parameters of
the problem, see for instance the works of Fernandez-Cara
and Zuazua [30] and Miller [58] and Seidman [66] con-
cerning the heat equation.

Some Different Methods

Herein we will discuss two methods that do not rely on
controllability/observability duality. This does not pretend
to give a general vision of all the techniques that can be
used in problems of controllability of linear partial differ-
ential equations. We just mention them in order to show
that in some situations, duality may not be the only tool
available.

Characteristics First, let us mention that in certain
situations, one may use a characteristics method (see
e.g. [22]). A very simple example is the first-dimensional
wave equation,

Vit —Vxx =0,
Vxlx=0 = 0,
Vxlx=1 = u(t) ,

where the control is u(t) € L?(0, T). This is taken from
Russell [62]. The problem is transformed into

dw_ (0 1w
ot L1 0 )ox

( " ) ( . )

W= = ,

%) Vx

wo(t,0) =0 and wy(t,0) = u(t).

Of course, this means that w; — wy and w; + w, are con-
stant along characteristics, which are straight lines of slope
1 and —1, respectively (this is d’Alembert’s decomposi-
tion).

Now one can deduce an explicit appropriate control
for the controllability problem in [0, 1] for T > 2, by con-
structing the solution w of the problem directly (and one
takes the values of w, at x = 1 as the “resulting” control u).

The function w is completely determined from the ini-
tial and final values in the domains of determinacy D,
and D;:

Dy :={(t,x) € [0, T] x [0,1]/x+t <1} and

Dy :={(t,x) € [0, T] x[0,1]/t—x>T—1}.

That T > 2 means that these two domains do not in-
tersect. Now it suffices to complete the solution w in
D; :=[0,T] x [0,1] \ (D; U D). For that, one chooses
w1 (0, t) arbitrarily in the part £ of the axis {0} x [0, 1] lo-
cated between D; and D,, that is for

x=0 and 1<t<T-1.

Once this choice is made, it is not difficult to solve the
Goursat problem consisting of extending w in Dj3: using
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the symmetric role of x and ¢, one considers x as the time.
Then the initial condition is prescribed on ¢, as well as
the boundary conditions on the two characteristic lines
x+t=1andx —t = T — 1. One can solve elementarily
this problem by using the characteristics, and this finishes
the construction of w, and hence of u.

Note that as a matter of fact, the observability inequal-
ity in this (one-dimensional) case is also elementary to es-
tablish, by relying on Fourier series or on d’Alembert’s de-
composition, see for instance [23].

The method of characteristics described above can be
generalized in broader situations, including for instance
the problem of boundary controllability of one-dimen-
sional linear hyperbolic systems

v + A(X)vy + Bx)v =0,

where A is a real symmetric matrix with eigenvalues
bounded away from zero, and A and B are smooth; see for
instance Russell [65]. As a matter of fact, in some cases this
method can be used to establish the observability inequal-
ity from the controllability result (while in most cases the
other implication in the equivalence is used).

Of course, the method of characteristics may be very
useful for transport equations

% +v.Vf=g or % + div(vf) =

An example of this is the controllability of the Vlasov-
Poisson equation, see [36]. Let us finally mention that this
method is found also to tackle directly several nonlinear
problems, as we will see later.

Moments Another method which we would like to
briefly discuss is the method of moments (see for instance
Avdonin and Ivanov [4] for a general reference, see also
Russell [65]), which can appear in many situations; in par-
ticular this method was used by Fattorini and Russell to
prove the controllability of the heat equation in one space
dimension, see [27]. Consider for instance the problem of
controllability of the one-dimensional heat equation

Ve — Vex = g(X)u(t)
Vijo,71x{0,13 = 0

Actually in [27], much more general situations are con-
sidered: in particular it concerns more general parabolic
equations and boundary conditions, and boundary con-
trols can also be included in the discussion.

It is elementary to develop the solution in the L?(0, 1)
orthonormal basis (sin(kmx))ren+. One obtains that the

state zero is reached at time T > 0 if and only if

e

k>0

Ty sin(kmx)

—Z/ —k(T=1) gru(t) sin(kmx)dt ,

k>0

where v, and gy are the coordinates of vy and g in the basis.
Clearly, this means that we have to find u such that for all
keN,

T
f e_kz(T_t)gku(t)dt = —e_szvk .
0

The classical Muntz-Szasz theorem states that for an
increasing family (1,),en* of positive numbers, the fam-
ily {e_k"t, n € N*}is dense in L>(0, T) if and only if

> 5 =+ee.

n>0

and in the opposite case, the family is independent and
spans a proper closed subspace of L%(0, T). Here the
exponential family which we consider is A, = n* and
we are in the second situation. The same method ap-
plies for other problems in which A, cannot be com-
pletely computed but is a perturbation of n%; this al-
lows us to treat a wider class of problems. Now in this
situation (see e.g. [65]), one can construct in L%(0, T)
a biorthogonal family to {e~**, n € N*}, that is a fam-
ily (pn(£)pen+ € (L0, T)N satisfying

T
f pa(t)e ™ itdt = 8 .
0

Once such a family is obtained, one has formally the
following solution, under the natural assumption that
lgk| = ck™*:

u(t) = Z -

keN*

Pk(t)

To actually get a control in L%(0, T), one has to estimate
| pkll2, in order that the above sum is well-defined in 2.
In [27] it is proven that one can construct p in such a way
that

Vi

lpklli20,m) < Koexp(Kiwg), o :=

which allows us to conclude.
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Nonlinear Systems

The most frequent method for dealing with control prob-
lems of nonlinear systems is the natural one (as for the
Cauchy problem): one has to linearize (at least in some
sense) the equation, try to prove some controllability re-
sult on the linear equation (for instance by using the du-
ality principle), and then try to pass to the nonlinear sys-
tem via typical methods such as inverse mapping theorem,
fixed point theory, iterative schemes. ..

As for the usual inverse mapping theorem, it is natu-
ral to hope for a local result from the controllability of the
linear problem. Here we find an important difference be-
tween linear and nonlinear systems: while for linear sys-
tems, no distinction has to be made between local and
global results, concerning the nonlinear systems, the two
problems are really of different nature.

One should probably not expect a very general re-
sult indicating that the controllability of the linearized
equation involves the local controllability of the nonlinear
system. The linearization principle is a general approach
which one has to adapt to the different situations that one
can meet. We give below some examples that present to
the reader some existing approaches.

Some Linearization Situations

Let us first discuss some typical situations where the lin-
earized equation has good controllability properties, and
one can hope to get a result (in general local) from this
information. In some situations where the nonlinearity is
not too strong, one can hope to get global results. As pre-
viously, the situation where the underlying linear equation
is reversible and the situation when it is not have to be dis-
tinguished. We briefly describe this in two different exam-
ples.

Semilinear Wave Equation Let us discuss first an ex-
ample with the wave equation. This is borrowed from the
work of Zuazua [71,72], where the equation considered is

Vit —Vxx + f(v) = uly, in [0, 1],
Vix=0 = 0, Vix=1 = 0,

where @ := (I, I;) is the control zone and the nonlinearity
f € CY(R;R) is at most linear at infinity (see however the
remark below) in the sense that for some C > 0,

[f(x)] < C(1 + |x[)onR . (17)
The global exact controllability in Hj x L? (recall that the
state of the system is (v,v;)) by means of a control in

L2((0, T) x w) is proved by using the following lineariza-
tion technique. In [72], it is proven that the following lin-
earized equation:

Vit — Vex +alx)v = uly, in [0,1],
Vix=0 = 0, Vix=1 = 0.

is controllable in Hé(O, 1) x L?(0, 1) through u(t) €
L*((0, T) x w), for times T > 2max(ly,1— L), for any
a € L*((0, T) x (0, 1)). The corresponding observability
inequality is

I, Y 2@)xa—1(2) < Cobsll¥ 1o llL2(0, Tyxa0) -

Moreover, the observability constant that one can obtain
can be bounded in the following way:

Cons < (T lalloo) . (18)
where o is nondecreasing in the second variable. One
would like to describe a fixed-point scheme as follows.
Given v, one considers the linearized problem around v,
solves this problem and deduces a solution ¥ of the prob-
lem of controllability from (vo,vj) to (v1,v]) in time T.
More precisely, the scheme is constructed in the following
way.
We write

flx) = f(0) + xg(x)

where g is continuous and bounded. The idea is to asso-
ciate to any v € L*°((0, T) x (0, 1)) a solution of the linear
control problem

Ve — Vux +78(v) = —f(0) + u 1y in [0,1],
{/\x=0 = 0, 1A/|x:1 = 0 .

(Note that the “drift” term f(0) on the right hand side
can be integrated in the final state—just consider the so-
lution of the above system with u = 0 and ¥|,—¢ = 0 and
withdraw it—or integrated in the formulation (5)).

Here an issue is that, as we recalled earlier, a control-
lability problem has almost never a unique solution. The
method in [72] consists of selecting a particular control,
which is the one of smallest L?>-norm. Taking the fact that g
is bounded and (18) into account, this particular control
satisfies

||“||L2(0,T)
< Cllvollgy + lvollzz + Ivill gy + villz + £ O,

for some C > 0 independent of v.
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Using the above information, one can deduce esti-
mates for ¥ in C°([0, T]; L*(0, 1)) N L*(0, T; H}) indepen-
dently of v, and then show by Schauder’s fixed point the-
orem that the above process has a fixed point, which
shows a global controllability result for this semilinear
wave equation.

Remark I As a matter of fact, [72] proves the global exact
controllability for f satistying the weaker assumption

£ () _
m — S =
lxl>+o0 (1 + |x]) log?(|x])

This is optimal since it is also proven in [72] that if

. |f(x)]
inf — = 2
lx|—>+00 (1 + |x|) log (|x])

for some p > 2 (and w # (0, 1)) then the system is not
globally controllable due to blow-up phenomena. To ob-
tain this result one has to use Leray—Schauder’s degree the-
ory instead of Schauder’s fixed point theorem. For anal-
ogous conditions on the semilinear heat equation, see
Fernandez-Cara and Zuazua [31].

Burgers Equation Now let us discuss a parabolic exam-
ple, namely the local controllability to trajectories of the
viscous Burgers equation:

Vi4+ (V) —vex =0 in (0, T) x (0,1), (19)

Vix=0 = to(t) and vje=) = u1 (1),
controlled on the boundary via uy and u;. This is taken
from Fursikov and Imanuvilov [34]. Now the linear result
concerns the zero-controllability via boundary controls of
the system

v+ (zv)x —vxx =0 in (0, T) x (0,1), (20)
Vixmo = wo() and vy = wi(6).

Consider X the Hilbert space composed of functions z
in L*(0, T; H*(0,1)) such that z; € L*(0,1;L*(0,1)). In
[34] it is proved that given vy € H'(0,1) and T > 0, one
can construct a map which to any z in X, associates v € X
such that v is a solution of (20) which drives vy to 0 dur-
ing time interval [0, T], and moreover this map is com-
pact from X to X. As in the previous situation, the par-
ticular control (ug, u;) has to be singled out in order for
the above mapping to be single-valued (and compact). But
here, the criterion is not quite the optimality in L?-norm
of the control. The idea is the following: first, one trans-
forms the controllability problem for (20) from yj to 0 into

a problem of “driving” 0 to 0 for a problem with right-
hand side:

we 4+ (2w)x —wxx = fo in (0, T) x (0, 1), (1)

Wix=o = to(t) and wj,—; = u;(t),
for some fy supported in (7/3,27/3) x (0,1). For this,
one introduces y € C*°([0, T];R) such that y = 1 during
[0, T/3] and y = 0 during [27/3, T], and ¥ the solution
of (20) starting from vy with 1y = u; = 0, and considers
wi=v— xb.

Now the operator mentioned above is the one which
to z associates the solution of the controllability problem
which minimizes the L?-norm of w among all the solu-
tions of this controllability problem. The optimality cri-
terion yields a certain form for the solution. That the cor-
responding control exists (and is unique) relies on a Car-
leman estimate, see [34] (moreover this allows estimates
on the size of w). As a matter of fact, to obtain the com-
pactness of the operator, one extends the domain, solves
the above problem in this extended domain, and then uses
an interior parabolic regularity result to have bounds in
smaller spaces, we refer to [34] for more details.

Once the operator is obtained, the local controllability
to trajectories is obtained as follows. One considers v a tra-
jectory of the system (19), belonging to X. Withdrawing
(19) for v to (19) for the unknown, we see that the prob-
lem to solve through boundary controls is

ye—yxx + @V 4+ p)yle = fo in (0,7) x(0,1),
Ylx=0 = vo — v(0) and y;—r =0.

Now consider vy € H'(0, 1) such that
llvo —7(0)||H1(0,1) <r,

for r > 0 to be chosen. To any y € X, one associates the
solution of the controllability problem (21) constructed
above, driving vy — ¥(0) to 0, for z := (29 + y). The es-
timates on the solution of the control problem allow one
to establish that the unit ball of X is stable by this process
provided r is small enough. The compactness of the pro-
cess is already proved, so Schauder’s theorem allows one
to conclude.

Note that it is also proved in [34] that the global ap-
proximate controllability does not hold.
Some Other Examples Let us also mention two other
approaches that may be useful in this type of situation.

The first is the use of Kakutani-Tikhonov fixed-point
theorem for multivalued maps (cf. for instance [68]), see in
particular [38,39] and [26]. Such a technique is particularly
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useful, because it avoids the selection process of a partic-
ular control. One associates to v the set T(v) of all ¥ solv-
ing the controllability problem for the equation linearized
around v, with all possible controls (in a suitable class).
Then under appropriate conditions, one can find a fixed
point in the sense that v € T(v).

Another approach that is very promising is the use of
a Nash-Moser process, see in particular the work [10] by
Beauchard. In this paper the controllability of a Schro-
dinger equation via a bilinear control is considered. In that
case, one can solve some particular linearized equation (as
a matter of fact, the return method described in the next
paragraph is used), but with a loss of derivative; as a con-
sequence the approaches described above fail, but the use
of Nash-Moser’s theorem allows one to get a result. Note
finally that in certain other functional settings, the control-
lability of this system fails, as shown by using a general re-
sult on bilinear control by Ball, Marsden and Slemrod [5].

The Return Method

It occurs that in some situations, the linearized equation
is not systematically controllable, and one cannot hope by
applying directly the above process to get even local ex-
act controllability. The return method was introduced by
Coron to deal with such situations (see in particular [18]).
As a matter of fact, this method can be useful even when
the linearized equation is controllable. The principle of the
method is the following: find a particular trajectory y of
the nonlinear system, starting at some base point (typically
0) and returning to it, such that the linearized equation
around this is controllable. In that case, one can hope to
find a solution of the nonlinear local controllability prob-
lem close to y.

A typical situation of this is the two-dimensional
Euler equation for incompressible inviscid fluids (see
Coron [16]), which reads

0y + (y.V)y=—-Vp in 2,
divy =0 in £,
yn=0 on 02\ X,

(22)

where the unknown is the velocity field y: 2 — R? (the
pressure p can be eliminated from the equation), §2 is
a regular bounded domain (simply connected to sim-
plify), # is the unit outward normal on the boundary, and
X C 052 is the control zone. On X, the natural control
which can be assigned is the normal velocity y.n and the
vorticity @ := curly := 9;y* — 9,y' at “entering” points,
that is points where y.n < 0.

Let us discuss this example in an informal way. As no-
ticed by J.-L. Lions, the linearized equation around the null

state

dry =—Vp in £,
divy =0 in 2,
yn=0 on 02\ X,

is trivially not controllable (even approximately). Now the
main goal is to find the trajectory y such that the linearized
equation near y is controllable. It will be easier to work
with the vorticity formulation

0w+ (y.V)wo =0 in £,
. (23)
curl y = w, divy = 0.

In fact, one can show that assigning y(T) is equivalent
to assigning both w(T) in §2 and y(T).n on X, and since
this latter is a part of the control, it is sufficient to know
how to assign the vorticity of the final state.

We can linearize (23) in the following way: to y one
associates y through

0w + (y.V)a). = 0 in £, (24)
curl y = w, divy = 0.
Considering Eq. (24), we see that if the flow of y is such
that any point in £2 at time T “comes from” the control
zone X, then one can assign easily w through a method
of characteristics. Hence one has to find a solution y of
the system, starting and ending at 0, and such that in its
flow, all points in 2 at time T, come from X at some stage
between times 0 and T. Then a simple Gronwall-type ar-
gument shows that this property holds for y in a neighbor-
hood of 7, hence Eq. (24) is controllable in a neighborhood
of y. Then a fixed-point scheme allows one to prove a con-
trollability result locally around 0.
But the Euler equation has some time-scale invariance:

y(t, x) isasolution on [0, T] = yk(t,x)
= A_ly(/\_lt, x) isasolution on [0,AT].

Hence given y; and y;, one can solve the problem of
driving Ay to Ay, for A small enough. Changing the vari-
ables, one see that it is possible to drive yy to y; in time
AT, that is, in smaller times. Hence one deduces a global
controllability result from the above local result.

As a consequence, the central part of the proof is to
find the function y. This is done by considering a special
type of solution of the Euler equation, namely the potential
solution: any y := V0(t, x) with 6 regular satisfying

AO(t,x) =0 in £2,
0,60 =0 on 052,

Vte [0, T],
Yte[0,T],
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satisfies (22). In [16] it is proven that there exists some 6
satisfying the above equation and whose flow makes all
points at time T come from X. This concludes the argu-
ment.

This method has been used in various situations;
see [18] and references therein. Let us underline that this
method can be of great interest even in the cases where the
linearized equation is actually controllable. An important
example obtained by Coron concerns the Navier-Stokes
equation and is given in [17] (see also [19]): here the re-
turn method is used to prove some global approximate re-
sult, while the linearized equation is actually controllable
but yields in general a local controllability result (see in
particular [29,35,41]).

Some Other Methods

Let us finally briefly mention that linearizing the equa-
tion (whether using the standard approach or the return
method) is not systematically the only approach to the
controllability of a nonlinear system. Sometimes, one can
“work at the nonlinear level.” An important example is the
control of one-dimensional hyperbolic systems:

vi + AWW)vy = F(v), v: [0, T] x [0,1] = R",  (25)
via the boundary controls. In (25), A satisfies the hyperbol-
icity property that it possesses at every point » real eigen-
values; these are moreover supposed to be strictly sepa-
rated from 0.

In the case of regular C! solutions, this was approached
by a method of characteristics to give general local re-
sults, see in particular the works by Cirina [15] and Li
and Rao [49]. Interestingly enough, the linear tool of du-
ality between observability and controllability has some
counterpart in this particular nonlinear setting, see Li [55].
In the context of weak entropy solutions, some results
for particular systems have been obtained via the ad hoc
method of front-tracking, see in particular Ancona, Bres-
san and Coclite [2], the author [37] and references therein.

Other nonlinear tools can be found in Coron’s book
[18]. Let us mention two of them. The first one is power
series expansion. It consists of considering, instead of the
linearization of the system, the development to higher or-
der of the nonlinearity. In such a way, one can hope to
attain the directions which are unreachable for the lin-
earized system. This has for instance applications for the
Korteweg-de-Vries equation, see Coron and Crépeau [20]
and the earlier work by Rosier [61]. The other one is quasi-
static deformations. The general idea is to find an (ex-
plicit) “almost trajectory” (y(et), u(et)) during [0, T/¢] of

the control system y = f(y, u), in the sense that

%[7(8 0] — fet). u(et))

is of order & (due to the “slow” motion). Typically, the
trajectory (¥, u) is composed of equilibrium states (that
is f(y(-),u(:)) = 0). In such a way, one can hope to con-
nect y(0) to a state close to y(T'), and then to exactly y(T)
via a local result. This was used for instance by Coron and
Trélatin the context of a semilinear heat equation, see [21].

Finally, let us cite a recent approach by Agrachev and
Sarychev [1] (see also [67]), which uses a generalization
of the “Lie bracket” approach (a standard approach from
finite-dimensional nonlinear systems), to obtain some
global approximate results on the Navier-Stokes equation
with a finite-dimensional (low modes) affine control.

Some Other Problems

As we mentioned earlier, many aspects of the theory
have not been referred to herein. Let us cite some of
them. Concerning the connection between the problem of
controllability and the problem of stabilization, we refer
to Lions [50], Russell [63,64,65] and Lasiecka and Trig-
giani [47].

A very important problem which has recently attracted
great interest is the problem of numerics and discretiza-
tion of distributed systems (see in particular [74,75] and
references therein). The main difficulty here comes from
the fact that the operations of discretizing the equation and
controlling it do not commute.

Other important questions considered in particular in
the second volume of Lions’s book [51] are the problems
of singular perturbations, homogenization, thin domains
in the context controllability problems. Here the questions
are the following: considering a “perturbed” system, for
which we have some controllability result, how does the
solution of the controllability problem (for instance asso-
ciated to the L>-optimal control) behave as the system con-
verges to its limit? This kind of question is the source of
numerous new problems.

Another subject is the controllability of equations with
some stochastic terms (see for instance [8]). One can also
consider systems with memory (see again [51] or [7]). Fi-
nally, let us mention that many partial differential equa-
tions widely studied from the point of view of Cauchy the-
ory, still have not been studied from the point of view of
controllability.

The reader looking for more discussion on the subject
can consider the references below.
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Future Directions

There are many future challenging problems for control
theory. Controllability is one of the possible approaches to
try to construct strategies for managing complex systems.
On the road towards systems with increasing complexity,
many additional difficulties have to be considered in the
design of the control law: one should expect the control to
take into account the possible errors of modelization, of
measurement of the state, of the control device, etc. All of
these should be included in the model so some robustness
of the control can be expected, and to make it closer to the
real world. Of course, numerics should play an important
role in the direction of applications. Moreover, one should
expect more and more complex systems, such as environ-
mental or biological systems (how are regulation mecha-
nisms designed in a natural organism?), to be approached
from this point of view. We refer for instance to [32,59] for
some discussions on some perspectives of the theory.
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Glossary

Adjacency matrix A square V x V matrix, where V is
the number of vertices of graph G. The matrix entries
are a;; = 1for i, j — neighbors, and a;; = 0, otherwise.
In undirected graphs, the matrix is symmetric with re-
spect to the main diagonal.

Branch A linear (path) subgraph, beginning with a vertex
of degree higher than 2, and ending with a vertex of
degree 1.

Branching The (topological) property of a graph to have
branches, as well the patterns of branch connectivity.

Centrality The (topological) property of vertex (or edge)
organization in a graph with respect to central ver-
tex(es) or edge(s).

Complexity measures Quantitative assessments of sys-
tems complexity, obtained mainly by applying infor-
mation theory and graph theory.

Connected graph A graph is connected, if there is a walk
between any pair of vertices.

Cycle A path, the initial and end vertices of which coin-
cide.

Cyclicity The (topological) property of a graph to have
cycles, as well as the patterns of cycle connectivity.
Distance The number of edges connecting two vertices

along the shortest path between them.

Eccentricity - see Vertex eccentricity.

Graph A mathematical structure composed of points
(vertices), connected by lines (edges).

Graph center Vertex(es) in a graph with the smallest ec-
centricity.

Graph distance The sum of all vertex-vertex distances in
the graph. Also: The sum of all vertex distances in the
graph.

Information content A quantitative characteristic of
a system calculated by using information theory. Three
major types of information content have been of use:
compositional, structural (mainly topological), and
functional ones.

Information theory Created initially as theory of com-
munications by Shannon in 1949, it extends the sta-
tistical thermodynamics of Boltzmann to processes
involving information. Other versions of this theory
have been proposed; the best known one being the Kol-
mogorov nonprobabilistic theory of information. One
of the main applications of information theory is to de-
fine information content of systems.

Information theoretical descriptor (information index)
A number, which is a quantitative characteristic of
a system, calculated by using information theory.

Graph path A sequence of edges connecting two graph
vertices without a repeated visit of a vertex or edge. The
length of the path is equal to the number of path edges.

Molecular graph A graph, the vertices of which stand for
atoms of a molecule, and edges represent chemical
bonds between the atoms.

Network An interconnected system of elements of any
physical nature, and the graph representing the system.
The terminology used in network theory is similar to
that of graph theory, vertices and edges being called
nodes and links, respectively.

Subgraph A graph G’ = (V', E’) is called a subgraph of
graph G = (V, E) if V' belongs to the set of vertices V
and E’ belongs to the edges of E.

Total adjacency of a graph The sum of all adjacency ma-
trix entries. Alternatively, the sum of all vertex de-
grees. In undirected graphs, the total adjacency is
equal to the doubled number of edges.

Undirected graph A graph in which the binary adjacency
relation a;; = aj; = 1 exists for all adjacent vertices
i, j. If in a graph there is at least one adjacency rela-
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tion a;; = 1, the symmetric relationship a;; for which
does not exist, the graph is directed (a Digraph).

Vertex degree The number of the nearest neighbors of
a vertex. Also, the number of edges incident to the ver-
tex.

Vertex distance The sum of the distances from a given
vertex to all other vertices in the graph.

Vertex eccentricity The largest distance from a vertex to
any other vertex in the graph.

Walk A walk in a simple graph (having no multiple edges
or loops) is a sequence of consecutive vertices and
edges with repetitions allowed. The length of a walk
is the number of edges (including repetitions).

Weighted distribution The ordered set of all values of
given quantity.

Definition of the Subject

Complexity is a multifaceted concept, related to the de-
gree of organization of systems. Patterns of complex
organization and behavior are identified in all kinds of
systems in nature and technology. Essential for the char-
acterization of complexity is its quantification, the intro-
duction of complexity measures or descriptors, following
Lord Kelvin’s words that science begins when we can use
numbers. Historically, the first attempt to quantify com-
plexity was based on Shannon’s information theory [1],
and it involved the information content as a measure of
molecular complexity [2]. Fifty years later, the complex-
ity of molecules and their interactions is assessed by a va-
riety of methods, with information theory preserving its
leading role. This article aims to review the vast area of
complexity measures, based on information theory as ap-
plied to chemical and biochemical systems. Many of these
measures have found application for predicting physico-
chemical properties and biological activities of chemical
compounds, contributing thus to the development of new
drugs and chemical products. The expertise accumulated
has recently found a new vast area of application, the net-
works of biomolecules performing the basic functions of
life in cells and organisms. The essence of life itself has
been reformulated to incorporate as an essential compo-
nent the processing of information.

Introduction

The notion of information has been first used in scientific
literature in 1894 by Boltzmann, who stated that “Every
piece of information obtained for a physical system is re-
lated to the decrease in the number of its possible states;
therefore the increase of entropy means ‘loss of informa-
tion” [3]. One may speculate that only the early death of

Boltzmann, who was far ahead of his contemporaries, pre-
vented the development of information theory at the very
beginning of 20th century. Indeed, Boltzmann’s statistical
thermodynamics was a direct predecessor of Shannon’s in-
formation theory. The entropy S of a system of N particles,
distributed over ¢ states, having N, N,, ..., N; particles
with energies Ej, E,, ..., E;, respectively, was related by
Boltzmann to the total number W of physical states of the
system, where k is a constant:
S=kan=kL. (1)
NNyl Nyl
For N > 1, the approximation of Stirling turns Eq. (1)
into

t
S%k(NlnN—ZNilnN,-) . 2)

i=1

Equation (2) after an elementary substitution of the con-
stant k is identical to the Shannon equation for the entropy
of information H of a message transmitted through infor-
mation channels:

t
> "Nilog,N;. bits. 3)

i=1

H = Nlog, N —

Shannon’s information theory regards such a message
as a specific set of symbols (an “outcome”) selected from
an ensemble of all ¢ such sets containing the same total
number of symbols N. Probabilities p;, pa, ..., ps are as-
signed to each outcome, the probability of the ith out-
come being proportional to the number of symbols N;
it contains: p; = N;/N. Shannon’s entropy of informa-
tion H characterizes the uncertainty of the expected out-
come. Upon a totally random transmission all outcomes
are equiprobable and the entropy of information is maxi-
mal. Conversely, in case of a single outcome, H = 0. In the
intermediate cases, the amount of information transmit-
ted is the difference between the maximum entropy and
the specific value the Shannon H-function has for the sys-
tem of interest. Thus, information emerges as a measure
for the eliminated outcome uncertainty.

Another more popular form of the Shannon equation
defines the average entropy of information H per commu-
nication symbol:

t
H=-) pilog,p;

i=1

—Z

i=1

log2 Nl bits/symbol . (4)



4822

Information Theoretic Complexity Measures

One bit of information is obtained when learning
the outcome of a process eliminating the uncertainty of
a choice between two equally probable options. The values
of the two Shannon’s entropies introduced by Egs. (3) and
(4) vary within the following ranges in bits:

(52)

(5b)

Shannon’s theory soon exceeded the narrow limits of
a communication theory, and was considered as an exten-
sion of Boltzmann’s theory. This view was advocated by
Brillouin [4], who’s negentropy principle of information
views information as the negative component of entropy.
The second law of thermodynamics thus generalized al-
lows only such spontaneous processes in closed systems
that increase entropy and lose information.

Another important extension was the view on struc-
ture as a message that carries certain amount of infor-
mation. That was how the notion of information con-
tent of a (chemical) structure emerged in the early
1950s [5,6,7,8,9]. A radical reinterpretation of the mean-
ing of Shannon’s equations (3) and (4) was proposed by
Mowshowitz [10] in 1968. When applied to molecules,
the H-function does not measure the average uncertainty
for selecting a molecule from the ensemble of all molecules
having the same number of atoms. Rather, it is the in-
formation content of the structure relative to a system of
symmetry transformations that leaves the structure invari-
ant. Bonchev [11] supported this interpretation by the ar-
gument that entropy is transformed into information by
the mere process of the structure formation from its con-
stituent elements. This structural information is conserved
until the structure is destroyed, when it turns back into en-
tropy.

Mowshowitz [10] presented his approach as a finite
probabilistic scheme, applicable to any system having sym-
metry elements. The system of N interacting elements is
treated as a graph, the vertices of which are partitioned
into k equivalence classes, according to symmetry oper-
ations (graph automorphisms), which exchange vertices
while preserving the graph adjacency.

Equivalence classes 1,2,....k
Partition of elements Ni,N,, ..., N
Probability distribution  py, pa, ..., pk -

Here, p; = N;/N is the probability of a randomly cho-
sen element to belong to class i, which has N; elements,
and N = Y N;. The analysis of Egs. (3) and (4), express-
ing now the information content I of the system, shows

that information has the maximum value when each ele-
ment is in a separate class, i.e., when the system has no
symmetry. The information content is zero when all ele-
ments belong to a single equivalence class, i. e., when the
system has no structure, due to its high symmetry. One
might infer that the total and average information content,
I'and I, could be used as complexity measures, which relate
high complexity to low symmetry and larger diversity of
system’s elements. Low complexity (simplicity) is charac-
terized by uniformity, resulting from high symmetry and
lack of diversity.

In what follows till the end of this article, it will be
shown how this information-theoretic formalism can be
used to characterize the structure of atoms, molecules, and
(molecular) networks. It will be demonstrated that sym-
metry-based information-theoretic descriptors cannot al-
ways be good complexity measures, because symmetry is
a simplifying factor. A better approach will be introduced,
proceeding from a weighted version of the original Mow-
showitz’ scheme.

Information Content of Atoms

Information Content of Chemical Elements
and Nuclides

One may define the information content of atoms and
their nuclei in a variety of ways proceeding from the to-
tal number of protons z, neutrons #, and electrons e = z
(in neutral atoms), and their different distributions [12].
A good starting point is considering the atomic structure
partitioned into two substructures - a nucleus and an elec-
tron shell. The fotal information content of a nuclide is thus
defined [13] as:

Inucide = (A +2)log,(A +2) — Alog, A—zlog, z, (6)

where the mass number A = z + n. In atomic mass units,
A (an integer) is approximately equal to the atom’s mass
(a real number).

The information content of a chemical element can
then be defined [13] as the average information content
of all naturally occurring nuclides of this element:

Ichem.element = Zi CiInuclide,i ) (7)

¢; being the abundance fraction of nuclide i.

The next step is to analyze the distribution of elec-
trons of the atoms of chemical elements into electron shells
(I,), subshells (I,;), atomic orbitals (I,;,,), and spin-or-
bitals (I,;ms) [11,14,15]. In all these cases, z electrons are
considered distributed into k equivalence classes having
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N1, Ny, ..., Ni electrons, respectively. Denoting the com-
bination of quantum numbers that defines the specific type
of information content by x, one finds the corresponding
total and average information content, I(x) and I(x):

I(x) = zlog, z — E _zilog, z; , (8)
and

- Zj Zj

) ==Y Zlog,—. 9

(x) ;0% 9)

A third information function, termed differential infor-
mation content, Al,(z), is defined by the difference be-
tween the information content of the chemical element
with atomic number z and combination of quantum num-
bers x, and those of the element with atomic number z — 1:

Al (z) = Li(z) — L,(z— 1) .

The differential information content was shown to be
a sensitive descriptor for the periodicity of chemical ele-
ments. As shown in Fig. 1, AL, (z) has a sharp maximum
in the first element of each period, or s-, p-, d-, and f-sub-
period, followed by a gradual decrease to a minimum in
the corresponding last element. This regular trend is best
demonstrated by periods II and III. In periods IV to VII,
the filling of the d- and f-subshells with delay produces the
inequality:

(10)

AlL((n—=2)f) < AL/((n—1)d) < AL,(np) < AL,(ns).
(11)
The violations in the “ideal order” of filling electron

f- and d-subshells, caused by the accelerated adding of
(n — 1)d- or (n — 2) f-electrons at the cost of the decreased

population of the ns-subshells, are also captured in the in-
formation function by sharp minima as seen in Fig. 1 for
the extra d-electron in Cr, Cu, Nb, Pd, etc.

Information Equations for Periods
and Groups of Chemical Elements

Such equations are derived proceeding from several
atomic information descriptors [16,17]. Equation (12) is
based on the information for electron distribution over
an nl-subshell. It contains the period constant P, which is
equal for periods I through VII to 0, 2, 19.51, 37.02, 87.75,
138.48, and 242.51 bits, and a group constants k,[ =1
or 2 for groups 1 and 2, k, I = 1 to 10 for groups 3 to 12,
and k,I = 1 to 6 for groups 13 to 18, respectively:

I, =z10g2z—P—Zl kyilog, ky . (12)

Another equation for the periods and groups in the peri-
odic table is obtained with the total information on elec-
tron distribution over atomic orbitals:

Ino = (o +a+b)logy(zo +a+b)—zg—b. (13)

Here, b is the number of paired electrons in the atomic or-
bitals of the chemical element. In the ground state of the
atoms of elements of groups 1, 2, and 13 through 18, the
group constant a is equal to the lowest valence of the el-
ement (1, 0, 1, 2, 3, 2, 1, 0, respectively), whereas in the
highest valence state it equals the old numbering of the
eight main groups (1 to 8). The period constant zj is the
atomic number of the noble gas that ends the preceding
period (zp = 2, 10, 18, 36, 54, 86).

The information on electron distribution over the val-
ues of the magnetic spin quantum number (m; = +1/2

2 10
Q
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Information Theoretic Complexity Measures, Figure 1

Differential information on the distribution of atomic electrons over electron shells
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and m; = —1/2) provides yet another period/group equa-
tion for chemical elements:
- z+a z+a z—a z—
Tms = = 2z log, 2z log, 2z
k
Xl—-——. 14
(z0 + a + b)? (14)

Here, b and the period constant z; are those from Eq. (13).
The group constant k = a*/(2In2) includes the number
of unpaired electrons a. The error introduced by the ap-
proximation used decreases with the fourth power of zand
is very small.

The Pauli Exclusion Principle and Hund’s First Rule
Maximize the Atomic Information Content

The information equations for electron distributions in
atoms provided the basis for a reinterpretation of the
physical principles and rules controlling the building of
the atomic electronic structure [18]. Hund’s first rule,
which requires maximum filling of atomic orbitals in s-,
p-» d-, and f-subshells with unpaired electrons, may be
interpreted as a rule demanding maximum information
on atomic orbitals, I,;;,,. This follows directly from our
Eq. (13), which maximizes when the number of paired
electrons is b = 0. The absolute maximum of the atomic
information content according to Eq. (8) is reached when
all z; = 1. This case corresponds to electron distribution
over spin-orbitals, defined by the four quantum num-
bers n, I, m, and m;, and required by the Pauli exclusion
principle. The Hund rule and the Pauli exclusion princi-
ple, thus, emerge as different manifestations of a more gen-
eral trend requiring the maximum information content of
atoms, thus characterizing atoms as structures of maxi-
mum complexity. Proceeding from quantum mechanical
and group theory analysis, this trend was shown to extend
to any fermionic system.

Atomic Information Descriptors as Tools
for Calculating and Predicting the Properties of Atoms
and Chemical Elements

Encoding a detailed description of the electronic structure
of atoms, the information theoretic indices were shown
to be an effective tool in quantifying the periodicity in
the properties of chemical elements. They provide very
high correlation with almost all atomic characteristics and
physico-chemical properties of chemical elements. As an
example, 21 of 23 examined properties of alkali metals
have been found to correlate with the atomic information
descriptors with an average correlation coefficient of 0.997,
a degree of correlation far better than that with atomic

number. The models derived have been applied to the pre-
diction of a number of atomic characteristics and proper-
ties of the transactinide elements 113-120 [12,19].

Information Content of Atomic Nuclei
Information on Proton-Neutron Composition

Atomic nuclei have been characterized by the distribu-
tion of protons z and neutrons 7 in shells and subshells
in a manner similar to the one described for electron dis-
tribution in Sect. “Information Content of Atoms”. The
information index on the proton-neutron composition of
atomic nuclei, Iy, has been found to exhibit interesting
properties [20]:

Ipn = Alog, A —zlog, z—nlog, n, bits, (15)
- z z n n
In = 1 log, 171 log, 1 (16)

These equations identify the symmetric nuclei having
equal number of protons and neutrons, p = z = n, as nu-
clei with the highest complexity, due to their maximum
information on the proton-neutron composition. The to-
tal information content of these nuclei is equal to the mass
number A, whereas the mean information is exactly 1 bit.
Such are the symmetric stable nuclei of the elements at the
beginning of the periodic table: 2H, “He, °Li, etc., up to
40Ca. With the increase of the atomic number of the ele-
ment, the filling of the proton energy levels in the nucleus
proceeds with delay. The resulting excess of neutrons is
termed isotopic number: B = n —z = A —2z.

The basic patterns in the behavior of the proton-
neutron information content are demonstrated in Fig. 2
for all stable nuclei up to 2°Hg. The symmetric light nu-
clei are located on the line of maximum mean informa-
tion content of exactly 1 bit. With the increase in atomic
mass, I, diverges more and more from its maximum, in
correspondence with the delay in filling the proton energy
levels. The minima in the figure correspond to the largest
excess of neutrons for the series of several isotopes of the
same chemical element. Conversely, the maxima after *°Ca
refer to the least possible excess of neutrons.

The mean I, index, defined by Eq. (16) is approxi-
mated with a sufficient accuracy (the relative error does
not exceed 0.02% with exception of *He with 0.15%) by

B? 1 (A —2z2)?
X—=1—-—X——
2ln2 " A2 2In2 A2

Ipn ~ . (17)

The information index on the proton-neutron com-
position of atomic nuclei is thus shown to increase with
the increase in mass number A and atomic number z, and
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The average information on the proton-neutron composition of the naturally occurring atomic nuclei. The horizontal line of 1 bit
information content describes the symmetric light nuclei having the same number of protons and neutrons, whereas the minima
and maxima stand for the isotopes of certain elements having the largest and the smallest neutron excess, respectively

to decrease with the increase in the isotopic number and
the number of neutrons.

The Concept for “Defect” of Information
and the Systematics of Nuclides

The total information on the proton-neutron composition
of a nucleus, Ip,, expressed in bits according to Eq. (15),
is very close to the mass number A. The difference AL,
between the two quantities has been introduced [20] as
“defect” of information by analogy with the defect of mass
upon formation of atomic nuclei:

1 (A —22)?
X ——-.

—_— 18
2In2 A (18)

ALYy = A= Iy ~

Since this deviation results in a decrease of the bind-
ing energy, it has been conjectured that the defect of in-
formation can be regarded as a negative component of the
binding energy, Ej. In fact, AL} coincides (with a transi-
tion coefficient k = 25.1 MeV/bit) with the parameter of
the relative symmetry of the nucleus, 8, in Weizsacker’s
equation for nuclear binding energy:

A —22)?
5= —18.1x L2 ey (19)
The remarkable equivalence of Egs. (18) and (19) af-

fords evidence for the usefulness of information theory in

the study of atomic nuclei. Correlation of Iy, and AIf
with the total nuclear binding energy has also been re-
ported for series of nuclides with a constant isotopic num-
ber S.

The concept for a defect of information has also found
application in the systematics of nuclides, introducing the
new series of isodefective nuclides having the same defect
of information per nucleon i [21]:

. Ay 1 B\?
] = —— = —— X —_
A 2In2 A

1 z\2 .
= X (1 - 2—) , bits/nucleon .
2In2 A

(20)

It can be seen from Eq. (20) that nuclei having the same
relative charge z/A also have the same mean defect of in-
formation i. The new class of nuclides (“Isodefectants”)
thus introduced adds a fifth dimension to the Chart of
the Nuclides, traditionally based on the classes of isotopes
(z = const), isotones (n = const), isobars (A = const),
and isodifferent nuclides (8 = n — z = const). A portion
of the Chart of the Nuclides represented with five classes
of nuclides is shown in Fig. 3 with defect of informa-
tion/mass number coordinates (i/A diagram). The illus-
tration includes nuclides having mass numbers between
100 and 120, and atomic numbers between 39 (Y) and 56
(Ba).
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A fragment from the representation of the Chart of the Nuclides with five classes of nuclides: isobars (e.g., Rh-100 to Nb-100), iso-
topes (e.g., Rh-100 to Rh-116), isotones (e. g., Nb-105 to Ba-120), isodifferents (e. g., Nb-100 to Sb-120), and isodefectants (e.g., the

line withi = 3)

The behavior of the series of isobars, isotopes, isotones,
and isodifferent nuclides in the i/A plot is described by
equations for the mean defect of information i:

i(isobars) = ¢o(1 — 12)?, (21a)

. _ 2?2

i(isotopes) = ¢ (1 - Z) , (21b)
3 — 2 2

i(isotones) = ¢y ( ) (21¢)
3+ z

i(isodifferents) = COC—4 , (21d)

A2

where cg = 1/2In2, ¢y =2/A,c; =2z, c3 =n,cs =P =
A — 2z, respectively.

Predictions of Nuclear Binding Energies of Nuclides
of Elements #101-108

A considerable similarity has been found in the informa-
tion equations describing the nuclear and electronic struc-
ture of chemical elements [12]. This finding, along with the
observed correlations of the information on the proton—
neutron composition and the defect of this information,
with nuclear binding energy, has prompted the search for
direct relationships between nuclear and electronic ener-
gies. Equations have been derived that relate fairly well the
ground state electronic energy E, of chemical elements to

the nuclear binding energy Ej, (id) of isodifferent series of
nuclides [12]. Predictions have been made on this basis in
the year 1980 for the nuclear binding energy of 45 not syn-
thesized isotopes of elements 101-108 [22]. In 2003, these
predictions have been confirmed [12] with relative error
of 0.1% for 41 isotopes, which have meanwhile been syn-
thesized. This result has confirmed the usefulness of infor-
mation content as a measure of structural similarity and
complexity on atomic level, and has indicated the potential
existence of correlated motions of nucleons and electrons.

This concludes the analysis of information theoretic
descriptors of atomic and nuclear complexity. In the re-
maining sections the focus will be shifted to the descrip-
tion of molecular structures and the biochemical networks
they form in living things.

Information Content of Molecules
Early History

Several years after Shannon published his fundamental
work on information theory [1] a group of US biologists
proposed to define the information content of molecules
and use it in assessing the complexity of living cells and or-
ganisms [2]. Several alternative definitions have been pro-
posed. Dancoft and Quastler introduced in 1953 the infor-
mation for the kind of atoms in a molecule [5] (renamed
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Comparison of the predicted and measured values of the nuclear binding energies of some nuclides of chemical elements #101 to

108 [12]

B z A Ep (pred.) Ep (exper) B z A Ep (pred.) Ep (exper.)

491103 [255(1889.235 | 1887.465 | 53| 106|265 |1945.166 | 1943.199
104 [ 257 | 1899.300 | 1896.954 107 [ 267 | 1954.800 | 1952.342
105 (259 1909.259 | 1906.121 | 54102258 1913.639 | 1911.128
106 [ 261 | 1919.112 | 1915.447 103 [ 260 | 1924.599 | 1919.621
107 [ 263 | 1928.862 | 1924.336 104 [ 262 | 1935.477 | 1930.934

50| 104 | 258 [ 1903.592 | 1904.563 105 [ 264 | 1946.285 | 1939.257
105 (2601912916 | 1912.603 106 | 266 | 1957.026 | 1950.468
106 [ 262 | 1922.085 | 1923.259 | 55102259 (1916.513 | 1916.569
107 [ 264 | 1931.101 | 1930.932 103 [ 261 | 1926.384 | 1926.418
108 [ 266 | 1939.969 | 1941.345 104 [ 263 | 1936.086 | 1936.563

511104]259(1912.138 | 1910.716 105 [ 265 | 1945.581 | 1946.224
105 (261 | 1921.943 | 1920.042 106 | 267 | 1954.913 | unknown
106 [ 263 | 1931.617 | 1929.620 |56 | 101|258 [ 1910.768 | 1911.701
107 [ 265 | 1941.163 | 1938.568 102 [ 260 | 1920.146 | 1923.139
108 [ 267 | 1950.582 | 1947.803 103 [ 262 | 1929.240 | 1931.927

521103258 (1911.461 | 1906.916 104 | 264 | 1938.056 | 1943.295
104 [ 260 | 1922.186 | 1918.037 105 [ 266 | 1946.616 | unknown
105 (262 | 1932.856 | 1926.206 |57 | 101|259 (1918.088 | 1917.837
106 | 264 | 1943.456 | 1937.123 102 [ 261 | 1928.501 | 1928.317
107 [ 266 | 1953.973 | 1944.952 103 [ 263 | 1938.762 | 1938.413

531103259 (1915.474 | 1913.955 104 | 265 | 1948.874 | unknown
104 [ 261 | 1925.505 | 1923.949 105 [ 267 | 1958.840 | unknown
105 (2631935472 | 1933.417

later as information for atomic composition I,c, and infor-
mation for chemical composition, Icc). Atoms are not the
best structural units in describing complex biomolecules
like DNA and proteins, and Branson [6] calculated the
information on aminoacid composition, Iaac, of 26 pro-
teins. Augenstine [23] added the configurational informa-
tion of polypeptide chains in order to calculate the total
information content of proteins. Rashevsky [7] has shown
that even molecules composed of the same kind of atoms
can have a large information content based on the atom-
atom connectivity, which he termed topological informa-
tion. All these attempts enabled the first quantitative es-
timates [5,24] of the information content of a living cell
and a human to be about 10! and 10?° bits, respectively.
It was argued that a certain lower limit of complexity must
exist even for the simplest organisms. The topological in-
formation of Rashevsky was more specifically defined by
classifying the vertices of a molecular graph (a two-dimen-
sional representation of the molecule) into layers of first,
second, etc. neighborhoods (an idea developed in more de-
tail much later [25,26] as neighborhood complexity of first,
second, etc. order). Trucco [8] has pointed out that the
equivalence neighborhood criterion of Rashevsky cannot

always provide topological equivalence of two graph ver-
tices, and redefined the topological information descrip-
tor in terms of the vertex orbits of the automorphisms
group of the graph. Trucco [9] also extended the topo-
logical characterization of the molecule by partitioning
the graph edges into the edge orbits of the graph. Later,
these two types of topological descriptors of molecules
were more concretely renamed as vertex and edge or-
bit’s information, respectively [27]. Other structural as-
pects have been taken into account by Morovitz [28], who
combined the information on the chemical composition
of a molecule to that on the possible valence bonds be-
tween the atoms in the molecule. The relation between
the vertex orbit information descriptor and the complexity
of graphs has been studied in detail by Mowshowitz [10],
who also introduced the chromatic information content
of graphs [29]. This concludes the brief early history of
molecular information theoretic descriptors. Since the be-
ginning of the 1970s, the explosive development of chem-
ical graph theory [30,31] contributed greatly to the corre-
sponding variety of contributions to chemical information
theory [27], which will be reviewed in the rest of this sec-
tion.
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Application of the Shannon Equation to Sets
of Elements with Complex Equivalence Criteria,
and to Weighted Sets of Elements

Three major types of complexity are considered in natural
sciences: compositional, structural, and functional ones.
The functional complexity is essential for the characteri-
zation of biological systems » Biological Complexity and
Biochemical Information, [32], but has not been a subject
of studies in chemistry. The behavior of small molecules
is described sufficiently accurately not only by quantum
mechanics, but also by simple concepts like functional
groups, polarity, acidic and basic properties, etc. For this
reason, the present article deals with the information the-
oretic description of molecular compositional and struc-
tural complexity. It has been shown that the finite proba-
bility scheme of Mowshowitz [10], introduced in Sect. “In-
troduction”, provides excellent descriptors of composi-
tional complexity. However, for structural complexity this
scheme does not work well, producing predominantly in-
formation descriptors of low sensitivity, which cannot
match well structural patterns of different complexity [33].
Examples illustrating this conclusion will be given further
in this section.

The search for a better solution resulted in two differ-
ent approaches. The insufficiency of the equivalence crite-
rion for partitioning the set of system elements into equiv-
alence classes has prompted the simultaneous use of two
or more such criteria. A typical situation is to group the
atoms in a molecule first according to their chemical na-
ture, and to partition further the classes thus formed ac-
cording to some structural criterion, e.g., atoms of the
same kind having different neighborhood of atoms [7].

A more general approach [34] is based on weighted
graphs (vertex-, edge-, and vertex-edge-weighted ones).
Weights can represent any measured or calculated quan-
titative characteristics of the atoms and bonds in the
molecule, such as electronegativity, bond orders, and dif-
ferent graph theoretical invariants like vertex and edge de-
grees, distances, etc. The Mowshowitz finite probabilis-
tic scheme has, thus, been extended so as to include not
only the partition of elements of the system into k classes
with N; elements in class i, and equivalence-based prob-
abilities p; = N;/)_; N; = N;/N, but also the weight w;
of type « of this class, and the “weighted” probability
Wpi = Wi/Zi w; = wi/W:

Equivalence classes 1,2,...,k
Partition of elements N1, Ny, ..., Ng
Probability distribution P1:P2. - Pk
Weights Wi, W2, vn s Wi
Probability w-distribution 1. P2 Pk

The Shannon equations (3) and (4) are thus modified
to express the information on the weighted distribution o
of the system:

k
Vi) = Wlog, W — Z Niw;log, w; , (22)
i=1
k wi wi
Vi) == N logy oo (23)

i=1
The two weighted information descriptors from Egs. (22)
and (23) are defined within the ranges:

0<"I(a) <Wlog, W; 0<"I(e) <log, W, (24)

where the lower bound corresponds to a system with-
out structure (w; = W), and the upper bound can be
attained by a system having the maximum number of
classes with a single element of unit weight in each class
(k = N = W). Typical weights that might be associated
with vertices of molecular graphs are vertex degree (the
sum of all edges emanating from the vertex) [27] or ver-
tex distance (the sum of distances from that vertex to all
other ones), as the weighted probabilistic scheme has been
introduced for the first time [34].

Information Descriptors of Compositional Complexity

As mentioned above, the first information descriptor
introduced is the information on chemical composition,
Icc [5], based on the distribution of atoms into subsets
containing atoms of the same chemical element. This de-
scriptor is a measure for the molecular complexity derived
from its compositional diversity. An example illustrating
this approach to molecular complexity is the increase in
diversity within the series CH4, CH3F, CH,FCl, CHFCIBr.
The atomic compositional distributions of these molecules
{1,4},{1,1,3}, {1,1,1,2}, and {1,1,1,1,1} produce the increase
in I¢c of this series from the simplest molecule of CHy to
the most complex one, CHFCIBr (3.61, 6.85, 9,61, 11.61
bits, respectively).

A similar approach was used to characterize the com-
position of complex molecules like proteins, proceeding
from the distribution of their aminoacid residues [6].
Thus, the insulin molecule having 51 aminoacid residues
is characterized by the following composition: Cys (6),
Leu (6), Val (5), Glu (4), Gly (4), Tyr (4), Ala (3),
Asn (3), Glu (3), Phe (3), Ser (3), His (2), Arg (1), Ile (1),
Lys (1), Pro (1), Thr (1) . The compositional distribution
51{6,6,5,4,4,4,3,3,3,3,3,2,1,1,1,1,1} produces the aminoacid
information content of insulin, Ixac = 196.89 bits. In-
formation theory has been widely applied in a variety
of versions to assess the complexity and evolution of
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proteins [35,36,37,38,39,40,41]. Mostly, these applications
have been based on the original interpretation of Shan-
non’s equations by selecting the aminoacid sequence of
a protein from the set of all possible sequences of the same
length. The evolution of a protein characterized quantita-
tively in this manner is considered also as a measure of
evolution of the corresponding DNA, which encodes that
protein [42,43].

The complexity of DNA and its evolution has been it-
self a subject of very broad studies applying information
theory » Biological Complexity and Biochemical Infor-
mation, [44,45,46,47,48], which could be a subject of a sep-
arate article. Different types of DNA information con-
tent have been defined. The simplest one is the DNA nu-
cleotide composition, proceeding from the frequency of
adenine (A), cytosine (C), guanine (G) and thymine (T) in
protein-coding and -noncoding sequences. The DNA and
individual genes’ exon/intron composition, and codon
composition has also been defined. The length of exons
and introns can also be taken into account either in the
weighted type information descriptors (Egs. (22) and (23))
or by using the Jensen-Shannon divergence of sequence S,
J(S) [49,50]

L
J(§) = H($) = 3 THS:).

i=1

(25)

where H(S) is the Shannon sequence entropy, and H(S;) is
the entropy of the ith sequence segment of length ;. These
two approaches are applicable to all possible genome seg-
mentations.

Another approach widely used for determining the in-
formation content of symbolic sequences is Kolmogorov’s
algorithmic information [51], which has been defined as
the length of the sequence shortest description in some
fixed description language or as the length of the short-
est code generating the given sequence. A variety of con-
structive realizations of such coding have been devel-
oped [52,53,54] and applied to DNA sequences [55,56,57].
The mutual information has been used as a tool for pre-
dicting protein coding regions in DNA [58]. More details
on complexity of DNA and proteins can be found in the
article » Biological Complexity and Biochemical Informa-
tion.

Information Measures of Topological Complexity
of Molecules

Adjacency-Based Information Descriptors Graph the-
ory [59,60] offers very effective graphical and quantita-
tive tools for representing molecular structure. Molecules
are three-dimensional structures; however the two-dimen-

sional representation of molecular graphs conserves a very
important part of the structural information. Molecular
graphs are composed of points (termed vertices) represent-
ing atoms, and connecting lines (called edges) representing
covalent chemical bonds. Atom-atom connectivity, which
is the fundament of molecular topology, is characterized
by the adjacency matrix, a square matrix with a size de-
termined by the number of vertices V. The entries a;; of
this matrix are equal to one for any pair of adjacent ver-
tices i and j, and zero otherwise. The sum of the entries in
a matrix row is in fact the number of nearest neighbors of
the vertex i associated with this row, and is called vertex
degree, a;. The sum of all vertex degrees defines the graph
total adjacency, A(G):

\4

a;(G) = Z aij; (26a)
]V=1 v Vv

AG) =D "ai=Y > aj. (26b)

i=1 i=1 j=1

Equations (26a), (26b) allow the generation of two dis-
tributions. The first one is the distribution of vertices in
equivalence classes, according to their degrees, whereas
the second one partitions the total adjacency into classes
of vertex degree values. The unweighted information in-
dex for vertex degrees, which is based only on their equiv-
alence but not the values of vertex degrees, cannot serve
as a complexity index, in contrast to its weighted coun-
terpart, obtained from the second distribution. This is il-
lustrated in Fig. 4 by the comparison of the complexity
of graphs 1, 2, and 3. Having two elementary cycles and
higher vertex connectivity, graph 3 is topologically the
most complex one, whereas the linear (path) graph 1 is
the least complex one. However, the unweighted vertex de-
gree distributions of graphs 1 and 3, constructed by con-
sidering only the equivalence of vertices with the same
degree, are the same (one class of three and one class of
two vertices), which results in equal information content
of I,q = 4.85bits. Even worse is the complexity estimate
of graph 2, all five vertices of which are equivalent, and its
information content is zero, while a cyclic graph is consid-
ered more complex than an acyclic one. The weighted dis-
tributions take into account the different values of vertices
in these three graphs, and the partitioning of their total ad-
jacencies: 8{2,2,2,1,1}, 10{2,2,2,2,2}, and 12{3,3,2,2,2}, re-
spectively. The basic equation (22) for total weighted in-
formation content has thus been specified [27,33] for the
vertex degree distribution as:

"I, qeg = Alog, A — Z a;log,a; . (26¢)
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Three graphs ordered according to their increasing topological complexity, as measured by two information theoretic complexity
descriptors (Egs. (26¢), (26d)) based on the distribution of the vertex degree values. The latter are shown at each graph vertex

The information content of graphs 1-3 calculated
from these distributions increases from the acyclic to the
monocyclic to the bicyclic graph, and can be used as an ap-
proximate measure of graph complexity. Later study [61]
has shown that the second term in Eq. (26¢) is a more ade-
quate measure of graph complexity. Denoted as " I,,4, and
calculated by Eq. (26d),

1%
Igq= Z a;log, a;; (26d)

i=1

its values are also shown in Fig. 4 and Fig. 7 (vide infra).
Different schemes have been applied in the attempts to
make the unweighted information more sensitive to com-
plex patterns in molecular structures. In the search for
a better definition of vertex equivalence, Rashevsky [7] re-
quested two equivalent vertices to have not only their first
neighbors, but also their second, third, ..., kth neighbors
to have the same degree. Trucco [8] has used the most rig-
orous definition of equivalence based on the orbits of the
automorphisms group of the graph. (two vertices belong
to the same graph orbit, if they can be interchange while
preserving the adjacency). The vertex orbit information
also fails to order correctly graphs 1-3, according to their
complexity. Thus, graph 1 has three orbits and the vertex
distribution is 5{2,2,1}, in graph 2 all five vertices continue
to belong the same equivalence class (orbit), and graph 3
has also three orbits like graph 1, and they are with the
same cardinality, 5{2,2,1}. Thus, the vertex orbit informa-
tion, shows graphs 1 and 3 as equally complex, and graph 2
as the least complex, in contrast with the intuitive idea of
topological complexity, which increases with the number
of branches and cycles. Another way to a more sensitive
description of molecular topology is to take into account
structural elements of graphs that are more complex than

the vertex. Using the equivalence of edges, [9] offers only
a slight improvement, which results from the larger num-
ber of edges exceeding that of vertices in polycyclic graphs.
Basak [25,26] considered the symmetry of sets of vertex
neighborhoods of 1-, 2-, etc. order.

Bertz [62] made use of the equivalency of subgraphs of
two adjacent edges, which he called “connections”, and de-
signed a complexity measure (termed later after his name)
which has a better sensitivity to complexity features. Gor-
don and Kennedy [63] first used the number of such sub-
graphs as a measure of degree of branching of molecular
skeleton. Before them, Platt [64] introduced a twice larger
index obtained as the sum of all edge neighbors of each
edge in the graph. In order to resolve the case with mono-
cyclic graphs, which would always give zero equivalence-
based information content no matter how large subgraphs
are used, Bertz added a “size” term nlog, # in his BI index:

k
BI = 2nlog, 2n — Z n;log, n; bits ,

i=1

@7)

where 7 is the total number of two-edge subgraphs, k is
the number of equivalence classes, and n; is the num-
ber of such subgraphs in the ith equivalence class (con-
nections orbits). In calculating the BI index for the three
graphs, one finds for graph 1 that there are a couple
of two-edge subgraphs with vertex degrees 1,2,2, and
one two-edge subgraph with degrees 2,2,2, thus obtaining
from Eq. (27) BI(1) = 7.55. Graph 2 contains five identi-
cal two-edge subgraphs with vertex degrees 2,2,2, which
gives BI(2) = nlog, n = 11.61 > BI(1). The most com-
plex graph 3 contains nine such subgraphs: four of them
with degrees 2,3,3, two with degrees 2,3,2, two with de-
grees 3,2,2, and one with degree 3,2,3, thus producing
BI(3) = 45.06. If a weighted version were used for the
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graph “connections”, Eq. (22) would suffice without any
additional size term to produce the correct complexity or-
dering of these three graphs (Iconn(1) = 16log, 16 — 2 x
5log,5 — 6log, 6 = 9.29, Iconn(2) = 30log, 30 — 5 x
6log, 6 = 69.66, I.onn(3) = 68log, 68 — 5 x 8log, 8 —4 x
7log, 7 = 215.34).

Distance-Based Information Descriptors The first
weighted information theoretic indices have been intro-
duced by Bonchev and Trinajsti¢ [34] in 1977 to char-
acterize molecular branching [65,66,67,68,69,70,71] and,
later, molecular cyclicity patterns [72,73,74,75] as ba-
sic components of molecular skeleton’s complexity. The
weighted distribution of vertex distances has been used.
Graph distances are integers equal to the number of edges
along the shortest path between pairs of nodes. The total
graph distance, D(G), is calculated as the sum of all entries
(distances dj; between pairs of vertices i and j) of the dis-
tance matrix D(G). The latter is symmetric with respect
to its main diagonal. For this reason, the sum of distances
in molecular graphs is frequently presented by the Wiener
number [65,66], W(G) = D(G)/2. The sum of distances d;
from a vertex i to all other graph vertices is calculated as
the sum of distance matrix’ ith row entries dj;:

\4
d;i(G) = Z dijs (28a)
]:1 Vv Vv
DG) =) "di=> > dj. (28b)

i=1 i=1j=1

10 7 6 7 10

\4 =
1, gist = 91.63

where the sums run over all graph vertices V (d;; = 0).
The vertex distances thus calculated form a distribution
{D} = {dmax, dmax — 1,...,2,1}, which is used to de-
fine the weighted information on graph vertex distances,
¥ Iqist(G) (also termed information on graph distance
magnitude, " I gist):

d(max)
" Laist(G) = D(G) log, D(G)— Z N;di(G)log, d:(G),
i=1

(29)

d(max)

WIvdist(G) = - Z N,

i=1

4(G)
"DG)

di(G)

The " I,4;s: indices increase with the number of ver-
tices, and decrease with the number, size, and more central
position of the graph branches and cycles. The two oppos-
ing trends prevent the usage of these indices as more gen-
eral complexity measures. Yet, they are very useful in as-
sessing (in a reverse order) the relative complexity of iso-
meric molecules or graphs having the same number of ver-
tices. Such studies have been performed to define a num-
ber of branching [65,71] and cyclicity [72,73,74,75] com-
plexity patterns. One of the branching patterns rigorously
proved, shown in Fig. 5a, is defined as follows: “Branched
trees are more complex than path graphs, and less com-
plex than star graphs”. Here, the term tree is used for
acyclic graphs, path is a tree without branches, and star
graphs with V vertices have a single central point, and

8
857 6 9 7
7 4] 7
7
1"

1l

82.47 73.39

PP LI

b 4

Information Theoretic Complexity Measures, Figure 5

5 6

Patterns of increasing complexity in series of a acyclic, and b cyclic graphs, as measured in a reverse order by the values of the
weighted information on vertex distance distribution Eq. (30). The vertex distances shown are used in the calculations



4832

Information Theoretic Complexity Measures

N — 1 branches of a unit length. Figure 5b presents a se-
ries of bicyclic structures 4-6 with complexity increasing
with the stronger type of cycle connectivity, from a bridge,
to a shared vertex, to a shared edge.

Centrality Information Descriptors Another topologi-
cal complexity factor is graph centrality, the graph orga-
nization with respect to a certain central point, which can
be defined in a variety of ways. Most of these have been
introduced in network analysis, and will be discussed in
Sect. “Information Content of Networks”. Here, the anal-
ysis is focused on distance-based centrality. The general
definition for a graph center [59] states that the center
is the vertex with the lowest eccentricity e(i), eccentricity
being defined as the longest distance from a given ver-
tex to any other vertex in the graph. This definition fre-
quently classifies as central several nonequivalent graph
vertices. A hierarchical definition based on several crite-
ria has been proposed, including Harary’s definition as the
first criterion [76,77]. The second criterion reduces the set
of central vertices to those, which have the lowest eccen-
tricity and the smallest vertex distance, d;. When several
vertices have the same minimal eccentricity and the same
minimal vertex distance, then the third criterion, requiring
a minimal occurrence of the largest distance, #;;(max), is
used:

Criterion 1: e; = max(d;;) = min , (31a)

Criterion 2: d; = Z dij = min, (31b)
j

Criterion 3: n;j(max) = min . (31¢)

Hierarchical criteria 1-3 reduce considerably the num-
ber of nonequivalent graph centers, yet, in some cases
some nonequivalent central vertices still exist. The final so-
lution found [78] resolves effectively the problem for cen-
tric ordering of the vertex and edge orbits of the automor-
phism group of the graph on the basis of the iterative ver-
tex—edge centricity (IVEC) concept:

Central are those vertices that are incident to the
most central edges and, vice versa, central are those
edges that are adjacent to the most central vertices.

A similar approach has been later applied in the Google
search engine algorithm [79].

Once the graph center is defined, a vertex (as well as
an edge) centric distribution can be constructed, proceed-
ing from the distance from each vertex to the center. (In
case of several equivalent central vertices, the distance to
the closest one is used.) The vertex centric organization is

considered more complex when it is more compact, i.e.,
when vertices are organized in a smaller number of layers
around the center or, at the same number of layers, when
the outer layer(s) incorporate a smaller number of vertices.
This complexity pattern matches the fact that the highly
organized networks in living systems and technology are
“small-world” ones [80,81], i.e., they have a rather small
diameter.

The centrality patterns of complexity are illustrated in
Fig. 6 with three polycyclic graphs having seven vertices
each. Their ordering from the least complex to the most
complex central organization is inversely proportional to
the values of their distance-based information descriptors,
the weighted information for the vertex distances distribu-
tion, " I gisr» and the weighted information for the centric
vertex distribution, " Iycentr. Graph 7 has the most compact
structure with eccentricity equal to one for the central ver-
tex. The several central points in graphs 7 and 8 have all
the same eccentricity equal to two. However, the small-
est vertex distances criterion (Fig. 6a) allows one to reduce
the centers to a single vertex in both graphs. The layers of
centric ordering of graphs 7-9 can be traced from Fig. 6b,
where vertices are labeled by their distances to the center.
As seen, graph 9 is centrically the most complex having
only one layer of centric neighborhood. Graphs 7 and 8
have both two layers of vertices around the center; how-
ever, graph 8 is considered more complex than graph 7,
because of the smaller number of vertices in the outer layer
(1vs.2).

Combined Information Complexity Descriptors Based
on Vertex Degrees and Distances It was shown in the
foregoing that while the information measure of topolog-
ical complexity based on vertex degree distribution in-
creases in parallel with the increase in such complexity el-
ements as branches and cycles, the measure based on the
distribution of vertex distances decreases. It is logical to
expect that the ratio A/D of the total adjacency and total
distance of a graph could combine the two measures in
a way to vary in direct proportionality of increasing com-
plexity. A more sensitive complexity measure based on the
same idea proceeds from calculating the sum of vertex ra-
tios b; = a;/d;, as well as from calculating the information
on the distribution of these ratios, I,,4. Thus, three com-
plexity descriptors have been defined, and called Bourgas
indices B1, B2, and B3, respectively [61,82,83]:

A

Bl = B s (323)
ai

bi=—, 32b
b (32b)
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Information Theoretic Complexity Measures, Figure 6

a Three polycyclic graphs ordered according to their increasing centric complexity, and decreasing weighted information on the ver-
tex distance distribution. The centers are presented by full points, and the numbers at each vertex are the vertex distances (the total
distance from the vertex to all other vertices); b The same graph ordering corresponds also the decreasing weighted information on
the distribution of distances from each vertex to the center (shown at each vertex)

\4
B2=Zb,~=ZZ—j, (320)
i=1 i=1
\4

B3 = B2log, B2— Y b;log, b; . (32d)

i=1

The Bourgas indices are shown in Fig. 7 to increase
from graphs 7 to graph 8 to graph 9, in agreement with
the complexity ordering of these graphs shown in Fig. 6.

Subgraph-Based Information Complexity Descriptors
The idea of using fragments of molecular graphs for
a more complete representation of molecular structure
emerged in the 1960s [84]. It has been developed in detail
by Gordon and Kennedy [85], and has found a full real-
ization in the molecular connectivity concept of Kier and
Hall [86,87], widely applied in drug design. The design of
subgraph-based complexity descriptors has been reported
at the end of the 1990s [88,89,90,91,92,93,94,95,96,97,98,
,100], although an idea for such a complexity/similarity
measure was proposed a decade earlier [101].
The subgraph count, SC, introduced initially under dif-
ferent names [88,89,90,91,92,93], proceeds from the logi-

cal assumption that the larger the number of subgraphs,
the more complex the graph. This concept has been en-
riched by weighting each of the subgraphs with its total
adjacency: the larger the adjacency of the graph and its sub-
graphs, the higher the complexity. The sum of the total adja-
cencies of all subgraph was termed overall connectivity in-
dex, OC (also initially named differently) [88,90,91,93,94].
Other weighting schemes, using the subgraph total dis-
tance and two simple functions of vertex degrees, have also
been applied, and named as overall Wiener index [100] and
overall Zagreb indices [102,103,104], respectively. Riicker
and Riicker [96,97,98] used another graph invariant as
a complexity measure, the total walk count, TWC, which
is the total number of graph walks of all possible lengths [
allowed by the graph size (A walk of length [ on a graph
is a sequence of vertices and edges such that edges can be
traversed repeatedly). As in the case with subgraph count,
the larger the total walk count, the more complex the graph.
All these sophisticated measures of topological complexity
have also been used to define an information-type of com-
plexity indices [33]. For this purpose, they are considered
to be partitioned into e classes, according to the number of
edges e in the subgraph (°SC, *OC, *OW) and for TWC,
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Information Theoretic Complexity Measures, Figure 7

Three polycyclic graphs in increasing complexity order, well matched by the three Bourgas complexity indices (Eqgs. (32a), (32b),

(32¢), (32d)), combining vertex degrees and distances

into classes of walks of different length I, ' TWC. All these
cases can be summarized by the general equations:

E
X(G) =Y °X; {Xy={X’x....."x}. (33
e=1
E
Ix(G) = Xlog, X — Y "“Xlog, °X . (34)
e=1

Here, the overall topological complexity descriptor is de-
fined as X = SC, OC, OW, and TWC; E stands for the
total number of graph edges and, for TWC, e and E are
replaced by I and Ly,y, respectively. The subgraph-based
information descriptors are designed to increase with the
increasing number of structurally complexifying elements
like branches and cycles, and other, more subtle topolog-
ical factors. In Fig. 8, they are compared to the informa-
tion on vertex degree distribution ' I,4 and the one for the

o—0O0—0—0—-0

1 10
"I, 6.00 6.75
B3 2.385 2.554
lsc  32.24 37.12
loc 135.8 166.6
low 1013 118.5

Information Theoretic Complexity Measures, Figure 8

combined B3 descriptor of vertex degree and distance dis-
tribution introduced earlier in the text.

This concludes the analysis of information theoretic
descriptors for the topological complexity of molecules.
More information about topological complexity descrip-
tors not using information theory can be found in an-
other article of this volume » Topological Complexity of
Molecules.

Information Content of Networks

Networks composed of biologically important molecules,
such as DNA, RNA, proteins, and metabolites, turned in
the beginning of the 21st century into a focus of ma-
jor interest in computational biology and bioinformat-
ics, as a universal language to describe the systems ap-
proach in biology. The links (edges) connecting the nodes

ERSdoe

8.00 10.00 15. 51
2.628 3.871 4.972
43.32 64 16 138.20
209.2 232.2 1136.4
137.6 335.0 904.5

The increase in topological complexity with the increase in the number of branches and cycles is precisely matched by the five
information theoretic descriptors, based on vertex degrees, combination of vertex degrees and distances, subgraph count, overall

connectivity, and overall Wiener subgraph distributions
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(vertices) of these networks can represent a variety of in-
teractions, from physical and chemical interaction (pro-
tein-protein interaction; posttranslational protein modifi-
cation) to regulation (gene-gene, protein-gene) to co-ex-
pression (gene-gene), molecular transport (proteins), and
others. The topological characterization of these dynamic
evolutionary networks [61,83,105,106] proceeds from the
same basic features as in characterizing molecules (which
are in fact atomic networks): connectivity, distances, and
subgraphs. There are, however, considerable differences
in the distributions of the underlying graph invariants.
While vertex degrees in molecular graphs rarely exceed
the value of four, in biological networks the maximal node
degree may be very high. Such highly connected nodes,
termed hubs, are essential for the existence of the liv-
ing cell; their deletion or malfunctioning is usually lethal.
The distribution of vertex degrees in the complex net-
works in nature and technology seems to obey a scale-
free law [107,108], as a consequence of which there are
few hubs and many low-connected nodes. Another im-
portant topological feature of these networks is their very
small diameter; the networks are “small-world” type [80].
This very compact organization is the key to life’s re-
silience against attacks of different kinds. A signature of
a complex network is its specific composition of sub-
graphs, called motifs, which are much more abundant than
in random networks of the same size [109]. Larger sub-
graphs, termed complexes, modules and pathways, are re-
sponsible for the performance of specific biological func-
tions.

The compositional complexity of biochemical networks
is determined similarly to molecular one. One may con-
sider, for example, a protein-protein interaction network
as composed of protein complexes, which in turn include

individual proteins. Similarly, a metabolic network may
be regarded as being built of metabolic pathways contain-
ing individual metabolites and enzymes. The larger the di-
versity of network’s constituents, the higher the network
compositional complexity. Equations (3), (4) are of use for
calculation of the compositional information content, as
used for molecules.

Networks topological complexity also makes use of the
tools introduced for assessing the topological complexity
of molecules. The information descriptor of vertex degree
distribution, " I 4, and the Bourgas information index B3
are applied directly as defined by Eqs. (26d) and (32d), re-
spectively, proceeding from the network connectivity and
distance data. Some adaptation is needed to apply the in-
formation descriptors for network subgraphs. Due to the
size of intracellular networks, which may exceed in some
cases 10,000 nodes, the calculation of the subgraph-based
complexity descriptors would lead to combinatorial explo-
sion. However, it suffices for sufficiently accurate assess-
ments of network complexity to use the distribution of
small subgraphs having only three or four edges or the dis-
tribution of walks of length 3 (Fig. 9).

Equation (34) has to be slightly modified to include
summing up not over all subgraphs with e edges or all
walk lengths [, but at a given size (e or [) the sum has to be
taken over all types i of subgraphs or walks, as illustrated
in Fig. 9:

“O1x(G) = “PXlog, “Px =" “Vx;log, Vx;. (35)
1

Here, VX =3Y",°DX;, and X can be each one of
subgraph count (SC), overall connectivity (OC), overall
Wiener (OW), and total walk count (TWC), as defined

SPOUD SRR %
s o000 obo0 obo T Poe

1=3 oO—0—0—0 Oo=0—0

Information Theoretic Complexity Measures, Figure 9

o = o

All subgraphs with 3 and 4 edges, and all walks of length 3, recommended for assessing complexity of large size networks by Eq. (35)
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in Subsect. “Subgraph-Based Information Complexity De-
scriptors”.

The five information descriptors of network complex-
ity shown in Fig. 8 can be applied to both undirected and
directed networks. The specifics of directed graphs, how-
ever, require replacing the single-value vertex degree by
in-degree and out-degree, which are defined as the total
number of directed edges incoming to the vertex and out-
going from it, respectively. The B3 descriptor, combining
vertex degrees and distances, cannot be directly applied for
directed graphs, because there is no path between some
pairs of vertices and the distance between such vertices is
equal to infinity. A procedure has been proposed to re-
calculate the total distance in directed networks by taking
into account the vertex accessibility [61,110].

Future Directions

The use of information theory in characterizing molec-
ular structure and composition has been strongly influ-
enced by the pioneering work of mathematical biologists
in the 1950s [2]. In turn, the considerable expertise accu-
mulated in chemical information theory during the last 30
years is providing nowadays its feedback to bioinformatics
and computational biology by offering not only a variety
of specific information descriptors for topological com-
plexity, but also the much more sensitive weighted ver-
sion of Shannon’s basic equations. Along with the other
developed graph theoretic complexity measures, the infor-
mation complexity indices are expected to find a broad
application for large-scale comparative and evolutionary
studies in biology. Finding the most adequate quantitative
measure of evolution is a great challenge, along with eluci-
dating the minimum compositional, topological and func-
tional complexity needed for the emergence of life. Prac-
tical results may be expected soon from network topol-
ogy/biological function quantitative studies in the area
of biomedical research, in which the information mea-
sures of network complexity will play an important role.
Theoretical chemistry is also expected to benefit greatly
from the exchange of ideas with network analysis in bi-
ology. The network modular and clique structure could
be of interest for studies in atomic clusters, nanotechnol-
ogy and crystallography. The concept of centrality, which
has been very broadly developed in bioinformatics, might
prove of importance to some areas of organic chemistry.
The recent application of the bipartivity measure of net-
works [111] to the stability of fullerenes [112] and branch-
ing of molecular skeletons [113] are only among the first
signs of such future developments in theoretical chem-

istry.
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Glossary

Infrasound atmospheric sound waves with frequencies
lower than the 20 Hz hearing threshold of the human
ear.

Infrasound array four or more horizontally separated
identical microphones or microbarometers with pre-
cisely known locations that optimize the reception of
a specified wavelength range.

Trace velocity apparent horizontal phase velocity of an
acoustic arrival measured by an array.

Celerity effective propagation speed of a signal, measured
from the ratio of the total range over the total travel
time along the great circle path from a source to a re-
ceiver.

Tremor volcanic signal consisting of a nearly continuous
oscillation of the ground and atmosphere, with dura-
tions of minutes to years. Harmonic tremor may have
multiple distinct spectral peaks.

LP Long Period event. Transient volcanic signal with du-
rations of tens of seconds to minutes and distinct spec-
tral peaks.

Definition of the Subject

Infrasound may be radiated by earthquakes, tsunamis,
and volcanoes through the displacement or rupture of
Earth’s surface and the subsequent flow and excitation
of fluids. These complex and sometimes cataclysmic phe-
nomena share some common physics, yet have different
ways of converting energy into atmospheric sound. Sig-

nals from earthquakes, tsunamis, and volcanoes captured
by the present generation of infrasound arrays are intro-
duced in this chapter through case studies. Contemporary
methods used in the analysis, interpretation, and model-
ing of these diverse signatures are discussed and some of
the associated geophysical problems that remain unsolved
are considered.

Introduction

The human ear may perceive sound in the frequency band
of 20 to 20,000 cycles per second (Hz). Infrasound con-
sists of acoustic waves in the atmosphere with frequen-
cies lower than the 20 Hz hearing threshold of the hu-
man ear. Because of reduced acoustic attenuation and scat-
tering in the atmosphere at long infrasonic wavelengths
and the large spatial scales of the physical processes driv-
ing earthquakes, tsunamis, and volcanoes, the infrasound
frequency band is well suited to the remote monitoring
of these events. The ambient infrasound field at any lo-
cation is rich and diverse, with sources originating from
the solid Earth, the ocean, the atmosphere, space-born
objects, and human activity [4,39]. These acoustic pres-
sure waves co-exist with non-acoustic atmospheric pres-
sure fluctuations associated with meteorological changes
such as wind and frontal passages (e. g. [9]). Sound prop-
agation paths are controlled primarily by the tempera-
ture and wind stratification in the lower, middle, and up-
per atmosphere [16,19,24]. The effective sound velocity
of the atmosphere at a given height above the ground
may be approximated as the sum of the scalar sound
speed, which is proportional to the square root of tem-
perature, and the vector wind velocity, which typically
may reach magnitudes of 15-20% of the sound speed in
the upper atmosphere. An acoustic waveguide may effi-
ciently direct sound to ground-based stations, and is de-
fined by a high sound velocity layer at the upper bound-
ary and a lower sound velocity layer near the ground. The
high temperature of the mesosphere and lower thermo-
sphere (MLT) would always refract infrasound back to the
ground, but severe attenuation above ~110km can sup-
press thermospheric returns. Waveguides in the tropo-
sphere and stratosphere are expected to only transmit pri-
marily along the downwind direction. However, observa-
tions suggest that the elevated acoustic waveguide formed
by the low temperature zone in the stratosphere may rou-
tinely leak energy back to the ground through scattering
and diffraction [27,28,29]. Ground cooling and low alti-
tude winds may also produce a stable waveguide in the
boundary layer near the ground surface [20,42]. A new
generation of global atmospheric specifications designed
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for the study of infrasound propagation has been devel-
oped by integrating multiple meteorological and upper at-
mosphere models [19]. Validation and further refinement
of these atmospheric models is ongoing [3,43].

Infrasound Arrays
Background

Modern infrasound array technology emerged at the turn
of the 21st century after the 1996 adoption of the Com-
prehensive Nuclear-Test-Ban Treaty and the subsequent
growth of the International Monitoring System (IMS),
which was designed for the detection of clandestine nu-
clear test explosions [55,61]. An infrasound array generally
consists of four or more horizontally separated identical
microphones or microbarometers with precisely known
locations that optimize the reception of a specified wave-
length range. Wind is the most pernicious source of inco-
herent noise, and infrasound’s greatest vulnerability. An
array that is sheltered from the wind by forest cover, snow
cover, or topographical blocking will have a low noise
floor, and provide high sensitivity and robust measure-
ments. If a wind-sheltered site is not found, wavelength-
specific wind noise reducing filters have to be designed for
the boundary layer conditions at the array site [1,40]. IMS-
type infrasound arrays have a maximum distance between
sensors of 1-3 km and use sensors with over 100 dB of dy-
namic range and a flat frequency response between 0.02
and 20 Hz. Portable arrays often have apertures of ~100 m
or less, and are thus optimized for smaller wavelengths
(frequencies >1Hz). Infrasonic sensors for portable ar-
ray applications often operate within the 0.1-100 Hz fre-
quency band, and may overlap into the audio band. Infra-
sound data are typically recorded with GPS time-stamped
24-bit digitizers and are often sent via digital communica-
tions to a central processing facility for real time analysis.

Basic Principles

A number of calibrated microphones, precisely timed
and arranged in optimal spatial configurations as arrays,
present the best design for recording infrasound. A wave-
front is the spatial surface containing sound emitted from
a source at the same time. An array relies on the principle
that sound along a (possibly curved) wavefront has recog-
nizable features, so that as the wavefront passes through
the multiple sensors in an array it is possible to determine
the time of passage of a specific waveform feature (for ex-
ample, the peak of an explosive pulse). From the time of ar-
rival of a waveform feature at each known sensor location,
the direction of propagation of the incident wavefront as

well as its apparent propagation speed across the array can
be inferred. Once the arrival direction and speed are deter-
mined, it is possible to digitally apply time-delays or phase
shifts to temporally align all the microphone waveforms
along a beam of energy (beamform) to improve the ra-
tio of the signal amplitude to the ambient noise. Based on
these fundamental principles, more advanced contempo-
rary techniques permit the extraction of waveform features
with a very small signal to noise ratio [12,65].

Array Design

If two identical microphones spaced some distance from
each other record identical waveforms, the two observed
signals are perfectly coherent. As the microphone spacing
increases beyond the characteristic wavelength of a pulse,
the coherence decreases until the waveforms no longer re-
semble each other. Microphone arrays are designed to de-
tect coherent signals within a specific wavelength range,
and the ability of an array to accurately determine the
speed and angle of arrival of coherent sound signals de-
pends largely on the sensor distribution relative to the
wavelengths of interest. A minimum of three sensors,
deployed as an L, are required to discriminate incidence
angle. However, a three element array has a very poor an-
gular resolution and leaves no margin for error, as fail-
ure of a single sensor will substantially degrade its detec-
tion capability. Four or more sensors are preferable, yield-
ing a broader frequency response and better measurement
precision.

Detection, Location, and Signal Identification

Infrasonic signals measured a few kilometers from the
source can vary from powerful explosions (>102 Pa) that
dominate the recorded time series, to a background rum-
ble (1073 Pa) buried within the ambient sound field. A sin-
gle infrasonic array can discriminate between a coherent
signal arriving from the direction and height of the tar-
get source and a competing signal coming from a dif-
ferent angle and elevation [10]. Thus, arrays can 1) sep-
arate the coherent sound field from the incoherent am-
bient noise field, 2) identify and extract a specific infra-
sonic signal within the coherent ambient sound field (clut-
ter) and 3) separate acoustic arrivals propagating through
different waveguides yet originating from a signal source
which may be stationary or moving. If two arrays are avail-
able, the target signal would be recorded at each array
with an arrival angle pointing to the source and an ar-
rival time consistent with the propagation path from the
source to the receiver. The two array beams would in-
tersect at the source, thus providing a geographic loca-
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tion which would be confirmed and refined with the signal
travel time information [25]. Thus two properly sited in-
frasonic arrays can unambiguously locate a source region
and discriminate between sources. By optimizing detec-
tion with arrays, performing locations with two or more
arrays, and characterizing preexisting sources of clutter,
it is possible to acoustically recognize a source with high
confidence. If other detection (such as seismic or imaging)
and identification [36]) technologies are available, uncer-
tainties in source location and identification drop substan-
tially. This process of signal detection, location, and identi-
fication is routinely used successfully by the international
community in the monitoring of natural and man-made
events [27].

Acoustic Speed and Velocity

Infrasound studies may refer to the acoustic phase veloc-
ity, group velocity, effective sound speed, trace velocity,
and the celerity of an acoustic arrival. The first three quan-
tities depend on the sound speed and wind speed in the at-
mosphere along the source-receiver path. The trace veloc-
ity of a signal may be measured directly by observing the
apparent horizontal speed and direction of propagation of
a signal across an array. The celerity of an arrival is defined
as the ratio of range over the travel time, and may be con-
ceived as the effective, or average propagation speed over
the complete propagation path. Given a known source-
receiver configuration, the celerity may be computed di-
rectly. Although it is tempting to use the trace velocity
for identifying a given arrival, measurement and calibra-
tion uncertainties can make this procedure rather inaccu-
rate for distant sources. Celerity estimates from various in-
frasonic events with known locations suggests that 1) our
knowledge of the atmosphere is presently insufficient to
reliably predict all infrasonic arrivals to a station under
all atmospheric conditions, and, 2) diffraction and/or scat-
tering can feed acoustic energy to waveguides that are el-
evated above the ground, and these elevated waveguides
may also leak sound back to the ground [10].

Analysis Method and Scope

Array processing methods allow us to extract coherent sig-
nals from the incoherent ambient sound field. One ef-
ficient and popular technique for estimating the infra-
sonic wave parameters is the Progressive Multi-Channel
Correlation method (PMCC) [12]. This method, origi-
nally designed for seismic arrays, is well adapted for an-
alyzing low-amplitude coherent waves within incoherent
noise and efficient for differentiating signals of interest
from background clutter [22,26]. The PMCC method was

used for array processing of the signals from earthquakes,
tsunamis, and volcanoes presented in this chapter.

Acoustic-gravity waves form a class of propagating at-
mospheric pressure signals which were studied in detail
during the early Megaton-yield atmospheric nuclear tests
(e.g. [32]). These waves are affected by buoyancy, have pe-
riods longer than 50's, and have unique source and propa-
gation characteristics that are beyond the scope of this pa-
per. The IMS and portable arrays discussed in this chapter
are tuned to higher frequencies, so are generally not de-
signed to process acoustic gravity waves with high preci-
sion. The reader may refer to [33] for an excellent intro-
duction to gravity and acoustic-gravity waves.

This chapter will also omit the acoustics of struc-
tural collapses such as pyroclastics flows from volcanoes,
avalanches, landslides, or rockfalls. Although such signals
may portent hazardous events (e.g. [79]), this family of
acoustic signals are poorly understood and even less well
modeled.

Earthquake Infrasound

Ground vibrations can produce sound in manifold ways.
Relative to the atmosphere, earthquakes can act as dis-
tributed, supersonic acoustic sources moving at seismic or
fault rupture velocities. When seismic surface waves travel
through mountainous regions, the predominant source of
infrasound is attributed to the re-radiation of pressure
waves by topography [48,60,78]. In this case, the earth-
quake-induced displacement perpendicular to the ground
surface can locally generate ground-coupled air waves.
The local conversion from seismic waves to the sound
pressure has been observed on microbarometers at re-
gional and teleseismic distances [14,15,18,69]. Seismic to
acoustic wave coupling at the ground-air interface will be
enhanced when the horizontal phase velocity, or trace ve-
locity, of the infrasonic waves and the seismic waves are
matched. This type of seismoacoustic coupling can be par-
ticularly efficient in sediments and loosely consolidated
volcanic environments with a low shear wave velocity [24].

The generation of infrasonic waves from the epicen-
ter region has also been postulated [59,62]. At large infra-
sonic periods (50-100s) acoustic-gravity waves from the
sudden strong vertical ground displacements have been
detected at distances of thousands kilometers from the
origin [6,57]. This mechanism would also apply for large
submarine earthquakes [30,58]. In all the aforementioned
cases, an actual pressure wave is radiated from the ground
into the atmosphere. This process is distinguished from
microphonics, where the recorded signal is due to the sen-
sor response to accelerations and ground level elevations
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independently of any pressure changes occurring in the
atmosphere [2,4,45]. In this case, the microphone acts as
a seismometer.

The principles introduced in the discussion of the
generation, propagation, measurement, and interpreta-
tion of earthquake infrasound are applied to the pro-
gressive case studies of the Arequipa earthquake of June
23, 2001, recorded at a range of ~500km, the Mongo-
lia earthquake of November 14, 2001, recorded at a range
of ~1800km, and the Chile earthquake of June 13, 2005,
detected by multiple infrasonic arrays to a maximum
range of 2300 km.

Case Study 1: M,, 8.4 Arequipa Earthquake Detected
by a Single Station

On June 23, 2001, at 20:33:13 UTC, a strong earthquake
measuring M,, 8.4 (NEIC) ripped along the coast of south-
central Peru. The earthquake origin (16.15°S, 73.40°W, fo-

Altitude (km)
Time (sec)

a Distance (km) b
-12

Infrasound from Earthquakes, Tsunamis and Volcanoes, Figure 1

cal depth ~30km) was centered along the Peruvian coast
about 600 km southeast of Lima and 110 km northwest of
Camana (Fig. 1). The Pacific Tsunami Warning Center re-
ported a moderate tsunami struck the Peruvian coast. In-
frasonic waves associated with this event were detected for
more than an hour at IMS infrasound station I1S08 in La
Paz, Bolivia (16.26°S, 68.45°W) [48].

Due to the relative proximity of the station (~500km
from the epicenter), it was possible to perform relatively
direct analyses of the apparent horizontal propagation
speed (trace velocity) of the incident wavefield and the ar-
rival angle of the different wave types at the array. The es-
timated trace velocity ranges from several kilometers per
second to the sound velocity, as expected from the ar-
rival of both seismic and infrasonic waves. Although the
aperture of the IS08 array is designed for infrasonic wave-
lengths, array processing also yields the arrival charac-
teristics of seismic waves. The azimuth variation for the
seismic waves indicates that the rupture propagated from
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Ray traces a and travel time curves b for infrasonic waves launched almost horizontally from the epicenter area at 5 km height. The
red line indicates the propagation range of the rays from the secondary sources to 1S08. The color scale indicates the horizontal trace
velocity of each ray. c Location of the sources of distant generation of infrasonic waves measured from 20:39 to 21:28 due to the M,,
8.4 earthquake and the my, 5.8 aftershock (Topography data: USGS DEM & Cornell Andes Project). The colored dots indicate the arrival

times (UTC) of the infrasonic waves at the station
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the northwestern to the southeastern part of the fault at
a speed of 3.3km/s. However, the predominant source of
infrasound is attributed to pressure waves radiated by the
Andean Cordillera. This is consistent with the theory that
the vibration of mountains can generate infrasonic waves
which travel to the station along atmospheric waveguides.
By performing basic inversions, the azimuth variation of
the infrasonic waves can then be interpreted as a distri-
bution of secondary sources along the highest mountain
ranges. Using the azimuth and arrival time determination,
the infrasonic radiation zone was estimated to be ~100 by
400 km long.

Case Study 2: M, 8.1 Mongolia Earthquake Detected
by a Single Station

On November 14, 2001, at 09:26:10 UTC, a magnitude M;
8.1 earthquake rattled the mountainous western Chinese
region near the Qinghai-Xinjiang border. The earthquake
origin (36.0°N, 90.5°E, focal depth ~5km) was centered
along the northern margin of the Tibetan Plateau at the
foot of the Kunlun Mountains where substantial surface
fault ruptures have occurred before. Coherent infrasonic
waves associated with this event were detected for more
than one hour at a distance of 1800 km from the epicenter
by IMS station I34MN in Mongolia [49].

Building on the conclusions from the Arequipa earth-
quake analysis, both an inverse location procedure and
a complete simulation of the radiated pressure field are
used to locate the distant source regions. The input pa-
rameters of the location procedure include the measured
signal azimuths and arrival times as well as the origin
time and coordinates of the main shock. The propagation
model is based on a constant velocity of 3.3 km/s for seis-
mic surface waves propagating from the epicenter area.
The atmosphere is specified by sound velocity and wind
speed profiles obtained from the time-varying MSISE-90
and HWM-93 empirical reference models [25,38], and the
infrasonic wave propagation was performed using 3D ray
theory [73,74].

As shown by Fig. 2, two dominant guided wave groups
are predicted: (i) thermospheric arrivals refracted below
120 km for slowness ranging from 2.7 to 2.9 s/km (trace ve-
locities of 0.345-0.37 km/s), and (ii) stratospheric ducted
waves refracted below 45km for slowness values rang-
ing from 2.9 to 3.1 s/km (0.32-0.345 km/s). Such trapped
waves can be observed when the source is located above
the station [75].

The slowness distribution derived from the measured
trace velocity presents a maximum between 2.85 and
2.95 s/km. These values correspond to a celerity of 0.28-

0.30 km/s. The component of the wind transverse to the
propagation direction deflects the rays from the original
launch azimuth by ~ 2° . This deviation is taken into ac-
count by correcting the measured azimuths. Figure 3a re-
constructs the distant source regions using a celerity of
0.29 km/s. The spatial extent of the radiating zone is esti-
mated to be 9° in latitude and 10° in longitude. The source
distributions fall into line with the Qilian range, then bor-
ders the eastern part of the Qaidam basin and join the
Kunlun range. To the south of Qaidam basin, more scat-
tered source distributions follow the Bayan Har mounts.
To verify these locations, a simulation of the radiated
pressure field was performed. First, the inversion for the
rupture propagation along the fault uses a slip patches
model developed by [7]. Using this extended model of
rupture, synthetic seismograms of surface waves are com-
puted using a discrete wavenumber method [8,70,72] with
a one-dimensional regional crust model. The source mod-
eling displays a strong directivity, with most of the seismic
energy radiated along the main strike-slip of the fault and
a maximum ground velocity placed ~300km to the east
of the epicenter [53]. To compute the acoustic radiation
of the topography surrounding the fault, the topography
is divided into adjacent strip-line sources radiating energy
proportional to the simulated ground velocity [41].
Compared to the wavelength of the seismic sur-
face waves (~60km), the area of each source element
(3 x 3km?) is small enough to consider isophase vibra-
tion. Due to the low frequencies of interest (kL > 1, k
and L defining the acoustic wavenumber and the side of
each cell, respectively), source elements radiate essentially
simultaneously with a pronounced directivity. Based on
this assumption, the topography is divided in adjacent
strip-line sources of length L radiating energy propor-
tional to the simulated ground velocity V; normal to each
surface element [. Considering a distance of observation
R; significantly greater than L, the Fraunhofer approxima-
tion of the Helmholtz-Huygens integral yields: pi(t) =
iL(kpc)2r Y11, Vi(t;) Ahy(e"*Ri)/R;  [sin(k%,L/2)/
(kx;L/2)] elmikeolt=tl \where t; is the origin time of
each source element, pi(f) is the predicted pressure at
the arrival time £(t = t; + Rj/cef), cefis the celerity in the
atmosphere corresponding to the predicted wave guides
(0.29km/s), p is the air density, co is the sound speed,
Ah,if the height difference of the radiating surface and
X1 = sin(#;)is given by the angle 6; between the outward
unit normal and the source/receiver vector. Note that the
sinc function in the predicted pressure reaches its peak
when the surface normal and the source-receiver vector
are aligned. Thus the Fraunhofer approximation provides
a means of evaluating a discretized source pressure term
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Propagation modeling and location of distant source regions of infrasonic waves (Topography data: ETOPO30). A The colored dots
indicate the sources location according the detected arrival times (UTC) of the infrasonic waves. Taking into account uncertainties
due to the measurements and the propagation modeling, a maximum location error of 20 km is estimated for each dot. B Predicted
celerity models versus slowness and propagation range for a source located at the main shock epicenter. The definition range of the
celerity is given by the maximum of the slowness distribution derived from the measured trace velocities (Fig. 2). The circles indicate
the locations of the ground reception of both ducted stratospheric (Isd arrivals) and thermospheric paths (/t arrivals). C Normalized

surface pressure distribution along the Kunlun fault

for radiating strip lines of topography, where each strip
will yield its largest pressure contribution when its dis-
placement is along the source-receiver direction.

Using the simulated ground velocity and this approx-
imation of the integral formulation, the predicted surface
pressure distribution matches reasonably well with those
obtained with the inverse location procedure (Fig. 2).
Thus, the azimuth variations and the expansion of the
signal duration suggest that the Kunlun Mountains acted
as sources of infrasonic waves over a radiating zone
of ~1000 x 1000 km. The maximum seismo-acoustic cou-
pling is found to the east of the main shock epicenter,
which is consistent with the seismic radiation pattern.

Case Study 3: M 7.8 Chile Earthquake Detected
by Multiple Stations

On June 13, 2005, a major earthquake occurred in the
mountainous section of the Tarapaca Province (North

Chile) (19.93°S-69.03°W at 22:44:33 UTC, M7.8, focal
depth 117 km, USGS). The epicenter was located deep un-
der the Andes mountain range, near Chile’s border with
Bolivia. At large distances from the epicenter, coherent
infrasonic waves were detected by IMS infrasound sta-
tions 1080-Bolivia, I09BR-Brazilia, and 141PA-Paraguay
(410km, 2300km, and 1420km from the epicenter, re-
spectively). The multiple station recordings at different
ranges and azimuths from the epicenter allowed a more
complete reconstruction of the infrasound source regions
compared to what was obtained using one single sta-
tion [52].

To invert for the main source regions of infrasound,
the location procedure requires the signal azimuths and
arrival times measured independently by each station and
the origin time and coordinates of the epicenter. A joint
inversion for the source area using data from all three
stations simultaneously was not used due to the pro-
nounced directivity of the radiation pattern. Infrasound
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Location distribution of distant source regions of infrasonic
waves generated by the December 26, 2004 Sumatra earth-
quake. Color scales are normalized. The red triangle indicates the
location of the 1S52 station. Source locations are computed for
seismic surface waves and tsunami waves originating from the
maximum of coseismic slip

propagation was simulated using a spherical coordinate
3D ray theory formulation which accounts for topogra-
phy and the spatio-temporal variations of the horizontal
wind terms along the ray paths [17]. Atmospheric absorp-
tion is integrated using altitude dependent attenuation co-
efficients [66,67]. The atmospheric conditions of June 13,
2005 are described by the sound velocity and wind speed
profiles provided by the time-varying Ground to Space
(G2S) atmospheric specifications [19].

As in the previous case study, the slip patches model
developed by [72] is used to check the association of re-
gions radiating infrasound with areas of strong ground
motion. The simplest extended elliptic source model able
to explain the teleseismic seismograms is found, and the
first and second order characteristics of the event (lo-
cation, depth, duration, focal mechanism, and refined
kinematic parameters such as spatial slip distribution on
the fault and rupture velocity) are calculated from tele-
seismic body waves. Then, from the resulting extended
source model, low frequency synthetic seismograms (pe-
riod lower than 10's) are computed on a grid in the vicin-
ity of the epicenter using the discrete wavenumber method
and a one-dimensional regional crust model [8]). Finally,
the root mean square of the maximum velocity of the verti-
cal and horizontal components of the surface waves is used
to reconstruct the areas of strong ground motion.

The reconstructed source regions confirm that most of
the energy is radiated by the vibration of land masses near
the epicenter, which is consistent with the predicted areas
of strong ground motion. No clear signal originates from
the Altiplano. Southern high mountain ranges, even far
from the epicenter, also generated infrasound. The Cen-
tral Cordillera extending to altitudes greater than 5000 m
efficiently produced infrasound in the direction of I09BR,
although the predicted seismic movement is low in this
region. Consistent with previous observations, these re-
sults suggest an amplification of the ground displacement
caused by the topography surrounding the Altiplano. Such
site effect could not be predicted from our seismic source
modeling since the topography is not considered. The re-
constructed source regions extend over ~800 km from the
Central Cordillera to the Occidental Cordillera. The spa-
tial extent of the radiating zones differs from one station
to another, which confirms the influence of shadow zone
effects for nearby stations and the directivity of the ra-
diation. As in the previous case study, the topography is
modeled as a succession of adjacent strip-line sources, so
that mountain ranges radiate energy essentially simulta-
neously with a pronounced directivity and may generate
infrasound arrivals with different azimuths. This suggests
that the amount of energy radiated in the direction of the
receiver and the duration of the signals also depends on
the orientation of the highest mountain ranges around the
station.

Summary of Earthquake Infrasound

The three case studies presented in this section build in
complexity and sophistication while producing consis-
tent results. High mountain chains rattled by large earth-
quakes reliably radiate infrasound and have acoustic ra-
diation patterns that depend on the chain’s orientation.
Substantial contributions to the sound field are expected
from steep topography, which would primarily radiate
perpendicular to exposed faces. For large earthquakes oc-
curring in mountainous regions, infrasonic measurements
are valuable for the analysis of the remote effects of earth-
quakes and site effects over broad areas. In remote regions
where there is a lack of surface motion instrumentation,
infrasonic observations could lead to a rapid determina-
tion of the regions where the seismic movements are the
largest.

Tsunami Infrasound

Previous study has shown that significant infrasound is
produced by breaking waves (surf) and the complex in-
teraction of open-ocean swells (microbaroms, e.g. [76]).
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However, interest in tsunami infrasound emerged when
IMS infrasound arrays in the Pacific and Indian Oceans
recorded distinct signatures associated with the Decem-
ber 26, 2004 Great Sumatra-Andaman earthquake and
tsunami. As in the case of mountains stirred by conti-
nental earthquakes, islands which undergo significant sur-
face displacements during submarine earthquakes can also
produce infrasound. It also appears that the initiation and
propagation of a tsunami may produce low frequency
sound near the epicenter as well as along coastlines and
basins. In some environments, precursory sound could
potentially be used for confirmation and early warning for
tsunamis. This field of research is still in its infancy, and
our interpretations leave much room for further develop-
ment. Substantial complexity is involved in the separation
of the earthquake-generated infrasound from the sound
that may be produced by the genesis and propagation of
the tsunami.

Sumatra Earthquake and Tsunami

The magnitude 9.1 Great Sumatra-Andaman earthquake
of December 26, 2004 [63] is the largest earthquake since
the 1964 magnitude 9.2 Great Alaska earthquake, and pro-
duced the deadliest tsunami in recorded history. In con-
trast to the Great Alaska earthquake, the Great Sumatra
earthquake and tsunami were recorded globally by mul-
tiple digital sensor networks in the ground, ocean, atmo-
sphere, and space. Further, the resulting signals were an-
alyzed and interpreted using far more advanced compu-
tational capabilities than were available 40 years ago. Al-
though the study of tsunami infrasound rose in the wake
of the Sumatra-Andaman event, many fundamental ques-
tions on the generation of these deep sounds remain unan-
swered.

The clearest infrasonic signatures associated with the
Sumatra event were captured by the station in Diego Gar-
cia (IS52GB, Fig. 3), which recorded (1) seismic arrivals
from the earthquake, (2) tertiary arrivals (T-phases) that
propagated along sound channels in the ocean and cou-
pled back into the ground, (3) infrasonic arrivals associ-
ated with either the tsunami generation mechanism near
the seismic source or the motion of the ground above sea
level, and (4) deep infrasound (with a dominant frequency
lower than 0.06 Hz) coinciding with the propagation of
the tsunami into the Bay of Bengal [30,51]. These signals
were all recorded by the pressure sensors in the arrays.
The seismic and T-phase recordings are a result of the
sensitivity of the microphones to ground vibration (mi-
crophonics), whereas the infrasound arrivals correspond
to sound propagating through atmospheric waveguides.

Similar, but not identical arrivals were observed at Diego
Garcia (range of ~2900km) during the March 28, 2005
Nias earthquake (M8.7, which produced a non-destructive
tsunami). Yet only infrasonic arrivals were observed from
the April 10, 2005 Mentawai earthquakes (M6.7 and 6.5,
no reported tsunami), indicating that above-water ground
motion from submarine earthquakes can produce sound
in the Sumatra region. The deep infrasound from the Bay
of Bengal region following the Sumatra earthquake sug-
gests that sound can be produced by the interaction of
a tsunami with coastal bathymetry.

To reconstruct the main source regions of infrasound
recorded at IS52 for this event, the input parameters of
the location procedure included the measured signal az-
imuths and arrival times, and the origin time and coordi-
nates of the epicenter. As described in the previous section,
standard velocity models were used to describe the prop-
agation of the seismic surface waves and the propagation
of infrasound through the atmosphere in the direction of
IS52. However, the speed of propagation of the tsunami
from the epicenter needs to be added to the inversion pro-
cedure. For the December 26, 2004 earthquake, a veloc-
ity of 3.3km/s is used for the seismic surface waves, and
a speed related to the square root of the water depth for
the tsunami waves.

Using the infrasonic arrivals to IMS station in Diego
Garcia and Palau, the location inversion for the high
frequency infrasonic component corresponded to sound
originating from the mountains and possibly from the epi-
center. However, a unique characteristic of the Sumatra
earthquake is that it generated large amplitude coherent
waves with a dominant period of ~30s over four hours.
The infrasonic source locations derived from the inver-
sion procedure indicate that the tsunami also created in-
frasonic waves at lower frequencies when it propagated in
shallower water as it reached the Bay of Bengal (Fig. 3).
Even lower-frequency acoustic gravity waves, with peri-
ods of hundreds of seconds, may have been produced
by the underwater ground displacement [58]. For wave-
lengths which are much greater than the water depth, the
ocean surface displacement nearly matches the submarine
ground displacement above the fault plane (e. g. [44]) and
may efficiently radiate long-period pressure waves into the
atmosphere.

Miyagi-Oki Earthquake and Tsunami

The events off the coast of Sumatra were ~3000 km from
the closest infrasound station in Diego Garcia. The longer
ranges, coupled with the fact that all infrasound stations
used in those studies were transverse to the axis of Suma-
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Infrasound from Earthquakes, Tsunamis and Volcanoes, Figure 4
Estimated infrasonic source locations associated with ground vi-
bration, tsunami genesis, and the interaction of the tsunami with
the coastline. The squares represent stratospheric arrivals with
a celerity of 0.3km/s. The diamonds are also stratospheric ar-
rivals but with the celerity of 0.32km/s predicted for that az-
imuth. The circles are thermospheric arrivals with a celerity of
0.27 km/s. The triangles are stratospheric arrivals with a celerity
of 0.3 km/s, but with a delay time attributed to seismic seiche for-
mation. The color of the symbols indicates the arrival time in sec-
onds since the earthquake’s origin time. The topography is from
NOAA ETOPO2 data

tra, caused uncertainty in the ability to discriminate be-
tween sounds potentially produced during tsunami gene-
sis at the ocean surface and the sounds produced by the
earthquake-induced vibration of mountains and islands.
In contrast, IMS infrasound station IS30 in Japan (Fig. 4) is
optimally situated to recognize the different source regions
of infrasound associated with the Miyagi-Oki earthquake
and tsunami.

The magnitude 7.2 Miyaki-Oki earthquake occurred
on August 16th, 2005 at 02:46:28 UTC. The epicenter was
off the coast of Japan near Honshu (38.251°N, 142.059°F),
with an estimated depth of 36 km. The earthquake caused
landslides, ~60 injuries, as well as power and transporta-
tion disruptions. A local, nondestructive tsunami was ob-
served on the coast of northern Japan with a wave height

of ~10 cm. Because of its auspicious location, station IS30
can use the angle of arrival information derived from array
processing to identify infrasonic arrivals originating from
mountain chains, the earthquake epicenter (which is used
as the tsunami epicenter), and the coastline of the Bay of
Sendai.

In contrast with the Sumatra event, where substantial
energy was observed in the deep infrasound band (0.002-
0.1 Hz), most of the infrasonic energy for the smaller
Miyagi-Oki event was above 0.5 Hz. The arrival azimuths
at IS30 range from —5° to 28° and do not have a well-
defined temporal sequence, suggesting multiple sources,
propagation paths, and possible wave types.

Using the ground to space ( G2S) atmospheric pro-
files [19] specific to the station location and time of the e-
vent, source locations [30,51] were estimated for the infra-
sonic arrivals shown in Fig. 4. The first infrasonic arrivals
would correspond to acoustic waves coupled to the at-
mosphere from the seismic vibration of land masses [49].
For ranges less than 330 km and northerly arrivals be-
tween —5° and 18° (measured clockwise from north), the
time- and site-specific G2S specifications do not support
thermospheric arrivals at the station, so the observed ar-
rivals would propagate in stratospheric waveguides with
a celerity of 0.3km/s. In contrast, for arrival azimuths
of ~ 18° to 28° originating offshore, thermospheric ar-
rivals are also supported for ranges greater than 330 km,
although the celerity of stratospheric arrivals is faster.

Multiple wave propagation paths are invoked to pro-
duce the temporal and frequency distribution of the in-
frasonic signals observed at IS30. The squares shown in
Fig. 4 correspond to seismic vibrations radiating acous-
tic energy into stratospheric waveguides, thereafter prop-
agating with a celerity of 0.3 km/s, the diamonds to strato-
spheric arrivals with a celerity of 0.32km/s, and the cir-
cles correspond to thermospheric arrivals with a celerity
of 0.27 km/s. Inclusion of seismic speeds made a negligi-
ble difference, as it offsets the locations by <6 km. As ex-
pected, many of the arrivals originate from land, and are
consistent with the predicted seismic intensity [13,71]. Of
more relevance to this paper, clear stratospheric and ther-
mospheric arrivals arrive from the perimeter of the epi-
center, which is assumed to be the region of tsunami gen-
esis. These results are consistent with the proposed infra-
sonic source locations obtained by [30] for the Sumatra
earthquakes, and support the idea that ocean surface dis-
placements associated with submarine earthquakes pro-
duce infrasound [58]. The possibility that vertical ocean
displacements near the epicenter may radiate sound sug-
gests that infrasound signals may be potential discrimi-
nants for tsunami genesis.
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The later arrivals (shown as triangles in Fig. 4) origi-
nate from the mountain regions to the north of the Bay of
Sendai when stratospheric and thermospheric arrivals are
assumed. Yet, analyses of the Great Sumatra earthquake
suggest that the Bay of Bengal produced deep infrasound,
and the possibility that the Bay of Sendai may also act as
an acoustic source is considered. The triangles in Fig. 3
contour the coastline of the northern Bay of Sendai when
a combination of a delay time and stratospheric appar-
ent propagation speeds are considered. For a celerity of
0.3 km/s, the inferred delay time is ~250s. This would re-
quire an acoustic generation process that requires ~4 min
to be established over a costal region ~100 km long. The
earthquake occurred in a shallow region, which corre-
sponds to slow tsunami propagation speeds of ~0.05 km/s.
This would mean the tsunami would have traveled at most
12km in 250, which is not enough time for the tsunami
to reach the coastline and produce these signals. Thus the
interaction of the small tsunami with the coastline is elim-
inated as a possible source.

A plausible ensonification mechanism is the local pro-
duction of coastal waves by the earthquake, as in the gen-
eration of seismic seiches [5,56]. Low frequency radia-
tion from enclosed bodies of water have been proposed by
other authors [9,46]. For the Miyaki-Oki earthquake, sub-
stantial water displacement in shallow regions of the bay
is strongly suggested by acoustic sources above the wa-
ter near the coastline (blue and green arrivals in Fig. 4).
Satellite imagery shows that the northern part of the Bay
of Sendai has an abundance of lakes, bays, man-made har-
bor structures and rivers which may sustain seiches. Lower
order seiche modes would take minutes to be established,
but higher-order modes and coupled oscillations associ-
ated with the narrower of the volume dimension could
sustain an ensonification process akin to microbarom gen-
eration from the ocean (e. g. [76]. Alternatively, the trian-
gular symbols in Fig. 4 would should be shifted ~75km
North of their shown location.

Summary of Tsunami Infrasound

These two case studies strongly suggest that submarine
earthquakes and the water level changes they induce can
produce low-frequency sound. The sound may be radiated
from the ocean surface during the tsunami genesis, pro-
duced by the vibration of land masses near the epicenter,
or be excited by the interaction of seismic and water waves
with the coastline, shallow bathymetry, and harbors.
There is some potential for using infrasound in con-
junction with other technologies for remote tsunami
monitoring. The effective propagation speeds of tsunami

(~50-200 m/s) and sound waves (~300 m/s) yield an ad-
vance warning time of at least 1.7 s/km. At 100 km, sound
leads the tsunami by at least 170 s, but some of this time
would be taken up by signal transmission, processing and
identification, leaving less than one minute to issue an
alert. However, infrasound may provide early warning in
areas within shallow basins or further than a few hundred
kilometers from the tsunami source region.

Volcano Infrasound

The previous sections discussed how earthquake infra-
sound acoustically couples solids and gases, and tsunami
infrasound couples solids, liquids, and gases. Similarly,
a volcano can transmit information about its current
eruptive state through vibrations induced in the ground,
volcanic fluids, and atmosphere. However, there is a great
deal of ambiguity about the composition of the acousti-
cally active volcanic fluids, which may vary from vesicu-
lated magma, through gas-ash mixtures, to steam. Al-
though a sealed volcanic conduit can produce faint
sounds through earthquakes, once the volcanic plumbing
breaches the surface it can broadcast infrasound quite un-
ambiguously.

Basic Principles

The birth of volcano infrasound research may be traced
to the cataclysmic 1883 eruption of Krakatoa, which trig-
gered a series of interdisciplinary, international geophys-
ical studies of the pressure signals produced by the vol-
cano [77]. Barometric records observed throughout the
US, Europe, and Russia, and reports of cannon-like sounds
in surrounding islands (as far as Diego Garcia and Ro-
drigues Islands) demonstrated for the first time the abil-
ity of low frequency sound to propagate for thousands of
kilometers.

Infrasonic signals originating inside magma conduits
contain information about the pressure fluctuations driv-
ing eruption processes. These signals may be broadly cat-
egorized as explosions, long-period events, and tremor.
Very large eruptions can also produce acoustic gravity
waves [34,68]. Explosions are impulsive and have dura-
tions of seconds, long period events are more emergent
than explosions, have distinct spectral peaks, and may
last seconds to minutes, and tremor signals are sustained
atmospheric vibrations that can persist from minutes to
years. Decades ago, volcano seismology identified tremor
and long-period events as signals indicative of near-sur-
face intrusion of volcanic fluids (e. g. [11]). In contrast, the
first infrasonic measurements of tremor from Sakurajima
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were published in [64]. As the sensitivity of instrumen-
tation and sophistication of analysis methods increased
with advancing technology, the catalogue of known vol-
canic sounds has expanded and the ability to remotely de-
tect hazardous eruptions has extended. Ongoing monitor-
ing efforts suggest that relatively gentle Hawaiian and mild
Strombolian activity may be consistently observed from
a range of ~10km [20] and strong Strombolian, Vulca-
nian and Plinian eruptions from distances of tens to hun-
dreds of kilometers [31,50,54,68].

The difficulty with modeling and interpreting volcanic
sounds is that there is a lot of ambiguity in the geome-
try, composition, thermodynamics, and phase (solid, lig-
uid, gas, or a mixture) of the volcanic interior preceding
and during an eruption. In addition, there are many possi-
ble ways of exciting volcanic fluids into oscillation through
unsteady and transient flow. As examples of these com-
plications, some possible ways of exciting tremor signals
in a magma conduit are described. Tremor signals are en-
demic to volcanoes, and are generally attributed to magma
intrusion. Some plausible driving mechanisms of tremor
signals and the physical properties of the materials inside
volcanic pipes are discussed. In the following example, it
is postulated that the harmonic spectrum of tremor events
is caused by the acoustic resonance of the fluid within the
magma conduit of Arenal volcano, Costa Rica [23]. The
possible relationships between observed signals and the
gas content of the melt, the physical conditions inside the
volcano, and the flow dynamics of the volcanic fluids are
discussed.

Case Study: Tremor Signal at Arenal Volcano

This section hopes to provide an overview of the complex-
ities of modeling volcanic sounds by considering the fre-
quency changes in a harmonic tremor signal recorded at
Arenal volcano, Costa Rica. Figure 5 shows a section of
the infrasonic tremor signal shown in [23]. This signal is
illustrative of most of the tremor recorded during April-
May 1997 by a three-element array of infrasonic sensors
and a five-element array of seismometers [35].

The prominent features of the Arenal tremor are the
harmonic character of the spectra and the oscillation of the
spectral bands with time. This oscillation of the spectral
bands about an equilibrium value is referred to as glid-
ing. Since steady flow cannot generate acoustic waves, it
must be the pressure, volume, and flow fluctuations of the
magma injection process that are driving the infrasonic
signals. It is possible that the gliding of the spectral bands
is caused by time-varying changes in the flow regime or
the physical properties of the material in the conduit. The

resonant magma conduit model of [21] is used to explore
the ramifications of having changes in the conduit length,
flow velocity of a gas and in the void fraction of a magma-
gas mixture.

The tremor signal shown in Fig. 5 lasts over ten min-
utes and is not a transient event. Attempts to model the
spectra with a random continuous source, as successfully
done for Pavlof volcano [24], failed at Arenal because of
the sharpness of the spectral peaks and the rapid rolloff at
higher frequencies. The tremor signal appears to be sus-
tained by a source mechanism that is triggering repeat-
edly in time. The source region may consist of a compliant
gas volume within a magma-filled conduit. A bubble may
form around a corner or in a constriction in a magma-
filled conduit, where fluid acceleration may generate rel-
atively stable gas-rich pockets. These cavities will be sensi-
tive to flow fluctuations, and may act as effective acoustic
sources [21].

Lava flows at Arenal and incandescent pieces ejected
during explosions strongly suggests an open magma con-
duit associated with the infrasonic recordings. However,
there is some ambiguity on whether the acoustically active
part of the conduit is filled with a magma-gas or an ash-
gas mixture. The source region is placed at the lower part
of the magma conduit, and it is assumed that it ensonifies
the magma-gas mixture above it. Although for the Arenal
signal there is evidence for a buried tremor source [35], it
may also be possible to have efficient atmospheric excita-
tion from jet flow above the vent during more powerful
eruptions [31]. For the purposes of our discussion, a two-
layer, open vent solution representing a slow-velocity, gas
rich magma floating atop a less vesiculated layer is used, as
developed in Sect. 4 of [21]. The source region at the bot-
tom of the conduit could correspond to a constriction in
the conduit, where cavitation may occur due to fluid ac-
celeration.

The sound speed of a liquid gas mixture is a strong
function of the amount of bubbles, or the void frac-
tion, in the mixture. For high void fractions, the sound
speed of a magma-gas mixture may reach sound speeds
of tens of meters/second, and sound would be heav-
ily attenuated. For a resonant fluid column of length
L, fu = n(1 — My)c/(2L), where f, is the resonant fre-
quency of the nth spectral peak, M is the Mach number,
or ratio of the flow speed to the sound speed, and c is the
sound speed of the fluid.

Assuming a gas-rich magma inside a resonant magma
conduit, the changes in the spectral peaks of the tremor
signal may be attributed to changes in the amount of ex-
solved gas in the melt (Fig. 5), which would dramatically
change the sound speed c. The tremor signal would cease
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Infrasonic tremor signal recorded at Arenal Volcano , Costa Rica
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served at Arenal Volcano, Costa Rica

if the mass flux stops or becomes steady. It is unlikely that
there is only gas inside the conduit because the acoustic
attenuation in the gas would not be sufficient to explain
the rapid amplitude decay with frequency. However, it is
possible to have a gas-ash mixture, in which case it may be
plausible to also explain the gliding with a change in the
Mach number of the flow or a variation in the length of
the resonant portion of the conduit [21].

Attenuation coeflicients for dusty gases introduce an
additional number of poorly characterized physical pa-
rameters, adding further ambiguity to our interpretations.
It is due to these and many other complexities in model-
ing volcanic systems that the science of volcanology has
evolved towards the synergy of geophysical observations

and geological parameters [37]. Some of the primary goals
of volcanic studies are to permit reliable eruption fore-
casting, hazard assessment, and early warning. Although
it is difficult to forecast an eruption without a clear under-
standing of the physical processes associated with precur-
sory activity, it is possible to rapidly identify a powerful
hazardous eruption and provide early warning.

Prototype Operational System: ASHE

The Acoustic Surveillance for Hazardous Eruptions
(ASHE) proof-of-concept project seeks to develop and
evaluate the potential for robust, operational infrasonic
remote sensing of volcanic eruptions. In contrast to
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other ground-based volcano surveillance systems, the au-
tonomous ASHE arrays are sited tens to hundreds of kilo-
meters away from the devastation zones of erupting vol-
canoes. The diverse eruption signals produced by Tungu-
rahua Volcano and captured by the ASHE arrays illustrate
how acoustic remote sensing may complement seismic ob-
servations and satellite remote sensing to improve con-
tinuous monitoring of wide regions of potential eruption
hazard.

The prototype ASHE stations consist of a four-element
infrasound array with an aperture of ~100 m, a broadband
seismic sensor, and a wind sensor [54]. A satellite dish
sends the digital data in real time from the field to the Ge-
ological Survey of Canada data center in Ottawa, Canada,
which distributes the data in real-time to other collaborat-
ing parties. In January of 2006 the ASHE team deployed
two infrasound arrays in Ecuador [31]. These two arrays,
separated by ~250 km, were sited to detect volcanic erup-
tion in Ecuador or Southern Colombia by one of the arrays
within 15 min of the eruption, and as early within 5min
for Tungurahua and Sangai volcanoes, which were within
40 km of an array.
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Three distinct types of eruption signatures can be iden-
tified at Tungurahua (Fig. 6). The first and most common
is low ash-producing background tremor with a domi-
nant frequency of 1.4 Hz (Fig. 6a). During mid-May 2006,
volcanic activity changed and was temporarily character-
ized by large explosions followed by harmonic tremor
(Fig. 6b), reminiscent of the aforementioned tremor at
Arenal. However, no significant ash release was observed,
and this second type of eruptive regime was character-
ized as ash-poor. On July 14th, 2006 a large Vulcanian
to sub-Plinian eruption (Fig. 6¢) produced dangerous py-
roclastic flows, substantial stratospheric ash clouds, and
a significant increase in tremor. Between August 16th—
17th, 2006 a larger Vulcanian to Plinian eruption occurred
(Fig. 6d) and was characterized by lethal pyroclastic flows,
a larger stratospheric ash cloud, and considerable infra-
sonic tremor. As the eruption progressed, the majority of
acoustic energy shifted to lower frequencies (<0.5Hz). The
acoustic signatures of the two major eruptions are compa-
rable and easily identifiable in infrasonic records due to
the vast amount of energy present over a broader band of
frequencies. These two eruptions injected substantial ash
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Spectrograms for different eruption styles at Tungurahua volcano. The horizontal axis represents 13 hours of data, and the vertical
scale shows frequency in a logarithmic scale from 0.1 to 4 Hz. The color denotes acoustic power in decibels referenced to 1Pa/Hz.
The ocean microbarom shows up in the upper panel two panels as a red band centered about 0.2 Hz, and is not of volcanic origin.

Explosive events appear as intense vertical bands
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into the stratosphere, suggesting this type of acoustic sig-
nature may be used for remote infrasonic monitoring of
hazardous eruptions.

Automatic analysis techniques for eruption detection
prototyped by the ASHE project produce automated low-
latency email notifications coupled with more detailed
real-time data products which can be used by responsible
operational agencies to disseminate updated information.
Based on the acoustic records captured during the Tungu-
rahua eruptions of July and August 2006, source parame-
ters that may be estimated during large eruptions include
(but may not be limited to) the start time and duration of
an ash cloud injection that could pose a hazard to interna-
tional aircraft at cruising altitudes.

Summary of Volcano Infrasound

Volcanic signals incorporate many of the complexities
found in earthquake and tsunami signals, and than add
some because of the inherently unstable thermodynamic
and hydrodynamic conditions that lead to and accom-
pany eruptions. Because infrasound measures the excess
pressure change that drives an eruption, it can be used to
help unravel the dynamic physical processes driving erup-
tive activity. Although infrasound may be used with addi-
tional technologies in forecasting and hazard assessment,
its clearest contribution is in the identification of the in-
tensity and timing of a powerful eruption. The technology
and methodology to use infrasound for acoustic remote
sensing of hazardous eruptions is mature and ready to im-
plement into operations.

Future Directions

Although infrasound has manifold applications in near-
source studies, recent advances in sensor and analysis
techniques have strengthened the potential to develop in-
frasound as a robust remote sensing tool that may cover
observational gaps in distant and inhospitable environ-
ments. Although operational acoustic monitoring systems
that can help notify aircraft of hazardous eruptions have
been demonstrated as viable, much work is still needed
to implement these systems and establish clear relation-
ships between ash heights, infrasonic source parameters,
and atmospheric conditions. Many parts of Earth’s oceans
remain undersampled, and there is a great potential for
the application of infrasound to the detection of tsunami-
genesis, the identification and tracking of severe ocean
weather, and the monitoring of breaking ocean wave in-
tensity and other coastal hazards. Much fundamental re-
search lies ahead in the construction of functional models
for these various source processes. One of the most am-

bitious projects the community has initiated is the pas-
sive acoustic tomography of the atmosphere using natural
sources [50]. These studies, refined and extended over the
next decades, may contribute to our long-term assessment
of global climate change.

Concluding Remarks

There is beauty in complexity, as there is perplexity in
beauty. The oscillatory interaction between the solid and
fluid phases of our Earth reveals a wealth of informa-
tion that can be turned into knowledge by the meticu-
lous and persistent use of observation and modeling. In-
frasound captures this solid-fluid interaction at the tempo-
ral scales of tens of seconds to tens of hertz, offering allur-
ing glimpses into the inner workings of the natural world.
The heaving ground and the frothing magmas, borne of
the dark depths of Earth, oft conspire with the surging
oceans to pervade the skies with deep sound. The field of
infrasound strives to interpret the imperceptible yet om-
nipresent soundscape that permeates the air about us, so as
to assuage uncertainty and perchance alleviate our dread
of the natural threats posed by earthquakes, tsunamis, and
volcanoes.
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Glossary

Noncooperative game An n-person noncooperative
game in normal or strategic form is a list of actions,
called pure strategies, for each of n players, together
with a rule for specifying each player’s payoft (utility)
when every player has chosen a specific action. Each
player seeks to maximize her own payoff.

Mixed strategy A mixed strategy for a player in a nonco-
operative game is a probability distribution over that
player’s pure strategies.

Extensive form The extensive form of a noncooperative
game is a graphical representation which describes
a succession of moves by different players, including
chance moves, and which can handle quite intricate in-
formation patterns.

Zero-sum game A zero-sum game is a noncooperative
game in which the payoffs of all players sum to zero
for any specific combination of pure strategies.

Nash equilibrium A Nash equilibrium in a noncoopera-
tive game is a specification of strategies for all players
with the property that no player has an incentive to de-
viate unilaterally from her specified strategy. A solution
of a noncooperative game is a Nash equilibrium which
is either unique, or which, for some reason, has been
selected among alternative equilibria.

Saddle point A saddle point is a Nash equilibrium of
a two-person zero-sum game. The value of the game
is the (unique) equilibrium payoff to the first player.

Utility Utilities are sequences of numbers assigned to the
outcomes of any strategy combination which mirror
the order of preferences of each player and which fulfill
the axioms of von Neumann and Morgenstern.

Deterrence Inan inspection game, deterrence is said to be
achieved by a Nash equilibrium in which the inspectee
behaves legally, or in accordance with the agreed rule.

Inspector leadership Leadership in inspection games is
a strategic concept by which, through persuasive an-
nouncement of her strategy, the inspector can achieve
deterrence.

Verification Verification is the independent confirma-
tion by an inspector of the information reported by an
inspectee. It is used most commonly in the context of
arms control and disarmament agreements.

Definition

Inspection games deal with the problem faced by an in-
spector who is required to control the compliance of an in-
spectee to some legal or otherwise formal undertaking. One
of the best examples of an inspector, in the institutional
sense, is the International Atomic Energy Agency (IAEA)
which, under a United Nations mandate, verifies the ac-
tivities of all States — inspectees — signatory to the Nuclear
Weapons Non-proliferation Treaty. An inspection regime
of this kind is a true conflict situation, even if the inspectee
voluntarily submits to inspection (in multinational or bi-
lateral treaties this is invariably the case), because the rai-
son d’étre of any control authority must be the assumption
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that the inspected party has a real incentive to violate its
commitments. The primary objective of the inspector is to
deter the inspectee from illegal behavior or, barring this,
to catch him out. It is thus natural that quantitative mod-
els of inspections should be non-cooperative games with
at least two players, inspector and inspectee(s). This sur-
vey will be limited to just one inspectee, that is, we shall
restrict ourselves to two-person non-cooperative inspec-
tion games.

Inspection games should be distinguished from related
topics such as quality control or the prevention of ran-
dom accidents, for which there are no adversaries that act
strategically, or from search-and-destroy problems. The
salient feature of an inspection game is that an inspec-
tor tries to prevent an inspectee from behaving illegally
in terms of some commitment. The inspectee might, for
example, decide not to violate, so that there is nothing to
search for. In fact, deterrence is generally the inspector’s
highest priority. Nevertheless, a sharp distinction between,
e.g., inspection games and quality control models cannot
be made in all cases, as we will see in Subsect. “Illegal Pro-
duction”.

Introduction

Immediately after von Neumann and Morgenstern’s pi-
oneering book Theory of Games and Economic Behav-
ior [48], Arms Control and Disarmament (ACD) inspec-
tions may have been analyzed game-theoretically as classi-
fied military research; this is not known for sure but may
be inferred from papers published later. Non-classified
work started vigorously in the early 1960s with analyses for
the United States Arms Control and Disarmament Agency
(ACDA). These dealt with very general ACD problems,
and also with concrete problems of test ban treaty verifica-
tion. In that context probably the first genuine inspection
game in the open literature was the recursive game devel-
oped by Drescher [18]. Since it was seminal for later work
it is presented it in some detail in Subsect. “Customs and
Smugglers”.

A second phase of inspection game development
started around 1968 in connection with the verification of
the Treaty on the Non-Proliferation of Nuclear Weapons
(NPT). There was no model for this verification system,
therefore new principles and tools had to be developed
and analyzed, see, e.g., [11,12,24]. Because of its impor-
tance for the further development of the whole discipline
of inspection games, one of the major components of
NPT verification measures, namely material accountancy,
will be discussed in Subsect. “Diversion of Nuclear Mate-
rial”.

In Economics game-theoretic work on Accounting
and Auditing was begun in the late 1960s. A first sur-
vey was given by Borch [13]. Since that time papers and
books have been published regularly but on a limited scale
along similar lines, placing emphasis on auditing practice,
see, e.g., [14,15]; Wilks and Zimbelman [51] provided an
updated review of theoretical and empirical research. In
economic models known as principal-agent problems, in
which inspections of economic transactions raise the ques-
tion of their most efficient design, game-theoretic meth-
ods have been applied, early surveys having been given by
Baiman [9], Kanodia [28] and Dye [19].

In the last decade, new models have been devel-
oped and analyzed again in the context of recent ACD
verification developments, in particular the more strin-
gent requirements on re-negotiated NPT verification mea-
sures [27]. Whereas under the previous regime purely
technical aspects like size of the nuclear fuel cycle and
accuracy of the measurement systems were considered,
now qualitative features such as behavior and intentions
of States had to be taken into account. This required the
introduction of State-specific utilities, for first analyses of
this kind see, e.g., [3,29]. Independently of concrete ap-
plications there has been an ongoing interest of mathe-
maticians in the refinement and generalization of existing
models, a few examples will be given below.

Inspections cause conflicts in many real world situa-
tions. In economics, there are services of many kinds the
fulfillment or payment of which has to be verified. For ex-
ample one is concerned with the central problem of prin-
cipal-agent relationships, where the principal, e. g., an em-
ployer, delegates work or responsibility to the agent, the
employee, and chooses a payment schedule that best ex-
ploits the agent’s self-interests. The agent, of course, be-
haves so as to maximize her own utility given the fee
schedule proposed by the principal.

Environmental agreements obviously give rise to in-
spection problems, but these have not yet received as much
attention from modelers as one might have expected (and
as they might deserve). To date most methodological anal-
yses of inspection games have been performed in the con-
text of arms control and disarmament.

There exist previous reviews of inspection games with
objectives somewhat different to those of this survey.
Avenhaus et al. [7] restrict discussion to arms control and
disarmament, and emphasize the historical development.
Avenhaus et al. [8] stress the methodological, and in par-
ticular the mathematical aspects. Here we undertake a new
approach to organize the material, one which gives more
credit to the diversity of the applications and the tech-
niques necessary for their solution. We focus on selected
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game theoretic inspection models which, together with
their variants and generalizations, we hope will span the
full range of the subject.

Selected Inspection Models

In the following, five inspection problems are chosen to
illustrate applications of inspection games together with
their analysis. They are complemented with discussion of
some of their variants and generalizations. In the last il-
lustration, the special role of the leadership concept in in-
spection models is emphasized.

Passenger Ticket Control

A commuter on the Munich subway is, consciously or
unconsciously, involved in a non-cooperative game each
time he boards a train. He can buy a valid ticket or travel
“schwarz”, risking a fine if he is controlled (checked). In its
edition of July 18th, 1996, the daily Siiddeutsche Zeitung
reported the complaint of the Munich City Treasurer to
the effect that the deployment of ticket inspectors by the
local transit authority (MMV) was not worthwhile, the
collected fines paying for only about half the cost of the
inspectors themselves.

From the game theorist’s viewpoint there is obviously
an optimum control intensity that would alleviate this
problem: employing just a single inspector would encour-
age many violations and result in her collecting more than
enough fines to pay for herself, but would clearly not be in
the MVV’s interests. Using an army of inspectors would
ensure compliance, but, there now being no fines at all,
would not finance the inspectors. The optimum must lie
between these two extremes.

Solution The problem can be formulated as a two-per-
son game in normal form involving the MV'V as player 1
and the transit passenger as player 2 [1]. The pure strate-
gies for the MV'V are to control or not to control, whereas
the passenger will decide whether or not to buy a valid
ticket. Let f be the fare, b > f the fine and e < b the con-
trol costs per passenger, all in euros. The game’s normal
form (also called bimatrix form) is shown in Fig. 1.

In the figure, the pure strategies of player 1 (con-
trol/no control) are depicted as rows and those of player 2
(legal/illegal) as columns. The payoffs to player 1 for
each pure strategy combination are shown in the lower
left hand corners of the corresponding squares, those for
player 2 in the upper right hand corners. (This simple for-
mulation ignores MVV overhead costs and any material
gain the passenger may have from his trip.)

2 legal illegal
1 q 1-¢q
-f ) \
control
p
f—e b—e
= 0
no control v
1 p—
P f 0

Inspection Games, Figure 1

Normal form of the two-person game between MVV (player 1)
and passenger (player 2). The arrows indicate the preference di-
rections for the two players, the horizontal arrows for player 2,
the vertical arrows for player 1

A solution of the game will be a Nash equilibrium [35],
that is, a pair of strategies, called equilibrium strategies,
with the property that neither player has an incentive
to deviate unilaterally from his or her equilibrium strat-
egy. Equivalently, the strategies are said to be mutual best
replies. In the Figure the preference directions, i. e., the de-
viation incentives, are seen to be cyclical. This means that
there can be no Nash equilibrium involving pure strate-
gies. However the equilibrium concept can be generalized
to involve mixed strategies which are probability distribu-
tions over the sets of pure strategies. In the present case,
the MV'V controls with some probability p and the passen-
ger behaves legally with probability q. The expected pay-
offs to the two players are then given by

Ei(p.q) =(f—e)pq+ (b—e)p(1 —q) + f(1 —p)gq
Ex(p,q) = —fpg—bp(l —q)— f(1—p)q.
1)

If we designate the mixed equilibrium strategies by p*
and ¢* and the equilibrium payoffs as Ef = E;(p*, q*),
i = 1,2, then the conditions for Nash equilibrium are

Ef > Ei(p.q*) forall pel0,1]

2
E> > Ey(p*,q) forall g €[0,1]. @

For this situation the equilibrium strategies can be deter-
mined simply by requiring that each protagonist be made
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indifferent with regard to his or her own mixed strategy,
see, e. g., Morris [34]. One obtains immediately

3)

At equilibrium the passenger behaves illegally with pos-
itive probability 1 — g* = e/b, that is, deterrence is not
possible. We will return to this issue in Subsect. “Sharing
Common Pool Resources”. Nevertheless on average he en-
joys the same payoff as he would receive by paying his fare
every time, namely —f.

Remarks The average control expenditure for the MVV
is ep, whereas the mean profit from collection of fines is
bp(1 — g). The difference is (e — b(1 — q))p. If the passen-
ger plays his equilibrium strategy as given by Eq. (3), then

(e—b(1—g")p=0 (4)

for any control probability p. The control costs are thus ex-
actly compensated by the collected fines. It might be men-
tioned that the actual figures for inspection probability and
income per passenger for Munich approximately satisfy
(3). We may speculate that the City Treasurer’s complaint
arises from the fact that regular violators develop strate-
gies to recognize and avoid inspectors. Other complica-
tions not taken into account in the model are variations
in frequency, hour of day and dwelling time of passengers
using the system.

There are many inspection problems which can be de-
scribed with models equivalent or similar to the one pre-
sented here. Inspection of metered parking spaces pro-
vides another example. Control of the sharing of common
pool resources, as discussed in the last inspection model,
below, belongs to the same category.

Illegal Production

In treaties prohibiting the production, acquisition and/or
proliferation of weapons of mass destruction, one is often
concerned with the misuse of ostensibly legitimate pro-
duction facilities. A commercial chemical plant, for exam-
ple, may be used for production of forbidden precursors of
chemical weapons, or a uranium enrichment facility may
illegally enrich its product to weapons-grade U-235. The
consequences of non-detection by an inspecting authority
can be dire, and the timeliness of control procedures - the
interval between the onset of plant misuse and its detec-
tion — may be especially important.

To illustrate, consider the following simple model. At
the end of some reference time interval, for instance a cal-
endar year or a production campaign, a major inspection
takes place at a facility, one which would detect prior il-
legal production with certainty. Additionally, a single in-
terim inspection is carried out, timed at the inspector’s dis-
cretion, which will likewise detect prior violation with cer-
tainty. The interim inspection is intended to enhance the
timeliness of detection should illegal activity be underway.
The inspector would like to know precisely when it should
take place.

Solution This example entails solution of a zero-sum
game on the unit square. The onset of illegal production
and the time of the interim inspection and are chosen
on the interval strategically by the respective protagonists,
plant operator and inspector. We take the payoff to the for-
mer as the time to detection of illegal production, and to
the latter to be the negative of that quantity.

Representing the reference time by the interval [0, 1],
the operator’s so-called payoff kernel is

y—x for x<y

Ay, x) = (5)

1—x for x>y,

here x € [0, 1] denotes a pure strategy for the operator,
the onset of illegal production and similarly y € [0, 1] is
a pure inspection strategy. Let the inspector’s and oper-
ator’s mixed strategy distribution functions be G(y) and
F(x), respectively. G(y) is the probability of an inspec-
tion taking place at time y or earlier, F(x) the probabil-
ity of illegal activity beginning at time x or earlier. The
Nash equilibrium conditions, or, since we are dealing with
a zero-sum game, the saddle point criteria determining
the equilibrium mixed strategies G* and F*, are given
by

E(G*,x) < E(G*,F*) < E(y,F*) forall x,y€[0,1].

(6)

Since the final inspection is certain, clearly the operator
shouldn’t wait too long to act. Rather, in constructing his
optimal probability distribution F*(x), he might plausibly
choose x randomly on an interval [0, b] with b < 1. Con-
sequently the inspector will not act later than b either. Let
us assume that she chooses her inspection time y accord-
ing to the probability density function g*(y), where

b
Afmwzx (7)
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The expected payoff to the operator for diversion at time
x € [0, b] is then

x b
E(G*, x) =/ (1—x)g*(y)dy+/ (y —x)g*(y)dy
0 X
x b
= fo g dy + f yg* (y)dy

b
—x /0 g (y)dy.
(8)

But if the operator randomizes across the interval [0, b]
as assumed, this payoftf must be constant for all x € [0, b]
and equal to the value of the game, i.e., the equilibrium
payoft to the operator. If this were not the case for some x
in the interval, the operator would not have included it in
his mixed strategy F* in the first place. Thus the derivative
of Eq. (8) with respect to x must vanish. This gives imme-
diately

£ = —— )

l—y
and from Eq. (7) b = 1 — 1/e. The expected payoft to the
operator and value of the game is then easily seen to be
E(G*,x) = 1/eforall x € [0, b].

Getting the operator’s optimal strategy F* is a bit more
subtle because it requires a so-called atom at x = 0, that
is to say, a finite probability of starting illegal production
at precisely the beginning of the interval, as well as the
probability density f*(x) on the remaining half-open in-
terval (0, b]. In terms of the distribution function F*(x)
that characterizes this mixed strategy, the atom is F*(0)
and f*(x) is the derivative of F*(x) on (0, b]. The opera-
tor’s payoff for some inspection time y € [0, b] is

y
E(y. F*) = yF*(0) + / (v — 2)f* (x)dx
0

b
+ / (1—x)f*(x)dx

y

b
= yF*(o) _|_y/yf*(x)dx +/ f*(x)dx
0
, y
—/ xf*(x)dx
0

b
= (y—l)F*(y)+F*(b)—f xf*(x)dx .
0
(10)

Arguing as before, if the the inspector randomizes over the
interval, this expression must be constant for all y € [0, b].

This is true if (y — 1)F*(y) is independent of y. The re-
quirement that F*(b) = 1 then leads to

1 1

F*(x) = —- (11)
e 1—x
]

for x € [0,b] and F*(x) =1 for x > b. The atom is
F*(0) = 1/e, and the construction is complete. Verifying
that F* and G* satisfy Eq. (6) is straightforward.

Remarks Owen [38] discussed the existence of Nash
equilibria for continuous games on the unit square and
methods for their solution. The above result was first ob-
tained by Diamond [17], who gave a generalization to
k > 2 inspections. Prior to Diamond’s work, Derman [16]
treated a somewhat similar minimax inspection problem.

Both models were motivated by reliability control
problems: production units have to be inspected regularly
and the earlier a failure is detected, the less costly it is for
the production facility owner. Of course the production
unit is not acting strategically, but in order to be on the
safe side a minimax approach was chosen, which was then
generalized by Diamond to give a saddle point solution.
Thus we see that an approach which originally was not an
inspection game according to our definition in Sect. “Def-
inition” turned out to become one, with interesting appli-
cations such as the one discussed above.

Rothenstein and Zamir [42] extended Diamond’s
model with a single inspection to include errors of the first
and second kind. Krieger [30] considered a time-discrete
variant of the model. All variants require that both the op-
erator and inspector commit themselves before the refer-
ence period begins. Thus if in the solution in Subsect. “So-
lution” the operator simply waits for the interim inspec-
tion and then violates, he will achieve an expected time to
detection of

b
/ I—0)f Rdx=b=1-12>
0 e

)

| =

and the inspector’s advantage will have evaporated. But
of course f*(x) is not the inspector’s equilibrium in such
a sequential game. Prior commitment may be justified in
some cases, but not in others. If there is no requirement for
commitment, the operator may prefer to start his illegal
action immediately, i. e., at the beginning of the reference
period, or delay his decision until the first intermediate in-
spection. This situation has to be modeled as an extensive
form game. Its time-continuous version, which also con-
sidered errors of the first and second kind, was studied by
Avenhaus and Canty [4]. Surprisingly it turned out that
an equilibrium strategy of the inspector is a pure strategy,
contrary to the equilibrium strategies of the Diamond-type
models.
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Diversion of Nuclear Material

As already mentioned in the introduction, a large num-
ber of game theoretic models of inspection situations have
been developed in the framework of IAEA verification ac-
tivities. The basis of the IAEA inspection system is the ver-
ification of the continuing presence of fissile material in
the peaceful nuclear fuel cycle of the State under consid-
eration [26], therefore statistical measurement errors and,
consequently, statistical decision theory must be taken
into account.

Opver a single accounting period, typically one year, we
define the material flow as the measured net transfer of fis-
sile material across the facility boundary, consisting of in-
puts (receipts of raw material) R and outputs (shipments
of purified product and waste) S. If the physical inventory
within the facility at the start of the period was Iy, then
the book inventory at the end of the accounting period is
defined as

B=IH+R-S=0L+Y, (12)

where Y = R — § is the net material flow into the facility.
At the end of the period a new physical inventory I; is
taken and compared with the book inventory,

Z=B-IL,=I)+Y—-1I. (13)

This expression, which is a random variable as a conse-
quence of measurement error, defines the material balance
statistic. If there are no unknown losses or diversions of
material, its expectation value is

E(Z) = E(Ip) + E(Y) — E(I)) = 0 (14)

from conservation of mass. The quantity Z is commonly
referred to as MUF, meaning material unaccounted for. Its
reliable determination forms the basis for the inspector’s
conclusion with respect to non-diversion.

We shall focus upon a single nuclear facility and an in-
ventory period of one year and pose the question: can the
taking of additional interim inventories improve the detec-
tion sensitivity of the overall accountancy procedure?

Solution The additional inventories essentially define
a series of shorter material balance periods, say # in all.
At the beginning of the first balance period, the amount
Iy of material subject to control is measured in the facil-
ity. Then, during the ith period, i = 1... n, some net mea-
sured amount Y; of material enters the area. At the end of
that period the amount of material, now I;, is again mea-
sured. The quantity

Zi=lLi1+Y;—-I;, i=1...n,

is the material balance test statistic for the ith inventory
period. Under the null hypothesis that no material was di-
verted, its expected value is, as before,

E()(Z,')=0, i=1...n.

The alternative hypothesis is that material is diverted from
the balance area according to some specific pattern. Thus

n
EI(Z,')=M1‘, i=1...n, Z/,L,'=,LL>O,

i=1

where the amount j; diverted in the ith period may be
positive, negative or nil, while y, the total amount of ma-
terial missing, is hypothesized to be positive.

For the purpose of determining the best test procedure
we now define a two-person zero-sum game, wherein the
set of strategies of the inspector is the set of all possible
test procedures {34}, i. e., significance thresholds, for fixed
false alarm probability . The set of strategies of the op-
erator is the set of diversion patterns u = (i o),
> ; i = . The payoff to the inspector is the probabil-
ity of detection 1 — B(8q, p), where B(8q., p) is the second
kind error probability (= non-detection probability). A so-
lution of the game is any strategy pair (85, u*) which sat-
isfies the saddle point conditions

1—B6y. 1) =1—B65. 1) = 1—B(Sa. ™)

forany &g, . (15)

With the aid of the Lemma of Neyman and Pearson, one
of the most fundamental theorems in statistical decision
theory, see, e. g., Rohatgi [41], we can derive the following
solution first obtained by Avenhaus and Jaech [5]. Sup-
pose that X' is the covariance matrix of the multivariate
normally distributed random vector Z = (Z;, Z,, . .. Z)T
and define e = (1,1...1)T. Then the equilibrium strate-
gies are in fact given by

« 3

—_ " 5., 16
K=y, e (16)

and by the test 8 characterized by the critical region
{zle" -z > kq} (17)

where kg is determined by «. The value of the game, that
is, the guaranteed probability of detection, is given by

m

1-B6y.n*) = (—1
(eT- X -e)2

- U1 —oe)) . (18)

where @ is the normal distribution and U is its inverse.
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We can demonstrate that this is the case as follows:
Under the null hypothesis of legal behavior

k
1—a=Pr0bo(ZT-e< ko) = @ . —
(var(Z" - e))2
and therefore

ke

———=U(l—-a).
(var(ZT - e))2
Thus the left hand side of Eq. (15) is fulfilled as equality:

1—B(5%, w) = Proby(Z" - e > k)
RPN LR (CAL)
(var(ZT - e))2
:qb(Ll—U(l—a)) .
(eT- X -e)2

As for the right hand side, the critical region which max-
imizes the detection probability for u* and for fixed « is,
according to the Lemma of Neyman and Pearson, given by

fl (2) " } *T —1 /
z >k =1z X z> k),

{ fO(Z) o { | /’l’ Ol}
where f;(z) are the joint density functions under hypothe-
sis i, i = 0, 1. But from Eq. (16)

.2l zu (X )T -2V z=¢" 2.

Thus 8} is indeed a best reply to u* and the right hand
inequality (15) is fulfilled as well.

Remarks According to Eq. (17), the inspector’s optimal
test statistic is

eT‘ZZXH:ZiZIo-i-Xn:Yi—In,

i=1 i=1

which is just the overall material balance for the entire
time period involved. All of the intermediate inventories
Ii,i=1...n—1, are ignored. This gives a definitive an-
swer to the question as to whether additional inventory
taking can improve the sensitivity of the material balanc-
ing system for detecting diversion. The answer is no.
Satisfying as it may be from a decision theoretic point
of view, this result ignores the aspect of detection time.
Waiting one year or one complete production campaign
before evaluating the overall material balance may be too
long to meet timeliness constraints. Therefore, under the
name near real-time material accountancy, test procedures

have been discussed which indeed subdivide the year into
several inventory periods (at the cost of reduced overall
detection sensitivity, as was just explained). To date, it has
not been possible to define or to solve satisfactorily a de-
cision theoretic model which takes the critical time aspect
into account.

The IAEA safeguards system is organized in such a way
that the inspector compares the material balance data re-
ported by the plant operators (via their national authori-
ties) with her own findings and thereafter, if no discrepan-
cies are found, closes the material balance with the help of
the operator s reported data. Thus, along with material ac-
countancy, data verification comprises the second founda-
tion of the IAEA safeguards system. Due to the possibility
that data may be intentionally falsified to make the ma-
terial balance appear to be correct, data verification again
poses game theoretic problems.

Two kinds of sampling procedures have to be consid-
ered in this context. In case of identifying items or check-
ing of seals, so-called attribute sampling procedures are
used in which only sampling errors have to be minimized.
This leads on the one hand to stratified sampling solu-
tions similar to those found in the context of accounting
and auditing. One of these solutions became well-known,
at least in expert circles, under the name IAEA formula,
see e. g. [2]. On the other hand, in case of quantitative de-
structive and non-destructive verification measurements,
statistical measurement errors can no longer be avoided,
leading to consideration of variable sampling procedures.
A decision problem arises in this instance, since discrepan-
cies between reported and independently verified data can
be caused either by measurement errors or by real and in-
tentionally generated differences (data falsification). Stew-
art [46] was the first to propose the so-called D-statistic for
use in IAEA data verification. For one class of data consist-
ing of N items, n of which are verified, the D-statistic is the
sum of the differences of reported data X; and indepen-
dently measured data Y, extrapolated to the whole class
population, i.e.,

N n
D) = — Xi—Y;).
1 njzzl(] ])

For K classes of data (for instance one class for each com-
ponent of a closed material balance) the D-statistic is given
by
K N nj
Dx=Y_ n_:Z(Xij = Yij).
i=1 "' j=1

These quantities then form the basis for the test procedure
of the inspector, which goes along similar lines as outlined
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before: Two hypotheses have to be formulated which per-
mit the determination of significance thresholds for fixed
false alarm probabilities and, from them, the associated de-
tection probabilities.

Later on [3] it was proven, again using the saddle point
criterion and the Lemma of Neyman and Pearson, that the
use of the D-statistic is optimal for a “reasonable” class of
data falsification strategies, and it was shown how the sam-
ple sizes can be determined such that they maximize the
overall probability of detecting a given total falsification
for a total given inspection effort.

Customs and Smugglers

In the previous examples evidence of violation (illegal pro-
duction, diversion) is assumed to persist: the illegal ac-
tion can be detected after the fact. There are of course in-
spection problems where this kind of model is not appro-
priate. Probably the first genuine inspection game in the
open literature was a recursive zero-sum game developed
by Dresher [18] which treated the situation in which the
violator can only be caught red-handed, that is, if the ille-
gal act is actually in progress when an inspection occurs.
It’s not difficult to imagine real situations where this is the
case, a much-discussed example being the customs-smug-
gler problem [47]. In its simplest form, a smuggler has n
nocturnal opportunities to bring his goods safely across
a channel. The customs office, equipped with a patrol boat,
would very much like to apprehend him, but budget re-
strictions require that the boat can only patrol on m < n
nights. If a patrol coincides with a crossing attempt, the
smuggler will be apprehended with certainty. Moreover
the smuggler observes all patrols that take place. All that
being the case, one can ask how customs should time its
patrols.

Solution The game theoretic model developed by
Dresher [18] at the RAND Corporation mentioned above
fits this situation rather well. It illustrates nicely the special
character of sequential games, and has an elegant recur-
sive solution. We summarize it here, see von Stengel [50]
for a more thorough discussion as well as some interesting
variations on the same theme.

In Dresher’s model there are n time periods, during
each of which the inspector can decide whether or not to
control the inspectee, using up one of a total of m inspec-
tions available to her if she does so. The inspectee knows at
each stage the number of past inspections. He can violate
at most once, but can also choose to behave legally. De-
tection occurs only if violation and inspection coincide in
the same period. The conflicting interests of the two play-

Inspector

control no control
insspectee
legal illegal legal illegal
v(n—1,m—1) +1 v(n—1,m) -1

Inspection Games, Figure 2
Dresher’s game in reduced extensive form

ers are again modeled as a zero-sum game, that is, the in-
spectee’s loss on detection is the negative of the inspector’s
gain. Legal action gives a payoff of nil to both players. The
game is shown in reduced extensive form, i. e., as a decision
tree, in Fig. 2.

The inspectee’s information set, shown as an oval in
the figure, encompasses both of her decision points. This
is meant to imply that she doesn’t know at which node she
is situated when choosing her strategy.

The entries at the leaf nodes of the tree are the pay-
offs to the inspector. The value of the game prior to the
first period is denoted v(n,m). If the single violation oc-
curs, the inspector achieves +1 if an inspection takes place,
otherwise —1. In the latter case, the game proceeds triv-
ially with the inspectee behaving legally (he has already vi-
olated) and the inspector inspecting or not, as she chooses.
If the inspectee behaves legally, the continuation of the
game has, by definition, value v(n — 1, m — 1) to the in-
spector if she decided to control in the first period, other-
wise value v(n — 1, m). These values are the corresponding
payoffs to the inspector after the first period, thus giving
the recursive form of the game tree shown. The game ter-
minates after detected violation or after the n periods, in
the latter case with a payoff of either 0 (legal behavior) or
—1 (illegal behavior) to the inspector.

The function v(n, m) is subject to two boundary con-
ditions. If there are no periods left, and no violation has
occurred,

v(0,m)=0, m=>0. (19)

If the inspector has no inspections left, then the inspectee
is aware of this and can safely violate (and will do so, since
his payoff is higher):

v(n,0) =—-1, n>0. (20)

We shall now seek an equilibrium of the game in the do-
main of mixed strategies. Let p(n, m) € [0, 1] be the prob-
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ability with which the inspector chooses to inspect in the
first period. The equilibrium choice for p(n, m) makes the
inspectee indifferent to legal or illegal behavior, so that he
receives the same payoft —v(n, m) given by

v(n,m) = p(n,m)v(n —1,m — 1)
+ 1 —pn,m)v(n—1,m) (legal)

v(n,m) = p(n, m)(+1) + (1 — p(n, m))(—1) (illegal) .

In a similar way the inspector chooses her probability
q(n, m) for violation at the first stage so as to make the in-
spectee indifferent as to control or no control, leading to

q(n,m)v(n —1,m — 1) 4+ (1 — g(n, m2))1
= q(n,m)v(n — 1, m) + (1 — g(n, m))(—1) .

Solving these three equations for p(n,m), q(n,m) and
v(m, n) we obtain

( ) = vin—1,m) +1
plm,m T vn—1,m+2—v(in—1,m—1) men
(21)
(n, m) = 2 (22)
. m T yn—1,m+2—v(n—1,m—1)
and
V(. m) = vin—1,m)+vin—1,m—1) (23)

vin—1,m +2—vin—1,m—1)"

Equation (23) along with the two boundary condi-
tions (19) and (20) determine v(n, m) and therefore p(n,
m) and g(n, m) uniquely. The explicit solution is given as
follows: Define

t(n,m) = i (?) ,

i=1

(24)

where (:’) denotes the binomial coeflicient. For0 < m < n
the value of the game and the equilibrium strategies for
both players are

(")

v(n, m) = ) (25)
_ ttn—1,m—1)
) = g @7

tn—1,m)  t(n—1,m—1) 2

It is not quite trivial to prove that this solution satisfies its
determinants. In fact one has to use the following recursive

relations for t(n, m):

t(n—l,m):t(n_l’m_l)_i_(n—l)
m
t(n,m) =tln—1,m)+t(n—1,m—1).

Remarks Since the value of the game is negative, the in-
spectee will behave illegally with positive probability. (If
at some stage in an actual play, the inspector has as many
inspections left as there are remaining opportunities, the
inspectee will obviously behave legally). Dresher’s model
uses abstract payoffs — utilities in the sense of von Neu-
mann and Morgenstern [48] — and therefore the zero-sum
assumption becomes questionable. In some circumstances
it can be argued that detected illegal action is, compared
to legal action, worse for both players, inspector and in-
spectee. However, the non-zero-sum version of the game
is not much more difficult to analyze and gives no addi-
tional structural insight.

Two technical remarks on Dresher’s inspection game:

First of all, it works so well only because the concept of
behavioral strategies, introduced by Kuhn [31], can be ap-
plied. Kuhn showed that in a game in extensive form with
perfect recall (i. e., a game in which both players remember
their previous moves) mixed strategies can be replaced by
sequences of behavioral strategies. These are probabilities
which define the actions of both players at all information
sets of the game. In fact, p(n, m) and q(n, m) defined above
are behavioral strategies.

Second, the recursive approach requires that at each
decision node there follow a subgame (i.e. a branch of
the tree) which by definition may not be connected by
a joint information set to other subgames. This, however is
not the case in Dresher’s game: if the control doesn’t take
place, the inspector doesn’t know whether the inspectee
has already behaved illegally and thus whether a true re-
cursive subgame still exists. Fortunately this doesn’t mat-
ter, since if the inspectee did in fact behave illegally the
game is de facto over. Whatever strategy the inspector
chooses subsequently will not affect her payoff.

As indicated initially, variants and extensions of
Dresher’s original model probably represent the largest
class of inspection games formulated and analyzed so
far, and new variants are still being published, see, e. g.,
[25,39]. As also mentioned above, Dresher’s zero sum as-
sumption may be questioned - detected violation may
still be worse for the inspector than no violation at all
and, thus, negative for both players. Hopfinger [23] was
the first to introduce generalized utilities and to deter-
mine the equilibria of the resulting recursive game. Von
Stengel [50] considered the case that the inspectee in-
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tends to violate more than once, however only once at
a given stage. He was able to solve the recursive game for
at most k violations on # stages, k < n, under the assump-
tion that the inspector is fully informed after each stage
whether or not there is a violation, even when no inspec-
tion takes place, see also [20,43]. A third category of ex-
tensions is associated with the customs-smuggler problem,
see e.g. [10,21,22], where customs and the smuggler have
more possibilities, e. g., customs has more than one boat,
and the smugglers alternative routes. Finally, statistical er-
rors of the first and second kind were considered, firstly by
Maschler [33] and later by Rinderle [40]. However, due to
the complexity of the models and the many additional as-
sumptions which had to be made, explicit solutions have
so far been found only in special cases .

Sharing Common Pool Resources

The sharing of so-called common-pool resources (see, e. g.,
[37]) involves an implicit inspection problem: once agree-
ment has been reached, the parties concerned will want to
make sure that the rules are followed. The following ideal-
ized common-pool resource problem illustrates this.

The Hatfields and the McCoys (who else!) farm neigh-
boring areas of irrigated land, the Hatfields having first ac-
cess to the water. They have agreed on a fair sharing proce-
dure, but there exists a certain amount of mutual distrust.
(In fact, the two clans have not been on speaking terms
for 40 years.) Broadly speaking, farmer Hatfield has two
strategies: to take more water than his fair share, with the
twofold incentive of better crops and “doing-in” the Mc-
Coys, or to stand by the agreement. Farmer McCoy, who
waits his turn for the water, has the option of controlling
Hatfield at some penalty (danger to life and limb) or of
simply doing nothing and taking what he gets. The strate-
gic situation is illustrated in Fig. 3.

We may normalize the payoffs to zero for legal be-
havior and no control. Relative to this normalization, let
e be the cost to McCoy of monitoring Hatfield’s activi-
ties and a the loss he entails by not getting his fair share,
but having the satisfaction of catching Hatfield out, e > 0,
a > 0. Thus if Hatfield violates and McCoy monitors, Mc-
Coy’s payoft is —a relative to the normalization, while if
he monitors but there is no violation his payoft is —e. Sup-
pose, however, that McCoy’s highest priority is to keep
Hatfield honest. Then, necessarily, a > e. The worst out-
come for McCoy is certainly undetected violation, with
payoff —c, and so ¢ > a. Hatfield’s payoffs are simply +d
for undetected violation, and —b for detected violation,
(b,d) > (0,0). The game is depicted in bimatrix form in
Fig. 4.

%-1943

Inspection Games, Figure 3
The games irrigators play. (Reprinted from [3] with permission of
Cambridge University Press)

_
2 take share take more
1 11—t t
A 0 +d
no control
g 0 .
0 -
control v
1- _
8 . “
—

Inspection Games, Figure 4

Normal or bimatrix form of the irrigation game. Left lower num-
bers are the payoffs to player 1 (McCoy), upper right num-
bers the payoffs to player 2 (Hatfield), whereby ¢ > a > e and
(a,b,c,d,e) > (0,0,0,0,0). The horizontal arrows are incentive
directions for player 2, the vertical arrows for player 1. The vari-
ables t and B define mixed strategies

Solution Justas in the passenger ticket control game, the
preference arrows are cyclic. There is again a unique equi-
librium in mixed strategies:

b e
=2 o 28
p b+d e+c—a (28)
with payofts to McCoy and Hatfield, respectively, given by
I(B*. 1) = —e ———— . Iu(B*.t*) =0. (29)
et+c—a

Hatfield violates his commitment with probability t* > 0
even though his payoft is the same as for behaving legally.
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From a moralist’s viewpoint this may not be particularly
satisfactory, but Hatfield’s equilibrium behavior is, given
the circumstances, rational.

However it was postulated that McCoy’s highest prior-
ity was to keep Hatfield honest, and there is in fact a way
for him to do it. Suppose that McCoy takes the initiative
and announces credibly with what precise probability he in-
tends to monitor Hatfield’s activities. This so-called lead-
ership game can no longer be expressed as a bimatrix as
in Fig. 4, because McCoy’s set of pure strategies, that is,
his choices of which monitoring probability 1 — 8 he will
announce in advance, is infinite. Hatfield’s set of strate-
gies on the other hand consists of all functions which as-
sign to each value of 1 — 8 the decision “take share” or
“take more”. The appropriate representation is the exten-
sive form game shown in Fig. 5.

Due to its structure (formally, an extensive form game
with perfect information in which all information sets are
singletons) the game can be solved by backward induction.
If this procedure leads to an equilibrium, then that equilib-
rium is said to be subgame perfect. A subgame perfect Nash
equilibrium is one in which every subgame is also a Nash
equilibrium.

The first step is to replace the outcome payofs in Fig. 5
by their expected values, as shown in Fig. 6. The argument

take more

control no control

-b +d

Inspection Games, Figure 5

control

then proceeds as follows: Hatfield, knowing the probability
1 — B of being controlled, decides

take share if 0> —b+ (b + d)B
indifferent if 0=-b+ (b +d)B (30)
takemore if 0<—-b+ (b+d)B,

since this strategy will always maximize his expected pay-
off. McCoy’s equilibrium strategy will be shown below to
be

b
= — 31
P b+d G
so (30) is equivalent to Hatfield’s following decision:
take share if B < B*
indifferent if B = B* (32)
take more if B > B*.

What is Hatfield’s equilibrium strategy? In order to de-
termine it, we must first define his set of strategies a lit-
tle more carefully. A typical element of the set will be
a recipe which tells him, for every conceivable announce-
ment by McCoy of a value of the non-monitoring prob-
ability B, whether or not to take more than his share.

Hatfield

take share

Chance

no control

Extensive form of the inspector leadership irrigation game. McCoy begins by choosing his monitoring probability 1 — 8 and an-
nounces it to Hatfield, the latter then deciding whether or not to take more than his share of water. Finally, chance decides if the
monitoring actually takes place. The payoffs for each possible outcome are shown at the corresponding leaf nodes, McCoy above,

Hatfield below
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take more

—a(1-0)—cb
-b(1-0)+db

Inspection Games, Figure 6

Hatfield

take share

—e(1-0)

Reduced extensive form of the inspector leadership irrigation game of Fig. 5

Recipe (30) is certainly one such, although it leaves an
ambiguity for § = f*. In that case Hatfield may de-
cide to make his choice randomly, in other words to use
a mixed strategy. In general, such a mixed strategy is
given by a probability ¢(f) for ‘take more’, and the com-
plementary probability 1 — #(8) for ‘take share’, for all
B € 10, 1]. Hatfield’s complete strategy set is therefore the
set of all functions which map the unit interval onto itself,
{t(B) | t: [0,1] = [0,1]}.

We now assert that Hatfield’s equilibrium strategy ¢*
is in fact always a pure strategy, namely

0 =take share for 8 < B*
1 =take more for B8 > B*,

() = (33)
where B* is given by (31). This is just the conclusion we
reached in Eq. (32) by backward induction, except for the
case B = B*. We still have to show that t*(8*) = 0, that
is, that Hatfield stays honest at equilibrium. To do this, we
now have to consider McCoy’s payoffs.

The expected payoff to McCoy, as a function of 8, is
given by

—e(1—p) if B<p*
" —e(1—B*)(1 —t(BY))
I ) =
M= L Cept —a - poyup) i =
—cf —a(l—p) if B>p*.
(34)

It is plotted in Fig. 7. McCoy also wishes to maximize his
expected payoff. For 8 < *, when Hatfield stays hon-

est, it is at least —e and increases with increasing . For
B > B*, when Hatfield takes more than his share, it is
between —c and —a and certainly worse for McCoy. For
B = B*, McCoy’s payoff is something intermediate, de-
pending on Hatfield’s behavior. The argument seems to be
getting circular, but we are almost done.

McCoy’s equilibrium strategy, if he has one at all, has
tobe B* as given by (31): for B > B* McCoy would do bet-
ter by choosing alternatively a small 8 to make Hatfield act
honestly, and for B < B* he could always do a little better
by choosing a larger 8, closer to *. So the only maximum
of his payoft curve, as seen in Fig. 7, is at § = B*. How-
ever, as Eq. (34) shows, the maximum exists only if Hat-
field’s equilibrium strategy is such that t*(8*) = 0. The

In (B, £%)

0 B

Inspection Games, Figure 7
McCoy’s payoff as a function of 8 according to (34). The @ indi-
cates the equilibrium payoff of the simultaneous game, Eq. (28)
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unique subgame perfect equilibrium strategies must there-
fore be (8%, t*) given by (31) and (33), with payoffs

d

* Ry
_b—|-d’ IH(ﬁ,t) 0.

In(B*, t*) = —c 35)
Thus McCoy’s equilibrium strategy is the same as before,
as is Hatfield’s payoff, the decisive difference being that

Hatfield does not take more than his share of the water.

Remarks The leadership concept was first introduced by
von Stackelberg [49] in the context of economic theory,
well before game theory became a scientific discipline. In
game-theoretic terminology Schelling [44] probably was
the first formulate its importance:

A strategic move is one that influences the other
person’s choice in a manner favorable to one’s self,
by affecting the other person’s expectations on how
one’s self will behave. One constrains the partner’s
choice by constraining one’s own behavior. The ob-
ject is to set up for one’s self and communicate per-
suasively to the other player a mode of behavior
(including conditional responses to the other’s be-
havior) that leaves the other a simple maximization
problem whose solution for him is the optimum for
one’s self, and to destroy the other’s ability to do the
same.

Simaan and Cruz [45] and Woélling [52] refined the
concept and formulated conditions for the existence
of Nash equilibria in leadership games. Maschler was
the first to apply the leadership concept to inspection
games [32,33]. Later on it was widely used in the analysis
of TAEA verification procedures, in particular for variable
sampling inspection problems, see Avenhaus et al. [6].

The importance of deterring the inspectee from il-
legal behavior, or more positively, of inducing him to
behave legally, depends on the specific nature of the prob-
lem. For example in the ticket control problem of Sub-
sect. “Passenger Ticket Control”, maximization of intake —
fares plus fines — is no doubt the highest priority of the
transit authority, even though the inspector leadership
concept would work here as well, at least in theory. In
principal agent models the situation is similar. In the con-
text of arms control and disarmament, on the other hand,
deterrence is fundamental: the community of States party
to such an agreement have a vital interest that all mem-
bers adhere to its provisions. There exists a large literature
on the subject; a comprehensive survey of the leadership
concept in game theory in general has been been given by
Wolling [52].

Future Directions

We hope that, with our chosen examples, we have
given a representative, although certainly not exhaustive,
overview of the concepts and models making up the area
of inspection games. At the same time we have tried to give
some idea of its wide range of applications.

Of course we cannot predict future developments in
the field. To be sure, there are still unsolved mathemat-
ical problems associated with present inspection models,
in particular in arms control and disarmament. For ex-
ample in Subsect. “Diversion of Nuclear Material” it was
pointed out that near real time accountancy poses funda-
mental difficulties that have not yet been solved satisfacto-
rily. Active research is proceeding and interesting results
may be expected.

As mentioned at the outset, in the area of environmen-
tal control the number of published investigations is sur-
prisingly small. With the growing awareness of the impor-
tance of international agreement on environmental pro-
tection the need for effective and efficient control mech-
anisms will become more and more apparent. Here we
expect that the inspection game approach, especially as
a means of structuring verification systems, can and will
play a useful role. As Barry O’Neill concludes his exami-
nation of game theory in peace and war [36]:

... game theory clarifies international problems ex-
actly because they are more complicated. [...] The
contribution of game models is to sort out concepts
and figure out what the game might be.
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Glossary

Adaptive system A system that can be automatically
modified or reorganized to meet a set of performance
specifications.

Artificial intelligence (AI) Computer-generated intelli-
gence or characteristic (externally displayed) of a man-
made system that behaves like a naturally intelligent
system (biological system) to some degree.

Back-propagation This is a “learning by example” or “su-
pervised learning” technique of a neural network. Us-
ing previously obtained input-output data (training
data) of a system, a neural network is trained by as-
signing the training output data to the network output
and then computing the corresponding signals in the
previous layers of the network, sequentially. The error
is computed and minimized in this manner.

Defuzzification The process of converting a fuzzy quan-
tity into a crisp (non-fuzzy) quantity. One method,
called the “centroid defuzzification” determines the
centroid of the membership function of the fuzzy
quantity and uses it as the crisp representation of the
fuzzy quantity.

Evolutionary computing A non-analytical optimization
technique that mimics biological evolution. Based on
an optimization function (fitness function), solutions
are selected by “mating” good solutions to create bet-
ter solutions, and discarding poor solutions.

Expert systems Computer-based intelligent systems
which take in data, match to a knowledge base, and
generate inferences (solutions, advice, prescriptions,
predictions, etc.) in a manner that somewhat mim-
ics a human expert. Expert systems are developed by
gathering human expertise in a specific domain and
properly representing it in a computer system with
a human interface.

Fuzzification The process of converting a crisp quantity
into a fuzzy quantity. A membership function is deter-
mined to “fuzzify” the crisp quantity. For example, the
crisp quantity may form the peak value or centriod of
a membership function of sufficient width.

Fuzzy control A model-free control technique where
control knowledge is represented by “if-then” state-
ments that contain qualitative or “fuzzy” terms such
as “small” and “fast” as present in human statements.
System’s outputs are observed (or measured) and

“matched” with the control knowledge base to arrive
at control actions.

Fuzzy logic A logic that is more generalized than binary
crisp logic. Instead of the two states in binary logic,
multiple states are possible, with a degree of overlap
among states. Here, for example, the state of “warm”
and the state of “hot” have some overlap, as is common
with human perception.

Fuzzy set In the same manner that binary logic and
Boolean sets go together, fuzzy logic and fuzzy sets
are related. A fuzzy set has a non-crisp boundary. El-
ements that fall on the boundary have some level of
presence within the set and a complementary level of
presence outside the set.

Genetic algorithms A non-analytical optimization tech-
nique that mimics biological evolution. Based on an
optimization function (fitness function), solutions are
selected by “mating” good solutions to create better so-
lutions, and discarding poor solutions.

Intelligent control A control approach that mimics a hu-
man who has expertise to generate a suitable control
action for a particular system. A common approach
uses a control knowledge base, and an inferencing
mechanism which matches observed/measured infor-
mation with the knowledge base to generate the con-
trol action (controller output or control input to the
system).

Intelligent machine Machine with an artificial (com-
puter-generated) brain, so that it can behave like a nat-
urally intelligent biological system. It uses techniques
of artificial intelligence (AI) for this purpose. Often,
the term “machine” refers to a computer. More appro-
priately, the machine is a physical device that performs
an engineering task, and its brain is a computer with Al
software.

Knowledge-based system An artificially intelligent sys-
tem that uses a knowledge base (KB) to represent ex-
pert knowledge in a particular application domain.
A decision making method (inference engine) is used
to “match” data or observed information with the KB
to generate inferences.

Membership function A function that represents a fuzzy
set. In this function, the membership of a quantity in
a fuzzy set is represented by a numerical value between
0 and 1. Set elements that are clearly within the set
are represented by a membership grade of 1 and ele-
ments that are clearly outside the set are represented
by a membership grade of 0. Elements that lie on the
set boundary have membership grades between 0 and
1, as determined by the degree of membership in the
set.
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Neural networks Massively parallel networks of artificial
neurons that represent highly nonlinear systems or
processes, without using analytical models. By adjust-
ing the network parameters, the behavior of the net-
work is made to resemble the actual system. It some-
what resembles the activity of a biological brain.

Probabilistic system A system that possesses a degree of
randomness or uncertainty and uses methods that in-
volve probability distribution functions to generate de-
cisions, actions, or estimates.

Soft computing An approach that uses one or more tech-
niques of fuzzy logic, neural, networks, evolutionary
computing, and probabilistic methods to perform nu-
merical operations by somewhat mimicking biological
systems.

Definition of the Subject

An intelligent controller may be interpreted as a com-
puter-based controller that can somewhat “emulate” the
reasoning procedures of a human expert in the specific
area of control, to generate the necessary control actions.
Here, techniques from the field of artificial intelligence (AI)
are used for the purpose of acquiring and representing
knowledge and for generating control decisions through
an appropriate reasoning mechanism. With steady ad-
vances in the field of Al, especially pertaining to the devel-
opment of practical expert systems or knowledge systems,
there has been a considerable interest in using Al tech-
niques for controlling complex processes. Complex engi-
neering systems use intelligent control to cope with situa-
tions where conventional control techniques are not effec-
tive.

Intelligent control depends on efficient ways of repre-
senting and processing the control knowledge [5]. Specif-
ically, a knowledge base has to be developed and a tech-
nique of reasoning and making “inferences” has to be
available. Knowledge-based intelligent control relies on
knowledge that is gained by intelligently observing, study-
ing, or understanding the behavior of a plant, rather than
explicitly modeling the plant, to arrive at the control ac-
tion. In this context, it also heavily relies on the knowledge
of experts in the domain, and also on various forms of gen-
eral knowledge. Modeling of the plant is implicit here. Soft
computing is an important branch of study in the area of
intelligent and knowledge-based systems. It has effectively
complemented conventional Al in the area of machine in-
telligence (computational intelligence). Fuzzy logic, prob-
ability theory, neural networks, and genetic algorithms are
cooperatively used in soft computing for knowledge repre-
sentation and for mimicking the reasoning and decision-

making processes of a human. Decision making with soft
computing involves approximate reasoning, and is com-
monly used in intelligent control. This chapter presents
the background theory, concepts, and development of in-
telligent control, with a particular emphasis on fuzzy logic
control.

Introduction

Future generations of industrial machinery, plants, and
decision support systems may be expected to carry out
round-the-clock operation, with minimal human inter-
vention, in manufacturing products or providing services.
It will be necessary that these systems maintain consis-
tency and repeatability of operation and cope with dis-
turbances and unexpected variations within the system,
its operating environment, and performance objectives. In
essence, these systems should have the capability to ac-
commodate rapid reconfiguration and adaptation. For ex-
ample, a production machine should be able to quickly
cope with variations ranging from design changes for an
existing product to the introduction of an entirely new
product line. This will call for tremendous flexibility and
some level of autonomous operation in automated ma-
chines, which translate into a need for a higher degree
of intelligence in the supporting devices. Smart systems
will exhibit an increased presence and significance in
a wide variety of engineering applications. Products with
a “brain” are found, for example, in household appliances,
consumer electronics, space technology, transportation
systems, industrial processes, manufacturing systems, and
services. There is clearly a need to incorporate a greater
degree of intelligence and a higher level of autonomy into
automated machines and systems. This will require the ap-
propriate integration of such devices as sensors, actuators,
and controllers, which themselves may have to be “intelli-
gent” and furthermore, appropriately distributed through-
out the system. Design, development, production, and op-
eration of intelligent machines have been possible today
through ongoing research and development in the field of
intelligent systems and intelligent control [3,4,6,10,13].

Soft Computing

Soft computing is an important branch of study in the area
of intelligent and knowledge-based systems. It has effec-
tively complemented conventional Al in the area of ma-
chine intelligence (computational intelligence). Human
reasoning is predominantly approximate, qualitative, and
“soft.” Humans can effectively handle incomplete, impre-
cise, and fuzzy information in making intelligent deci-
sions. Fuzzy logic, probability theory, neural networks,
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and genetic algorithms are cooperatively used in soft com-
puting for knowledge representation and for mimicking
the reasoning and decision-making processes of a hu-
man [5,7]. Quite effective are the mixed or hybrid tech-
niques, which synergistically exploit the advantages of two
or more of these areas. Decision making with soft comput-
ing involves approximate reasoning. Now we will give an
introduction to the subject of soft computing. Fuzzy logic
and its use in intelligent control will be covered in detail in
subsequent sections.

Fuzzy Logic

Fuzzy logic is useful in representing human knowledge in
a specific domain of application and in reasoning with that
knowledge to make useful inferences or actions [14]. The
conventional binary (bivalent) logic is crisp and allows for
only two states. This logic cannot handle fuzzy descriptors,
examples of which are “fast” which is a fuzzy quantifier and
“weak” which is a fuzzy predicate. They are generally qual-
itative, descriptive, and subjective and may contain some
overlapping degree of a neighboring quantity, for example,
some degree of “slowness” in the case of the fuzzy quan-
tity “fast.” Fuzzy logic allows for a realistic extension of
binary, crisp logic to qualitative, subjective, and approxi-
mate situations, which often exist in problems of intelli-
gent machines where techniques of artificial intelligence
are appropriate.

In fuzzy logic, the knowledge base is represented by if-
then rules of fuzzy descriptors. Consider the general prob-
lem of approximate reasoning. In this case the knowledge
base K is represented in an “approximate” form, for ex-
ample, by a set of if-then rules with antecedent and conse-
quent variables that are fuzzy descriptors. First, the data D
are preprocessed according to

Fp = FP(D) (1)

which, in a typical situation, corresponds to a data abstrac-
tion procedure called “fuzzification” and establishes the
membership functions or membership grades that corre-
spond to D. Then for a fuzzy knowledge base F, the fuzzy
inference F is obtained through fuzzy-predicate approxi-
mate reasoning, as denoted by

F]ZFKOFD. (2)

This uses a composition operator “o” for fuzzy matching of
data (D) with the knowledge base (K), and making infer-
ences (I) on that basis.

Fuzzy logic is commonly used in “intelligent” control
of processes and machinery. In this case the inferences of

a fuzzy decision making system are the control inputs to
the process. These inferences are arrived at by using the
process responses as the inputs (context data) to the fuzzy
decision-making system.

Neural Networks

Artificial neural networks (NN) are massively connected
networks of computational “neurons,” and represent par-
allel-distributed processing structures. The inspiration for
NN has come from the biological architecture of neurons
in human brain. A key characteristic of neural networks
is their ability to approximate arbitrary nonlinear func-
tions. Since machine intelligence involves a special class of
highly nonlinear decision making, neural networks would
be effective there. Furthermore, the process of approxima-
tion of a nonlinear function (i. e., system identification) by
interacting with a system and employing data on its be-
havior, may be interpreted as “learning.” Through the use
of neural networks, an intelligent system would be able to
learn and perform high-level cognitive tasks. For example,
an intelligent system would only need to be presented with
a goal; it could achieve its objective through continuous
interaction with its environment and evaluation of the re-
sponses by means of neural networks [1].

A neural network consists of a set of nodes, usually
organized into layers, and connected through weight el-
ements called synapses. At each node, the weighted inputs
are summed (aggregated), thresholded, and subjected to
an activation function in order to generate the output of
that node. These operations are shown in Fig. 1. The anal-
ogy to the operations in a biological neuron is highlighted.
Specifically, in a biological neuron, the dendrites receive
information from other neurons. The soma (cell body)
collects and combines this information, which is transmit-
ted to other neurons using a channel (tubular structure)
called axon. This biological analogy, apart from the abil-
ities to learn by example, approximation of highly non-
linear functions, massive computing power, and memory,
may be a root reason for inherent “intelligence” in a neural
network. If the weighted sum of the inputs to a node (neu-
ron) exceeds a threshold value wyg, then the neuron is fired
and an output y(t) is generated according to

YO =Wy wixi—wo, (€)

i=1

where x; are neuron inputs, w; are the synaptic weights,
and ¥[.] is the activation function.

As indicated in Fig. 2, there are two main classes
of neural networks known as feedforward networks (or,



4872 Intelligent Control
Input
Synaptic ~ connections Neuron Nonlinear
Neural weights ~ (Dendrites) ~ body activation
xir) ——>
1(?) @ \\ Threshold wy
'S
— Zor
xa(t > >
) z other
ol neurons
Xn(t) Nodal (axonal)
output
Synaptic Somatic operation
operation (Aggregation,
thresholding, and
nonlinear activation)
Intelligent Control, Figure 1
The operations at a node of a neural network
Neural
Networks
I
e Feedforward e Feedback
(Static, Open-loop) (Dynamic, Recurrent)
Examples: Examples:
Multilayer Preceptron Hopfield Network

Radial Basis Function Network

Supervised Learning
Backpropagation

Intelligent Control, Figure 2
Classification of neural networks

static networks) and feedback networks (or, recurrent net-
works). In feedfoward network, an example of which is
a multiplayer preceptron, the signal flow from a node to
another node takes place in the forward direction only.
There are no feedback paths. Figure 3 shows a multiplayer
preceptron consisting of an input layer, a hidden layer,
and an output layer. Another example of feedforward net-
work is the radial basis function network. Here there are
only three layers. Furthermore, only the hidden layer uses
nonlinear activation functions in its nodes. These func-
tions are called radial basis functions, the Gaussian distri-
bution function being a popular example. These functions
form the basis for the capability of the NN to approximate

Kohonen Self-organizing Map

Unsupervised Learning
Hebbian Learning
Competitive Learning

Reinforced Learning

any nonlinear function. In a feedforward neural network,
learning is achieved through example. This is known as
supervised learning. Specifically, first a set of input-output
data of the actual process is determined (e. g., by measure-
ment). The input data are fed into the NN. The network
output is compared with the desired output (experimen-
tal data) and the synaptic weights of the NN are adjusted
using a gradient (steepest descent) algorithm until the de-
sired output is achieved.

In a feedback NN, the outputs of one or more nodes
(say, in the output layer) are fed back to one or more nodes
in a previous layer (say hidden layer or input layer) or even
to the same node. The feedback provides the capability of
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A feedforward neural network (Multilayer perceptron)

“memory” to the network. An example is the Hopfield net-
work. It consists of two layers: the input layer and the Hop-
field layer. Each node in the input layer is directly con-
nected to only one node in the Hopfield layer. The outputs
of the network are fed back to the input nodes via a time
delay (providing memory) and synaptic weights. Nodes
in the Hopfield layer have nonlinear activation functions
such as sigmoidal functions.

Feedback neural networks commonly use unsuper-
vised learning algorithms. In these learning schemes, the
synaptic weights are adjusted based on the input values to
the network and the reactions of individual neurons, and
not by comparing the network output to the desired out-
put data. Unsupervised learning is called self-organization
(or open-loop adaptation), because the output character-
istics of the network are determined internally and locally
by the network itself, without any data on desired outputs.
This type of learning is particularly useful in pattern classi-
fication and grouping of data. Hebbian learning and com-
petitive learning are examples of unsupervised learning al-
gorithms. In the Hebbian learning algorithm, the weight
between a neuron and an input is strengthened (increased)
if the neuron is fired by the input. In competitive learning,
weights are modified to enhance a node (neuron) having
the largest output. An example is the Kohonen network,
which uses a winner-takes-all approach. A Kohonen net-
work has two layers, the input layer and the output layer
(Kohonen layer). In the operation of the network, the node
in the Kohonen Layer with weights that most closely re-
semble the current input, is assigned an output of 1 (the
winner), and the outputs of all the remaining nodes are set
to zero. In this manner, the input nodes organize them-
selves according to the pattern of the input data while the
output nodes compete among themselves to be activated.

Genetic Algorithms

Genetic algorithms (GA) are derivative-free optimization
techniques, which can evolve through procedures analo-
gous to biological evolution. Genetic algorithms belong to
the area of evolutionary computing. They represent an op-

timization approach where a search is made among a set of
solutions (solution space) to “evolve” a solution algorithm,
which will retain the “most fit” solutions, by using a pro-
cedure that is analogous to biological evolution through
natural selection, crossover, and mutation. In the present
context of intelligent machines, intellectual fitness rather
than physical fitness is what is important for the evolu-
tionary process. Evolutionary computing can play an im-
portant role in the development of an optimal and self-
improving intelligent machine [5,7].

Evolutionary computing has the following characteris-
tics:

1. Itis based on multiple searching points or solution can-
didates (population based search).

2. It uses evolutionary operations such as selection,
crossover and mutation.

3. Itis based on probabilistic operations.

The basic operations of a genetic algorithm are indicated
in Fig. 4. The algorithm works with a population of indi-
viduals, each representing a possible solution to a given
problem. Each individual is assigned a fitness score ac-
cording to how good its solution is to the problem. The
highly fit (in an intellectual sense) individuals are given
opportunities to reproduce by crossbreeding with other
individuals in the population. This produces new individ-
uals as offspring, who share some features taken from each
parent. The least fit members of the population are less
likely to get selected for reproduction and will eventually
die out. An entirely new population of possible solutions
is produced in this manner, by mating the best individu-
als (i. e., individuals with best solutions) from the current

Initialisation of Individuals

Evaluation

| Selection of Parents |

Mutation

Intelligent Control, Figure 4
The key operations of a genetic algorithm
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generation. The new generation will contain a higher pro-
portion of the characteristics possessed by the “fit” mem-
bers of the previous generation. In this way, over many
generations, desirable characteristics are spread through-
out the population, while being mixed and exchanged with
other desirable characteristics, in the process. By favoring
the mating of the individuals who are more fit (i. e., who
can provide better solutions), the most promising areas
of the search space would be exploited. A GA determines
the next set of searching points using the fitness values of
the current searching points, which are widely distributed
throughout the searching space. It uses the mutation oper-
ation to escape from a local minimum.

Two important activities of a GA are selection and re-
production. Selection is the operation which will choose
parent solutions. New solution vectors in the next genera-
tion are calculated from them. Since it is expected that bet-
ter parents generate better offspring, parent solution vec-
tors that possess higher fitness values will have a higher
probability of selection. There are several methods of se-
lection. In the method of roulette wheel selection, the
probability of winning is proportional to the area rate of
a chosen number on a roulette wheel. In this manner, the
selection procedure assigns a selection probability to indi-
viduals in proportion to their fitness values. In the elitist
strategy, the best parents are copied into the next gener-
ation. This strategy prevents the best fitness value of the
offspring generation from becoming worse than that in the
present generation.

During the reproductive phase of a GA, individuals are
selected from the population and recombined, producing
offspring, which in turn will make up the next genera-
tion. Parents are selected randomly from the population
using a scheme that favors the individuals who are more
fit. After two parents are selected, their chromosomes are
recombined using the mechanism of crossover and muta-
tion. Crossover takes two individuals and cuts their chro-
mosome strings at some randomly chosen position to pro-
duce two “head” segments and two “tail” segments. The
tail segments are then swapped over to produce two new
full-length chromosomes. Each of the two offspring will
inherit some genes from each parent. This is known as
a single-point crossover. Crossover is not usually applied
to all pairs of individuals that are chosen for mating. A ran-
dom choice is made, where the likelihood of the crossover
being applied is typically between 0.6 and 1.0. Mutation is
applied individually to each child, after crossover. It ran-
domly alters each gene at a very low probability. Mutation
provides a small degree of random search and helps ensure
that every point in the search space has some probability
of being examined.

Probabilistic Reasoning

Uncertainty and the associated concept of probability are
linked to approximation. One can justify that probabilistic
reasoning should be treated within the area of soft com-
puting [5,7]. Probabilistic approximate reasoning may be
viewed in an analogous manner to fuzzy-logic reasoning,
considering uncertainty in place of fuzziness as the con-
cept of approximation that is applicable. Probability dis-
tribution/density functions are employed in place of mem-
bership functions. The formula of knowledge-based deci-
sion making that corresponds to Eq. (2), in this case, de-
pends on the specific type of probabilistic reasoning that is
employed. The Bayesian approach is commonly used. This
may be interpreted as a classification problem.

Suppose that an observation d is made, and it may be-
long to one of several classes c;. The Bayes’ relation states:

max P(c;|d) = W

. (4)

where

P(c;|d) = given that the observation is d, the probability
that it belongs to class ¢; (the a posteriori conditional
probability)

P(d|c;) = given that the observation belongs to the class
¢i, the probability that the observation is d (the class
conditional probability)

P(c;) = the probability that a particular observation be-
longs to class ¢;, without knowing the observation itself
(the a priori probability)

P(d) = the probability that the observation is d without
any knowledge of the class.

In the Bayes’ decision-making approach, for a given ob-

servation (data) d, the posteriori probabilities P(c;|d) are

computed for all possible classes (i = 1,2,...,n), using

Eq. (4). The class that corresponds to the largest of these

a posteriori probability values is chosen as the class of d,

thereby solving the classification problem. The remaining

n — 1 a posteriori probabilities represent the error in this

decision.

Note the analogy between Egs. (4) and (2). Specifically,
P(d) represents the “preprocessed” probabilistic data that
correspond to the observation d. The knowledge base itself
constitutes the two sets of probabilities:

1. P(d|c;) of occurrence of data d if the class (decision) is
ci,i=12,...,n

2. P(c;) of class (decision) ¢;, i = 1,2,..., n without any
knowledge of the observation (data) itself.

The knowledge-base matching is carried out, in this case,
by computing the expression on the right side of Eq. (4)
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Intelligent Control, Table 1
Techniques of computational intelligence

Technique Characteristic

Fuzzy Logic

Uses fuzzy rules and approximate reasoning

A Popular Analogy
Human knowledge

Neural Networks

Network of massively connected nodes

Neuron structure in brain

Genetic Algorithms

Derivative -free optimization

Biological evolution

Probability

Incorporates uncertainty in predicting future events

Random action of a human

Conventional Al

Symbolic processing of information

Symbolic languages

for all possible i and then picking out the maximum value.
Application areas of probabilistic decision making include
forecasting, signal analysis and filtering, and parameter es-
timation and system identification.

Techniques of soft computing are powerful by them-
selves in achieving the goals of machine intelligence. Fur-
thermore, they have a particular appeal in view of the bi-
ological analogies that exist. To summarize the biolog-
ical analogies of fuzzy, neural, genetic, and probabilis-
tic approaches: fuzzy techniques attempt to approximate
human knowledge and the associated reasoning process;
neural networks are a simplified representation of the neu-
ron structure of a brain; genetic algorithms follow pro-
cedures that are crudely similar to the process of evo-
lution in biological species; and probabilistic techniques
can analyze random future action of a human. This is
no accident because in machine intelligence it is the be-
havior of human intelligence that would be mimicked.
Popular (e.g., biological) analogies and key characteris-
tics of several techniques of machine intelligence are listed
in Table 1 Conventional AI, which typically uses sym-
bolic and descriptive representations and procedures for
knowledge-based reasoning, is listed as well for complete-
ness.

Fuzzy Logic and Fuzzy Sets

In the crisp Boolean logic, truth is represented by the state
1 and falsity is by the state 0. Boolean algebra and crisp
logic have no provision for approximate reasoning. Fuzzy
logic is an extension of crisp bivalent (two-state) logic in
the sense that it provides a platform for handling approx-
imate knowledge. Fuzzy logic is based on fuzzy set theory
in a manner similar to how crisp bivalent logic is based
on crisp set theory. Fuzzy logic provides an approximate
yet practical means of representing knowledge regarding
a system (e. g., describing the behavior of the system) that
is too complex or ill-defined and not easy to tackle using
precise mathematical means. The approach also provides
a means of making inferences using that knowledge, which
can be used in making correct decisions regarding the sys-

tem and for carrying out appropriate actions. In particular,
human-originated knowledge can be effectively handled
using fuzzy logic. As the complexity of a system increases,
the ability to develop precise analytical models of the sys-
tem diminishes until a threshold is reached beyond which
analytical modeling becomes intractable. Under such cir-
cumstances, precise model-based decision making is not
practical. Fuzzy knowledge-based decision making is par-
ticularly suitable then [9].

This section introduces fuzzy logic, which uses the
concept of fuzzy sets. Applications of soft computing and
particularly fuzzy knowledge-based systems rely on the
representation and processing of knowledge using fuzzy
logic. In particular, the compositional rule of inference, as
presented in the subsequent section, is what is applied in
decision-making with fuzzy logic. Some popular applica-
tions of fuzzy decision making and intelligent control are
given next.

Process Temperature Control (OMRON): This is a pro-
portional-integral-derivative (PID) controller inte-
grated with a fuzzy controller. When temperature con-
trol is initiated, only the PID action is present. If the
temperature overshoots the set point, the fuzzy con-
troller takes over. This control system responds well to
disturbance.

Air Conditioner (Mitsubishi): Conventional air condi-
tioning systems use on-off controllers. Specifically
when the temperature drops below a preset level, the
unit is automatically turned off. When the temperature
rises above a preset level, the unit is turned on. The for-
mer preset value is slightly lower than the latter preset
value, providing a dead zone, so that high-frequency
on-off cycling (chatter) is avoided. The thermostat in
the system controls the on-off action. For example,
“when the temperature rises to 25°C, turn on the unit,
and when the temperature falls to 20°C, turn off the
unit.” The Mitsubishi air conditioner is controlled by
using fuzzy rules such as: “If the ambient air is getting
warmer, turn the cooling power up a little; If the air is
getting chilly, turn the power down moderately,” etc.
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The operation becomes smoother as a result. This re-
sults in less wear and tear of the air conditioner, more
consistent comfortable room temperatures, less noise,
and increased efficiency (energy savings).

Vacuum Cleaner (Panasonic): Characteristics of the
floor and the amount of dust are sensed by an infrared
sensor, and the microprocessor selects the appropriate
power by fuzzy control according to these character-
istics. The floor characteristics include the type and
nature (hardwood, cement, tile, carpet softness, carpet
thickness, etc.). The changing pattern of the amount of
dust passing through the infrared sensor is established
as well. The microprocessor establishes the appropri-
ate setting of the vacuum head and the power of the
motor, using a fuzzy control scheme. Red and green
lamps of the vacuum cleaner show the amount of dust
left on the floor.

Automatic Transmission System (Nissan, Subaru,

Mitsubishi): In a conventional automatic transmission
system, electronic sensors measure the vehicle speed
and throttle opening, and gears are shifted based on
the predetermined values of these variables. According
to Nissan, this type of system is incapable of uniformly
providing satisfactory control performance to a driver
because it typically provides only three different shift
patterns. The fuzzy control transmission senses sev-
eral variables including vehicle speed and acceleration,
throttle opening, the rate of change of throttle open-
ing, engine load, and driving style. Each sensed value
is given a weight, and a fuzzy aggregate is calculated
to decide whether to shift gears. This controller is said
to be more flexible, smooth, and efficient, providing
better performance. Also, an integrated system devel-
oped by Mitsubishi uses fuzzy logic for active control
of the suspension system, four-wheel drive (traction),
steering, and air conditioning.

Washing Machine (Matsushita, Hitachi): The
system senses both quality and quantity of dirt, load
size, and fabric type, and adjusts the washing cycle
and detergent amount accordingly. Clarity of water
in the washing machine is measured by light sensors.
At the start of the cycle, dirt from clothes would not
have yet reached the water; so light will pass through
it easily. The water becomes more discolored as the
wash cycle proceeds, and less light will pass through.
This information is analyzed and control decisions are
made using fuzzy logic.

Camcoder (Panasonic, Sanyo, Fisher, Canon): The in-
telligent video camera determines the best focus and
lighting, particularly when several objects are present
in the picture. Also, it has a digital image stabilizer to

control

remove hand jitter. Fuzzy decision making is used in
these actions. For example, the following scheme is
used for image stabilization. The present image frame
is compared with the previous frame from memory.
A typically stationary object (e.g., house) is identi-
fied and its shift coordinates are computed. This shift
is subtracted from the image to compensate for the
hand jitter. A fuzzy algorithm provides a smooth con-
trol/compensation action.

Elevator Control (Fujitec, Toshiba): A fuzzy
evaluates passenger traffic and the elevator variables
(load, speed, etc.) to determine car announcement and
stopping time. This reduces waiting time and improves
the efficiency and reliability of operation.

Handheld Computer (Sony): A fuzzy logic scheme reads
hand-written input and interprets the characters for
data entry.

Television (Sony): A fuzzy logic scheme uses sensed vari-
ables such as ambient lighting, time of day, and user
profile, and adjusts such parameters as screen bright-
ness, color, contrast, and sound.

Antilock Braking System (Nissan): The system senses
wheel speed, road conditions, and driving pattern, and
the fuzzy ABS determines the braking action, with skid
control.

Subway Train (Sendai): A fuzzy decision scheme is used

scheme

by the subway trains in Sendai, Japan, to determine the
speed and stopping routine. Ride comfort and safety
are used as performance requirements.

Other applications of fuzzy logic include hot water heater
(Matsushita), rice cooker (Hitachi), and cement kiln (Den-
mark). Also see [3,4,6,8,10,11,12,13].

The theory of fuzzy logic can be developed using the
concepts of fuzzy sets similar to how the theory of crisp
bivalent logic can be developed using the concepts of crisp
sets. Specifically, there exists an isomorphism between sets
and logic. In view of this, a good foundation in fuzzy sets
is necessary to develop the theory of fuzzy logic. In this
section, the mathematics of fuzzy sets is presented.

A fuzzy set is a set without clear or sharp (crisp)
boundaries or without binary membership characteristics.
Unlike an ordinary set where each object (or, element) ei-
ther belongs or does not belong to the set, a partial mem-
bership in a fuzzy set is possible. In other words, there is
a “softness” associated with the membership of elements in
a fuzzy set. An example of a fuzzy set could be “the set of
narrow streets in Vancouver.” There are streets that clearly
belong to the above set, and others that cannot be consid-
ered as narrow. Since the concept of “narrow” is not pre-
cisely defined (for example, < 2 m), there will be a “gray”
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Intelligent Control, Figure 5
a Venn diagram of a fuzzy set. b The membership function of
a fuzzy set

zone in the associated set where the membership is not
quite obvious. As another example, consider the variable
“temperature.” It can take a fuzzy value (e.g., cold, cool,
tepid, warm, hot). A fuzzy value such as “warm” is a fuzzy-
descriptor. It may be represented by a fuzzy set because any
temperature that is considered to represent “warm” be-
longs to this set and any other temperature does not belong
to the set. Still, one cannot realistically identify a precise
temperature interval (e. g., 25°C to 30°C), which is a crisp
set, to represent warm temperatures.

Let X be a set that contains every set of interest in the
context of a given class of problems. This is called the uni-
verse of discourse (or, simply universe), whose elements are
denoted by x. A fuzzy set A in X may be represented by
a Venn diagram as in Fig. 5a. Generally, the elements x
are not numerical quantities. For analytical convenience,
however, the elements x are assigned real numerical val-
ues.

Membership Function

A fuzzy set may be represented by a membership func-
tion. This function gives the grade (degree) of membership
within the set, of any element of the universe of discourse.
The membership function maps the elements of the uni-
verse on to numerical values in the interval [0, 1]. Specifi-
cally,

nalx): X —[0,1], (5)

where (14 (x) is the membership function of the fuzzy set A
in the universe in X. Stated in another way, fuzzy set if A is
a set of ordered pairs:

A={(xpax)); x€X, palx)e[0.1]}. (6)
The membership function 4 (x) represents the grade of
possibility that an element x belongs to the set A. It fol-
lows that a membership function is a possibility function
and not a probability function. A membership function
value of zero implies that the corresponding element is
definitely not an element of the fuzzy set. A membership
function value of unity means that the corresponding ele-
ment is definitely an element of the fuzzy set. A grade of
membership greater than 0 and less than 1 corresponds to
anon-crisp (or fuzzy) membership, and the corresponding
elements fall on the fuzzy boundary of the set. The closer
the 14 (x) is to 1 the more the x is considered to belong
to A, and similarly the closer it is to 0 the less it is con-
sidered to belong to A. A typical membership function is
shown in Fig. 5b.

Note: A crisp set is a special case of fuzzy set, where
the membership function can take the two values 1 (mem-
bership) and 0 (non-membership) only. The membership
function of a crisp set is given the special name character-
istic function.

Fuzzy Logic Operations

» « .

It is well known that the “complement”, “union”, and “in-
tersection” of crisp sets correspond to the logical opera-
tions NOT, OR, and AND, respectively, in the correspond-
ing crisp, bivalent logic. Furthermore, it is known that, in
the crisp bivalent logic, the union of a set with the comple-
ment of a second set represents an “implication” of the first
set by the second set. Set inclusion (i. e., extracting a sub-
set) is a special case of implication in which the two sets
belong to the same universe. These operations (connec-
tives) may be extended to fuzzy sets for corresponding use
in fuzzy logic fuzzy reasoning. For fuzzy sets, the applica-
ble connectives must be expressed in terms of the member-
ship functions of the sets which are operated on. In view of
the isomorphism between fuzzy sets and fuzzy logic, both
the set operations and the logical connectives can be ad-
dressed together. Some basic operations that can be de-
fined on fuzzy sets and the corresponding connectives of
fuzzy logic are described next. Several methods are avail-
able to define the intersection and the union of fuzzy sets.
The classical ones suggested by Zadeh are widely used, be-
cause of their simplicity and the analogy with crisp sets
(binary logic).
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Complement (Negation, NOT) Consider a fuzzy set A
in a universe X. Its complement A’ is a fuzzy set whose
membership function is given by

Har(x) =1—pa(x) forall x e X. (7)
The complement in fuzzy sets corresponds to the negation
(NOT) operation in fuzzy logic, just as in crisp logic, and
is denoted by A where A now is a fuzzy logic proposition
(or a fuzzy state).

A graphic (membership function) representation of
complement of a fuzzy set (or, negation of a fuzzy state)
is given in Fig. 6.

Example As an example, consider the fuzzy set of “hot
temperatures.” This may be represented by the member-
ship function shown using a solid line in Fig. 7. This is
the set containing all values of hot temperature in a spec-
ified universe. In fuzzy logic then, this membership func-
tion can represent the fuzzy logic state “hot” or the fuzzy
statement, “the temperature is hot.” The complement of
the fuzzy set is represented by the dotted line in Fig. 7.
This is the set containing all temperature values that are
not hot, in the given universe. As before, this membership
function can also represent the fuzzy logic state “not hot”
or the fuzzy-logic statement “the temperature is not hot.”

A

1 pecsssansaces P
. s

0 >

Intelligent Control, Figure 6
Fuzzy-set complement or fuzzy-logic NOT

Membership
Grade ,
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Temperature (°C)

Intelligent Control, Figure 7
An example of fuzzy-logic NOT

Furthermore, the solid line can represent a fuzzy tempera-
ture value and the dotted line can represent another (com-
plementary) fuzzy temperature value. In this manner, vari-
ous concepts of fuzzy sets and fuzzy logic can be quantified
by the use of membership functions.

Union (Disjunction, OR) Consider two fuzzy sets A
and B in the same universe X. Their union is a fuzzy set
containing all the elements from both sets, in a “fuzzy”
sense. This set operation is denoted by U. The member-
ship function of the resulting set A U B is given by

Haup(x) = max[pa(x), pp(x)] Vx e X. ®)

The union corresponds to a logical OR operation (called
Disjunction), and is denoted by A v B, where A and B are
fuzzy states or fuzzy propositions. The rationale for the use
of max to represent fuzzy-set union is that, because ele-
ment x may belong to one set or the other, the larger of
the two membership grades should govern the outcome
(union). Furthermore, this is consistent with the union
of crisp sets. Similarly, the appropriateness of using max
to represent fuzzy-logic operation “OR” should be clear.
Specifically, since either of the two fuzzy states (or propo-
sitions) would be applicable, the larger of the correspond-
ing two membership grades should be used to represent
the outcome. A graphic (membership function) represen-
tation of union of two fuzzy sets (or, the logical combina-
tion OR of two fuzzy states in the same universe) is given
in Fig. 8.

Even though set intersection is applicable to sets in
a common universe, a logical “OR” may be applied for
concepts in different universes. In particular, when the
operands belong to different universes, orthogonal axes
have to be used to represent them in a common member-
ship function.

Intersection (Conjunction, AND) Again, consider two
fuzzy set A and B in the same universe X. Their intersec-
tion is a fuzzy set containing all the elements that are com-
mon to both sets, in a “fuzzy” sense. This set operation is

- A4

—_— AUB

0 >

Intelligent Control, Figure 8
Fuzzy-set union or fuzzy-logic OR
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Intelligent Control, Figure 9
Fuzzy-set intersection or fuzzy-logic AND

denoted by N. The membership function of the resulting
set A N Bis given by

anp(x) = min[pa(x), up(x)] Vxe X. )

The union corresponds to a logical AND operation (called
Conjunction), and is denoted by A A B, where A and B are
fuzzy states or fuzzy propositions. The rationale for the use
of min to represent fuzzy-set intersection is that, because
the element x must simultaneously belong to both sets, the
smaller of the two membership grades should govern the
outcome (intersection).

Furthermore, this is consistent with the intersec-
tion of crisp sets. Similarly, the appropriateness of using
min to represent fuzzy-logic operation “AND” should be
clear. Specifically, since both fuzzy states (or propositions)
should be simultaneously present, the smaller of the corre-
sponding two membership grades should be used to repre-
sent the outcome. A graphic (membership function) rep-
resentation of intersection of two fuzzy sets (or, the logi-
cal combination AND of two fuzzy states in the same uni-
verse) is given in Fig. 9.

Implication (If-Then)

An if-then statement (a rule) is called an “implication”.
In a knowledge-based system, the knowledge base is
commonly represented using if-then rules. In particular,
a knowledge base in fuzzy logic may be expressed by a set
of linguistic rules of the if-then type, containing fuzzy
terms. In fact a fuzzy rule is a fuzzy relation. A knowledge
base containing several fuzzy rules is also a relation, which
is formed by combining (aggregating) the individual rules
according to how they are interconnected.

Consider a fuzzy set A defined in a universe X and
a second fuzzy set B defined in another universe Y. The
fuzzy implication “If A then B,” is denoted by A — B. Note
that in this fuzzy rule, A represents some “fuzzy” situation,
and is the condition or the antecedent of the rule. Simi-
larly, B represents another fuzzy situation, and is the ac-
tion or the consequent of the fuzzy rule. The fuzzy rule
A — B is a fuzzy relation. Since the elements of A are de-

fined in X and the elements of B are defined in Y, the
elements of A — B are defined in the Cartesian product
space X x Y. This is a two-dimensional space represented
by two orthogonal axes (x-axis and y-axis), and gives the
domain in which fuzzy rule (or fuzzy relation) is defined.
Since A and B can be represented by membership func-
tions, and additional orthogonal axis is needed to repre-
sent the membership grade.

Fuzzy implication may be defined (interpreted) in sev-
eral ways. Two definitions of fuzzy implication are:
Method 1:

VxeX, VyeyY,
(10)

ma—p(x,y) = min[pa(x), up(y)]

Method 2:

Ha—p(x,y) = min[1,{1 — pa(x) + up(y)}]

VxeX, VyeY. (11)

These two methods are approaches for obtaining the
membership function of the particular fuzzy relation
given by an if-then rule (implication). Note that the first
method gives an expression that is symmetric with re-
spect to A and B. This is not intuitively satisfying because
“implication” is not a commutative operation (specifically,
A — B does not necessarily satisfy B — A). In practice,
however, this method provides a good, robust result. The
second method has an intuitive appeal because in crisp
bivalent logic, A — B has the same truth table as [(NOT
A) OR B] and hence are equivalent. Note that in Eq. (11),
the membership function is upper-bounded to 1 using the
bounded sum operation, as required (A membership grade
cannot be greater than 1). The first method is more com-
monly used because it is simpler to use and often provides
quite accurate results.

An example of fuzzy implication using the first method
is shown in Fig. 10. Here the implication from a fuzzy set
(a) to another fuzzy set (b) is given by (c).

Composition and Inference

If a fuzzy input is applied to a non-fuzzy (crisp) system,
the output will still be fuzzy. This is known as the “exten-
sion principle,” and is illustrated by an example in Fig. 11.
A fuzzy system may be represented by a set of fuzzy if-
then rules, which may be aggregated into a single (multi-
variable) membership function - a fuzzy relation. Appli-
cation of a fuzzy input to a fuzzy relation in order to infer
a fuzzy output is the basis of decision making in a fuzzy
knowledge-based system. This idea is known as composi-
tion, and is illustrated in Fig. 12.
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Intelligent Control, Figure 10
a Fuzzy set A; b Fuzzy set B; c Fuzzy implication A — B

Decision making using fuzzy logic is known as fuzzy
inference or approximate reasoning. The compositional
rule of inference is utilized for this purpose.

Composition

Consider a fuzzy relation (fuzzy set) R in the r-dimen-
sional subspace X; x X, x ... x X, and a second fuzzy re-
lation (fuzzy set) S in the (n — m + 1)-dimensional sub-
space X, X Xyp41 X ... X X, such that m < r + 1. Note
that unlike the previous case of join, the two subspaces
are never disjoint, and hence their intersection is never
null (i. e., there is at least one common dimension in the
subspaces R and S). The union of the two subspaces gives
the overall n-dimensional space X; X X5 X ... x X,,. The

composition of R and S is denoted by R o S and is given by

RoS = Proj[Join(R, 8); X1, ..., Xm—1, Xr+1, .-, Xu] .

(12)

Specifically, we take the join (intersection) of the two sets R
and S, and then project (max or supremum operation) the
resulting fuzzy set (in the n-dimensional space) onto the
subspace formed by the disjoint parts of the two subspaces
in which the fuzzy sets R and S are defined. The member-
ship function of the resulting fuzzy set is obtained from
the membership functions of R and S, while noting that
the operation min applies for join and the operation supre-
mum applies for projection. Specifically,

sup [min(ur, us)] . (13)

XpmyeeesXr

H(RoS) =

This is called the sup-min composition.

Composition can be interpreted as a matching of the
common (known) parts of two fuzzy sets, and then making
an inference about the disjoint (unknown) parts accord-
ing to the result of the matching process. Specially, the two
sets are combined and matched (through join) over their
common subspace. The result is then projected (through
supremum) over to the inference subspace (non-overlap-
ping subspace), giving a fuzzy set defined over the disjoint
portions of the two subspaces. This process of matching
is quite analogous to matching of data with the condition
part of a rule in the conventional rule-based decision mak-
ing. In this regard composition plays a crucial role in fuzzy
inference (fuzzy decision making) and fuzzy knowledge
based systems.

As a simple example, consider a fuzzy relation R de-
fined in the X x Y space and another fuzzy relation S de-
fined in the Y x Z space. The composition of these two
fuzzy relations is given by

HRos(x,z) = sup{min(ur(x, y), us(y.2))} , (14)

yEY

which is defined in the X x Z space.

Sup-Product Composition In Eq. (13) if we use the
“product” operation in place of “min” we get the sup-prod-
uct composition given by

(15)

sup [ur X ps] .

Xinsees Xr

H(ReS) =

«_»

This composition is denoted by “e” and is also known as
the sup-dot composition.

In summary, the composition operation involves:

1. Matching of data and a knowledge base, using the join
(or, intersection) operation.
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Intelligent Control, Figure 11
Fuzzy decision making using a crisp relation (extension principle)
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Intelligent Control, Figure 12
Fuzzy decision making using a fuzzy relation (Composition)

2. Making an inference (decision) on the variables in the
subspace of the knowledge base that is outside the sub-
space of data (i. e., nonoverlapping subspace), using the
projection (sup) operation.

Compositional Rule of Inference

In knowledge-based systems, knowledge is often expressed
as rules of the form:

“IF condition Y; is y; AND IF condition Y, is y,
THEN action Cis c.”

In fuzzy knowledge-based systems (e. g., fuzzy control
systems), rules of this type are linguistic statements of ex-
pert knowledge in which y,, y,, and ¢ are fuzzy quanti-
ties (e. g., small negative, fast, large positive). These rules
are fuzzy relations that employ the fuzzy implication (IF-
THEN). The collective set of fuzzy relations forms the
knowledge base of the fuzzy system. Let us denote the
fuzzy relation formed by this collection of rules as the
fuzzy set K. This relation is an aggregation of the individ-
ual rules, and may be represented by a multivariable mem-
bership function. In a fuzzy decision making process (e. g.,
in fuzzy logic control), the rulebase (knowledge base) K is
first collectively matched with the available data (context).
Next, an inference is made on another fuzzy variable that
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is represented in the knowledge base, on this basis. The
matching and inference making are done using the com-
position operation, as discussed previously. The applica-
tion of composition to make inferences in this manner is
known as the compositional rule of inference (CRI).

For example, consider a control system. Usually the
context would be the measured outputs Y of the process.
The control action that drives the process is C. Typically,
both these variables are crisp, but let us ignore this fact for
the time being and assume them to be fuzzy, for general
consideration. Suppose that the control knowledge base
is denoted by R, a fuzzy relation. The method of obtain-
ing the rule base R is analogous to model identification in
conventional crisp control. Then, by applying the compo-
sitional rule of inference we get the fuzzy control action as:

He = myaxmin(uy, HR) . (16)
Extensions to Fuzzy Decision Making
Thus far we have considered fuzzy rules of the form:

IF x is A; ANDIF y is B; THEN z is C;  (17)

where, A;, B;, and C; are fuzzy states governing the ith rule
of the rulebase. In fact this is the the Mamdani approach
(Mamdani system or Mamdani model) named after the
person who pioneered the application of this approach.
Here, the knowledge base is represented as fuzzy protocols
and represented by membership functions for A;, B;, and
C;, and the inference is obtained by applying the composi-
tional rule of inference. The result is a fuzzy membership
function, which typically has to be defuzzified for use in
practical tasks.

Several variations to this conventional method are
available. One such version is the Sugeno model (or, Tak-
agi-Sugeno-Kang model or TSK model). Here, the knowl-
edge base has fuzzy rules with crisp functions as the con-
sequent, of the form

IF x is A; ANDIF y is B; THEN ¢; = f;(x,y) (18)

for Rule i, where, f; is a crisp function of the condition
variables (antecedent) x and y. Note that the condition part
of this rule is the same as for the Mamdani model (17),
where A; and B; are fuzzy sets whose membership func-
tions are functions of x and y, respectively. The action part
is a crisp function of the condition variables, however. The
inference ¢(x, y) of the fuzzy knowledge-based system is
obtained directly as a crisp function of the condition vari-
ables x and y, as follows:

For Rule i, a weighting parameter w;(x, y) is obtained
corresponding to the condition membership functions, as
for the Mamdani approach, by using either the “min” op-
eration or the “product” operation. For example, using the
“min” operation we form

wi(x, y) = min[pa, (x), g, (y)] . (19)
The crisp inference é(x, y)is determined as a weighted av-
erage of the individual rule inferences (crisp) ¢; = fi(x, y)
according to

r

Yowier X wile )ficx. )
ixy) = T =T

>owi > wilx,y)

i=1 i=1

(20)

where, r is the total number of rules. For any data x
and y, the knowledge-based action é(x, y) can be com-
puted from (20), without requiring any defuzzification.
The Sugeno model is particularly useful when the actions
are described analytically through crisp functions, as in
conventional crisp control, rather than linguistically. The
TSK approach is commonly used in the applications of di-
rect control and in simplified fuzzy models. The Mamdani
approach, even though popular in low-level direct control,
is particularly appropriate for knowledge representation
and processing in expert systems and in high-level (hier-
archical) control systems.

Fuzzy Control

Fuzzy Logic Control or simply “Fuzzy Control” belongs to
the class of “Intelligent Control”, “Knowledge-Based Con-
trol”, or “Expert Control”. Fuzzy control uses knowledge-
based decision making employing techniques of fuzzy
logic, in determining the control actions. In this section,
the basics of fuzzy logic control are presented.

There are many reasons for the practical deficiencies
of conventional, crisp algorithmic control. Conventional
control is typically based on “modeling” the plant that
is to be controlled. If the model is not accurate the per-
formance of the controller may not be acceptable. Fur-
thermore, these conventional controllers rely on a com-
plete set of data, including sensory information and pa-
rameter values, to produce control actions, and indeed,
program instructions and data are conventionally com-
bined into the same memory of the controller. If the model
parameters and other necessary data are not completely
known, say unexpectedly as a result of sensing problems,
then appropriate estimates have to be made. Furthermore,
if the available information is fuzzy, qualitative, or vague,
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these “crisp” controllers that are based on such incomplete
information will not usually provide satisfactory results.
The environment with which the plant interacts may not
be completely predictable either, and it is normally diffi-
cult for a crisp control algorithm to accurately respond
to a condition that it did not anticipate and that it could
not “understand”. Also, some conventional techniques of
control assume that the plant is linear and time-invari-
ant, an assumption that hardly holds in a large majority of
practical problems. Conventional control techniques that
are based on “crisp” algorithms or mathematical formulas
can fail when the plant to be controlled is very complex,
highly nonlinear, incompletely known, or contains large
process delays. Often, a control strategy that is based on
“soft knowledge” such as human “experience” in operat-
ing the plant, heuristics, commonsense, or expert opinion
can provide the remedy to these problems.

Basics of Fuzzy Control

Fuzzy control uses the principles of fuzzy logic-based deci-
sion making to arrive at the control actions. The decision
making approach is typically based on the compositional
rule of inference (CRI), as presented before. In essence,
some information (e.g., output measurements) from the
system to be controlled is matched with a knowledge base
of control for the particular system, using CRI. A fuzzy
rule in the knowledge base of control is generally a “lin-
guistic relation” of the form

IF A; THENIF B; THEN C; (21)
where, A; and B; are fuzzy quantities representing process
measurements (e. g., process error and change in error)
and C; is a fuzzy quantity representing a control signal
(e.g., change in process input). What we have is a rule-
base with a set of (1) rules:

Rule 1: A; and B; = C;
Rule 2: A, and B, = C,

Rule n: A, and B, = C, .

Because these fuzzy sets are related through IF-THEN
implications and because an implication operation for two
fuzzy sets can be interpreted as a “minimum operation”
on the corresponding membership functions, the mem-
bership function of this fuzzy relation may be expressed
as

pri(a, b, ¢) = min[pa;(a), wpi(b), pci(c)l . (22)

The individual rules in the rule-base are joined through
ELSE connectives, which are OR connectives (“unions” of
membership functions). Hence, the overall membership
function for the complete rule-base (relation R) is obtained
using the “maximum” operation on the membership func-
tions of the individual rules; thus

ur(a, b, c) = max ug;(a, b, c)

max min[pa;(a), wpi(b), pci(c)] . (23)

In this manner the membership function of the entire rule-
base can be determined (or, “identified” in the terminolo-
gy of conventional control) using the membership func-
tions of the response variables and control inputs. Note
that a fuzzy knowledge base is a multivariable function -
a multidimensional array (a three-variable function or
a dimensional array in the case of Eq. (23)) of membership
function values. This array corresponds to a fuzzy control
algorithm in the sense of conventional control. The con-
trol rule-base may represent linguistic expressions of ex-
perience, expertise, or knowledge of the domain experts
(control engineers, skilled operators, etc.). Alternatively,
a control engineer may instruct an operator (or a con-
trol system) to carry out various process tasks in the usual
manner; monitor and analyze the resulting data; and learn
appropriate rules of control, say by using neural networks.

Once a fuzzy control knowledge base of the form given
by Eq. (23) is obtained, we need a procedure to infer con-
trol actions using process measurements, during control.
Specifically, suppose that fuzzy process measurements A’
and B’ are available. The corresponding control inference
C' is obtained using the compositional rule of inference
(i. e., inference using the composition relation). The appli-
cable relation is

per(e) = supnalibn[mf(a),us/(b),MR(a, b,o)]. (24)

Note that in fuzzy inference, the data fuzzy sets A" and B’
are jointly matched with the knowledge-base fuzzy rela-
tion R. This is a “join” operation, which corresponds to
an AND operation (an “intersection” of fuzzy sets), and
hence the min operation applies for the membership func-
tions. For a given value of control action ¢, the resulting
fuzzy sets are then mapped (projected) from a three-di-
mensional space X x Y x Z of knowledge onto a one-di-
mensional space Z of control actions. This mapping cor-
responds to a set of OR connectives, and hence the sup
operation applies to the membership function values, as
expressed in Eq. (24).

Actual process measurements are crisp. Hence, they
have to be fuzzified in order to apply the compositional
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rule of inference. This is conveniently done by reading
the grade values of the membership functions of the mea-
surement at the specific measurement values. Typically,
the control action must be a crisp value as well. Hence,
each control inference C’' must be defuzzified so that it can
be used to control the process. Several methods are avail-
able to accomplish defuzzification. In the mean of maxima
method the control element corresponding to the maxi-
mum grade of membership is used as the control action. If
there is more than one element with a maximum (peak)
membership value, the mean of these values is used. In
the center of gravity (or centroid) method the centroid of
the membership function of control decision is used as the
value of crisp control action. This weighted control action
is known to provide a somewhat sluggish, yet more robust
control.

There are several practical considerations of fuzzy con-
trol that were not addressed in the above discussion. Be-
cause representation of the rule-base R by an analytical
function can be somewhat unrealistic and infeasible in
general, it is customary to assume that the fuzzy sets in-
volved in R have discrete and finite universes (or at least
discrete and finite support sets). As a result, process re-
sponse measurements must be quantized. Hence, at the
outset, a decision must be made as to the element reso-
lution (quantization error) of each universe. This resolu-
tion governs the cardinality of the sets and in turn the
size of the multidimensional membership function array
of a fuzzy rule-base. It follows that the required computa-
tional effort, memory and storage requirements, and ac-
curacy are directly affected by the quantization resolu-
tion.

Because process measurements are crisp, one method
of reducing the real-time computational overhead is to
precompute a decision table relating quantized measure-
ments to crisp control actions. The main disadvantage of
this approach is that it does not allow for convenient mod-
ifications (e.g., rule changes and quantization resolution
adjustments) during operation. Another practical consid-
eration is the selection of a proper sampling period in
view of the fact that process responses are generally analog
signals. Factors such as process characteristics, required
control bandwidth, and the processing time needed for
one control cycle, must be taken into account in choos-
ing a sampling period. Scaling or gain selection for various
signals in a fuzzy logic control system is another impor-
tant consideration. For reasons of processing efficiency, it
is customary to scale the process variables and control sig-
nals in a fuzzy control algorithm. Furthermore, adjustable
gains can be cascaded with these system variables so that
they may serve as tuning parameters for the controller.

A proper tuning algorithm would be needed, however.
A related consideration is real-time or on-line modifica-
tion of a fuzzy rule-base. Specifically, rules may be added,
deleted, or modified on the basis of some scheme of learn-
ing and self-organization. For example, using a model for
the process and making assumptions such as input-output
monotonicity, it is possible during control to trace and tag
the rules in the rule-base that need attention. The control-
decision table can be modified accordingly.

Steps of Fuzzy Logic Control

The main steps of fuzzy logic control, as described above,
can be summarized in the following manner. A fuzzy
knowledge base must be developed first (off-line), accord-
ing to the following four steps:

1. Develop a set of linguistic control rules (protocols) that
contain fuzzy variables as conditions (process outputs)
and actions (control inputs to the process).

2. Obtain a set of membership functions for process out-
put variables and control input variables.

3. Using the “fuzzy AND” operation (typically, min) and
the “fuzzy implication” operation (typically, min) on
each rule in Step 1, and using Step 2, obtain the multi-
variable rule-base function R; (a multi-dimensional ar-
ray of membership values in the discrete case) for that
rule.

4. Combine (aggregate) the relations R; using the fuzzy
connectives ELSE (fuzzy OR; typically, max) to obtain
the overall fuzzy rule-base (relation) R (a multi-dimen-
sional array in the discrete case).

Then, control actions may be determined in real time as
follows:

1. Fuzzify the measured (crisp) process variables (for ex-
ample, a fuzzy singleton may be obtained by reading the
grade value of the corresponding membership function
at the measured value of the variable).

2. Match the fuzzy measurements obtained in Step 1 with
the membership function (array in the discrete case) of
the fuzzy rule-base (obtained in previous Step 4), using
the compositional rule of inference.

3. Defuzzify the control inference obtained in Step 2 (for
example, the mean of maxima method or the centroid
method may be used here).

These steps reflect the formal procedure in FLC. There are
several variations. For example, a much faster approach
would be to develop a crisp decision table by combin-
ing the four steps of fuzzy knowledge base development
and the first two steps of control, and using this table in
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a table look-up mode to determine a crisp control action
during operation. Also, hardware fuzzy processors (fuzzy
chips) may be used to carry out the fuzzy inference at
high speed. The rules, membership functions, and mea-
sured context data are generated as usual, through the use
of a control “host” computer. The fuzzy processor is lo-
cated in the same computer, which has appropriate inter-
face (input/output) hardware and driver software. Regard-
less of all these, it is more convenient to apply the infer-
ence mechanism separately to each rule and then combine
the result instead of applying it to the entire rule-base us-
ing the compositional rule of inference. This aspect is dis-
cussed next.

Fuzzy logic is commonly used in direct control of pro-
cesses and machinery. In this case the inferences of a fuzzy
decision making system form the control inputs to the
process. These inferences are arrived at by using the pro-
cess responses as the inputs (context data) to the fuzzy sys-
tem. The structure of a direct fuzzy controller is shown in
Fig. 13. Here, y represents the process output, u represents
the control input, and R is the relation, which represents
the fuzzy control knowledge base.

Example Consider the room comfort control system
schematically shown in Fig. 14. The temperature (T) and

T Air
H Conditioner
Temperature -1
Fuzzy Logic Sengor Hslgnls(ollrty
Controller Cooling Rate
C
Room

Intelligent Control, Figure 14
Comfort control system of a room

humidity (H) are the process variables that are measured.
These sensor signals are provided to the fuzzy logic con-
troller, which determines the cooling rate (C) that should
be generated by the air conditioning unit. The objective is
to maintain a particular comfort level inside the room.

A simplified fuzzy rule-base of the comfort controller
is graphically presented in Fig. 15. The temperature level
can assume one of two fuzzy states (HG, LW), which de-
note high and low, respectively, with the corresponding
membership functions. Similarly, the humidity level can
assume two other fuzzy states (HG, LW) with associated
membership functions. Note that the membership func-
tions of T are quite different from those of H, even though

Knowledge Base

R: ELSE[IF Y; THEN U; ]

Inference Engine

Defuzzification

(Compositional Rule of Inference)

Fuzzification

po- () >’

Hu'(u) =ty (y) OR

Y AUy (y)

Control Input '

(Motor currents, voltages, etc.)

Intelligent
Machine

Machine Response y'

(Motions, etc.)

Intelligent Control, Figure 13
Structure of a direct fuzzy controller
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Rule 1:

Rule 2:

1.0
Rule 3:

1.0

Rule 4:

Control Inference:

Intelligent Control, Figure 15
The fuzzy knowledge base of the comfort controller

the same nomenclature is used. There are four rules, as
given in Fig. 15. The rule-base is:

Rule 1: If T is HG and H is HG then C is PH
Rule 2: elseif T is HG and H is LW then C is PL
Rule 3: elseif T is LW and H is HG then C is NL
Rule 4: elseif T is LW and H is LW then C is NH
and if
The nomenclature used for the fuzzy states is as fol-
lows:

Temperature (T) Humidity (H) Change in Cooling Rate (C)
HG = High HG = High PH = Positive High

LW = Low LW = Low PL = Positive Low

NH = Negative High

NL = Negative Low

Application of the compositional rule of inference is done
here by using individual rule-based composition. Specifi-
cally, the measured information is composed with individ-

Centroid

ual rules in the knowledge base and the results are aggre-
gated to give the overall decision. For example, suppose
that the room temperature is 30°C and the relative hu-
midity is 0.9. Lines are drawn at these points, as shown
in Fig. 15, to determine the corresponding membership
grades for the fuzzy states in the four rules. In each rule
the lower value of the two grades of process response vari-
ables is then used to clip (or modulate) the corresponding
membership function of C (a min operation). The result-
ing “clipped” membership functions of C for all four rules
are superimposed (a max operation) to obtain the control
inference C’ as shown. This result is a fuzzy set, and it must
be defuzzified to obtain a crisp control action ¢ for chang-
ing the cooling rate. The centroid method may be used for
defuzzification.

Fuzzy Control Surface

A fuzzy controller is a nonlinear controller. A well-de-
fined problem of fuzzy control, with analytical mem-
bership functions and fuzzification and defuzzifica-
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tion methods, and well-defined fuzzy logic operators,
may be expressed as a nonlinear control surface through
the application of the compositional rule of inference. The
advantage then is that the generation of the control action
becomes a simple and very fast step of reading the sur-
face value (control action) for given values of crisp mea-
surement (process variables). The main disadvantage is,
the controller is fixed and cannot accommodate possible
improvements to control rules and membership functions
through successive learning and experience. Nevertheless,
this approach to fuzzy control is quite popular. A use-
ful software tool for developing fuzzy controllers is the
MATLAB® Fuzzy Logic Toolbox.

Example A schematic diagram of a simplified system for
controlling the liquid level in a tank is shown in Fig. 16a. In
the control system, the error (actually, correction) is given

by
e = Desired level — Actual level .

The change in error is denoted by Ae. The control action
is denoted by u, where 1 > 0 corresponds to opening the
inflow valve and u < 0 corresponds to opening the out-
flow valve. A low-level direct fuzzy controller is used in
this control system, with the control rule-base as given in
Fig. 16b.

The membership functions for E, AE, and U are given
in Fig. 16c. Note that the error measurements are limited
to the interval [—3a, 3a] and the A error measurements to
[—3b, 3b]. The control actions are in the range [—4c, 4c].

Following the usual steps of applying the composi-
tional rule of inference for this fuzzy logic controller, we
can develop a crisp control surface u(e, Ae) for the sys-
tem, expressed in the three-dimensional coordinate sys-
tem (e, Ae, u), which then can be used as a simple and fast
controller. This method is described next.

Valve

| Liquid Level Level | |
Actuator X £ Sensor Controller
Inflow > I
Desired
Level

% ctuator
—— Outflow

Intelligent Control, Figure 16a
Liquid level control system

AN NL NS 70 PS PL
NL NL NL NM NS 70
NS NL NM NS 70 PS
70 NM NS 70 PS PM
PS NS 70 PS PM PL
PL 70 PS PM PL PL

Intelligent Control, Figure 16b
The control rule-base

The crisp control surface is developed by carrying out
the rule-based inference for each point: (e, Ae) in the mea-
surement space E x AE, using individual rule-based infer-
ence. Specifically,

pyr(u) = n}e}xmin[,uﬁi(eo),MAEj(Aeo),,uUk(u)], (25)

where

Ly control inference membership function

€ crisp context variable “error” defined in
[—3a, 3a]

Ae,  crisp context variable “change in error” defined in
[—3b, —3b]

E; fuzzy states of “error”

AE;  fuzzy states of “change in error”

Uy fuzzy states of “control action”

(i, j, k) possible combinations of fuzzy states of error,
change in error, and control action, within the
rule-base.

To find the crisp control inference (u') for a set of crisp

context data (e, Ae), the fuzzy inference 1y (1) is defuzzi-

fied using the center of gravity (centroid) method, which
for the continuous case, is:

[ upy(u)du

7 uelU
= (26a)
J mu(w)du
ueU
or, for the discrete case, it is:
> uipyr(ui)du
/ u; €U
UW=———, (26b)
> wyr(ui)du
u;eU
where U = [—4c, 4c]. Also, if the geometric shape of the

inference is simple (e.g., piecewise linear), the centroid
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Ue(e)
NL NS 10| zo PS PL
-3a -2a -a 0 a 2a 3a ¢
Hae(Ae)
NL NS 1.0| 20 PS PL
-3b -2b -b 0 b 2b 3 de
Hu(u)
NL NM NS 1.0/ zO PS PM PL
-4c -3¢ -2c -c 0 c 2c 3c 4c U

Intelligent Control, Figure 16¢

The membership functions of Error, Change in Error, and Control Action

min @ ——————)

Error Change in Error Control Action
HE HAE, u
10| NL NS UL
T 1.0 1.01
|
R1: |
N0 N -de /b
! I
Il
3a | -2a -a 0 8a 26 -b 10 b “4c -3¢ -2 - 0
|
H“g }NL HAE, b4o) } Hy NM
1.0 ! 1.0/
‘ 1.0 w :
! Nt de /b+1
|
- |
R,: } |
L T
3a % 22 -a 0 3a -2b -b 0 p 4c 3¢ 2 < 0

Intelligent Control, Figure 17

Inference Membership Function

Hyp
1.0 |

de /b+1|-————~—

-de/b

-4c

Individual rule-based inference for e,[—3a, —2al and A e,[—b/2, 0]

-3¢

-2c

max
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ooy
1.0
de/b+1 - ————
o
-de /b 1
° I
. I
(i) [
-c (Ae,/b+3) } | N
I c(dep-2)] (de /b+2) | i
-4c -3¢ -2c -c

Intelligent Control, Figure 18
Sub-regions and critical points for calculation of the centroid

can be computed by the moment method; thus,

n
> area;m;
== (26¢)

n
> area;

i=1
where
area; = area of the ith sub-region
m; = distance of the centroid of the ith sub-region,
on the control axis .
To demonstrate this procedure, consider a set of context

data (e,, Ae,), where e, is in [—3a, —2a] and Ae, is in
[—b/2,0]. Then, from the membership functions and the

PN
----- X
Control Action b ek
ClowwrnnTT
7M. '
'
0 '
wes’y
o0 SO
-1 s
-2
N
3

Intelligent Control, Figure 19
Control surface witha = 1,b = 2,andc = 0.5

rule-base, it should be clear that only two rules are valid in
this region, as given below:

Ry:if e is NL and Ae is NS then u is NL,
Ry:if e is NL and Ae is ZO then u is NM .

Since, in the range [—3a, —2a], the membership grade of
singleton fuzzification of e, is always 1, the lower grade
of the two context values is the one corresponding to the
singleton fuzzification of Ae, for both rules. Then, in ap-
plying the individual rule-based inference, the lower grade
value of the two context variables is used to clip off the
corresponding membership function of the control action
variable U in each rule (this is a min operation). The re-
sulting membership functions of U for the two applicable
rules are superimposed (this is a max operation) to obtain
the control inference U’, as shown in Fig. 17.

For defuzzification, we apply the moment method to
find the centroid of the resulting membership function of
control inference, as shown in Fig. 18. Note that the critical
points in Fig. 17 and Fig. 18 (e. g, —Aeo/b, —c(Ae,/b+3),
etc.) are found from the corresponding membership func-
tions.

From the moment method, we obtain the crisp con-
trol action as a function of e and Ae. The above procedure
is repeatedly applied to all possible ranges of e [—3a, 34]
and Ae [—3b, 3D], to obtain the complete control surface.

Change in Error
Ae
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Also, the procedure can be implemented in a computer
program to generate a control surface. A control surface
witha = 1,b = 2, and ¢ = 0.5 is shown in Fig. 19.

In the present example what we have applied is in fact
the Mamdani approach (Mamdani system or Mamdani
model). Sugeno model (or, Takagi-Sugeno-Kang model
or TSK model) could have been used as well, thereby
avoiding the defuzzification step.

Future Directions

Even though a considerable effort has gone into the de-
velopment of machines that somewhat mimic humans in
their actions, the present generation of intelligent ma-
chines do not claim to possess all the capabilities of human
intelligence; for example, common sense, display of emo-
tions, and inventiveness. Significant advances have been
made, however, in machine implementation of character-
istics of intelligence such as sensory perception, pattern
recognition, knowledge acquisition and learning, infer-
ence from incomplete information, inference from qual-
itative or approximate information, ability to handle unfa-
miliar situations, adaptability to deal with new yet related
situations, and inductive reasoning. Much research and
development would be needed in these areas, pertaining
to techniques, hardware, and software before a machine
could reliably and consistently possess the level of intelli-
gence of say, a dog.

For instance, consider a handwriting recognition sys-
tem, which is a practical example of an intelligent system.
The underlying problem cannot be solved through simple
template matching, which does not require intelligence.
Handwriting of the same person can vary temporally, due
to various practical shortcomings such as missing charac-
ters, errors, nonrepeatability, physiological variations, sen-
sory limitations, and noise. It should clear from this ob-
servation that a handwriting recognition system has to
deal with incomplete information and unfamiliar objects
(characters), and should possess capabilities of learning,
pattern recognition, and approximate reasoning, which
will assist in carrying out intelligent functions of the sys-
tem. Techniques of soft computing are able to challenge
such needs of intelligent machines and intelligent control.

Increased attention will be paid to developments of in-
telligent controllers with inspiration from biological sys-
tems. In particular, hybrid systems that employ two or
more soft computing approaches will become common.
Various techniques of self-learning and distributed intelli-
gent control will find an increased presence [12]. Embed-
ded systems and integrated miniature systems with intel-
ligent sensing, actuation, and control integrated and dis-

tributed within the same device will gain more promi-
nence.
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The term “intelligent systems” has come to mean many
different things in many different contexts and, like most
things related to complex systems, it is hard to nail down
a specific definition that is both rigorous enough to dis-
criminate out those things which should not be included,
but isloose enough to include those that are. As in defining
terms like “agents” or “robots,” one is able to find overly
inclusive definitions, such as “an autonomously acting en-
tity” where a thermostat in the latter case, or hard disk
controller in the former, would meet the definition. On
the other hand, tighten up the definition and telerobotics
or Google’s search bots no longer fit, despite being clearly
related technologically. In the case of intelligent systems,
too tight a definition of intelligence removes, say, the be-
haviors we see in a dog, which can seek out prey or be
trained to beg for its dinner, but loosen the definition and
we find ourselves talking about systems with the intelli-
gence of a clam.

In this chapter, we are holding primarily to a tighter
definition and starting to look at some of the kinds of be-
haviors that take us into areas traditionally associated with
human intelligence. While several of the sections of this
book deal with areas associated with, loosely defined, in-
telligent behaviors and others look specifically at aspects
of Artificial Intelligence tied closely to data or a model, in
this short section we pick up some of the missing pieces
that help us complete the puzzle. The small number of pa-
pers in this section should not cause one to believe that
there is little relation between intelligent systems and com-
plexity, but rather that other sections of this encyclope-
dia necessarily included aspects of intelligence defined at
some level - controlling against complexity demands it.
The reader looking for other articles on Artificial Intelli-
gence and complex systems will find them in many sec-
tions of this volume, particularly including those on:

» Agent Based Modeling and Simulation,

» Complexity and Non-linearity in Autonomous
Robotics, Introduction to,

» Data-Mining and Knowledge Discovery, Introduction
to

» Data-Mining and Knowledge Discovery, Neural
Networks in

» Data-Mining and Knowledge Discovery: Case-Based
Reasoning, Nearest Neighbor and Rough Sets

» Soft Computing, Introduction to, and
» Nonsmooth Analysis in Systems and Control Theory
» Chronological Calculus in Systems and Control Theory

However, despite the strong ties between these many sub-
areas, there were some aspects of intelligent systems left
out of these other topic areas, and this section is provided
to cover these.

One such example is that of the use of mobile agents
as the basis for intelligent cooperation among systems
(see » Mobile Agents). The primary need for mobility is in
bandwidth-limited communications, and with the growth
of modern computer networks, the area has gotten less at-
tention of late. However, with the growing need for, and
use of, sensor networks, wireless networks in noisy en-
vironments, deep-sea or space robotics, and other band-
width-limited systems, agent-based modeling and simula-
tion techniques can be used to model the networks, but
not run on the networks themselves. Thus, an adaptive
network that needs to do agent-to-agent communication
for self-tuning will be seriously impacted in a bandwidth-
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limited environment. Mobility can be used to help in such
situations, moving small amounts of code to where the
data it manipulates is stored, rather than moving the large
amounts of data to where the computation could be run.
Using such mobile agents bring both new capabilities,
and new challenges, and as we try to increase the intelli-
gence of systems operating in networks with disconnec-
tion, low bandwidth or high latency, such as many of the
networks deployed in warfighting situations, agent mo-
bility is regaining attention as an important area of re-
search.

Another area that needs to be covered is that of the
role of intelligent systems in the modeling and simulation
area (see P Artificial Intelligence in Modeling and Simula-
tion). While agent-based modeling, as discussed elsewhere
in this encyclopedia, is an important area, there are aspects
of modeling it does not fully cover. One of these is the
use of symbolic reasoning for use in validating models and
simulation. Another is the actual modeling of the reason-
ing of other agents. For example, a baseball player recover-
ing a ball that dropped in the outfield must be able to rea-
son about what the base runners, who are trying to move
up, and his team-mates, who are trying to hold them back,
will most likely do. The player’s skill in guessing the be-
haviors of these other agents, both competitive and coop-
erative, could be the difference between whether the game
is won or lost.

As well as improving our capabilities in modeling and
simulating systems, it is important to look at how, with
the use of intelligent systems, we might better control
the complex systems being modeled. Instead of trying to
model a complex plant directly, in this section we look at
work that takes a different approach. Instead we consider
the knowledge-based control that results from observing,
studying and understanding the behavior of a plant and/or
the behavior of a human controlling it (see » Intelligent
Control). This area includes looking at soft-computing ap-
proaches to create an “approximate reasoning” solution
that can be used for mimicking the control decisions that
would be made by a human monitoring a plant, rather
than for modeling the plant itself. Fuzzy logic, a particu-
lar branch of soft control has been successfully applied to
the control of many complex systems, a number of which
are described here. (The reader with a sense of humor may
see a certain irony in many manufacturer’s use of fuzzy
logic to improve the picture on their camcorders and tele-
vision sets, but let us leave that unexplored). Of particu-
lar import, this article outlines various ways in which the
mathematical operations used in such control can be com-
bined, allowing for the control of complex, non-linear sys-
tems that defy simpler control regimes.

Looking at very complex situations, a human operator,
or at least a program simulating one, may want to look be-
yond soft computing and deal with the world at a higher
level. One of the key abilities which separates the human
from other primates and animals is our ability to learn over
time to abstract away many details of the complex world in
which we live, and to make plans for how to control it over
time. Where planning itself can be a complex problem-
solving task, learning how to abstract key aspects of situa-
tions and to apply plans to these is a critical need for deal-
ing with complexity (see » Learning and Planning (Intel-
ligent Systems)). Exploring how we learn to plan is an area
which has been gaining importance in the intelligent sys-
tems area as approaches which do not learn, but which ap-
ply brute force problem solving to larger and larger prob-
lems, are reaching the limits of their capabilities against the
increasingly complex domains in which we wish to deploy
our computational systems.

A recurring theme that arises in all of these attempts
to provide intelligent behavior in evermore-complex sys-
tems environments is that of using a level of abstraction to
reason not about some data or system itself, but about the
meaning of the behaviors being observed. A critical aspect
of performing such abstraction is the ability to represent
amodel of a system to the computer in a machine-readable
way. The term “ontology” is used to describe this com-
puter-based representation of the domain in which a sys-
tem is trying to function.

Although ontologies have been around for a long time
in Al they have recently come back into their own in try-
ing to help computer systems interact with one of the most
complex human constructions in history - the millions
of billions of dynamically changing bits of information
that comprise the World Wide Web. While the Web has
changed a great many aspects of our society, understand-
ing its dynamics remains a major challenge (See Berners-
Lee et al., Creating a Science of the World Wide Web, Sci-
ence, 313(5788), August 2006, pp 769-771.) The use of on-
tologies, and other Al techniques, to help computers better
process this massive information space is the raison d’etre
of the “Semantic Web,” an overview of which is also pre-
sented in this section (see » Semantic Web).

In short, this section, despite its brevity, picks up
a number of themes that arise throughout this encyclo-
pedia. These five articles will help the reader understand
how many of the themes above are connected together via
the use of technologies developed in artificial intelligence
labs, allowing the creation of intelligent systems that pro-
vide a key tool in our arsenal for dealing with the complex-
ity of the natural world and/or the complex human society
that has evolved to let us live in it.
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Glossary

Cognition A general concept of psychology referring to
all processes and structures of the mind. These com-
prise the processing of stimulus ‘input’ (i.e., per-
ception) and the internal processing of represented
information (e. g., memory functions, thinking, prob-
lem solving); the latter processes presuppose inten-
tional features of the mind. Cognitive structures in-
clude knowledge, categories, memory, attitudes, and
schemata, again intentional concepts.

Dynamical systems theory A system is any set of things
(components, elements) that stand in relation to one
another. If a rule or description exists that defines how
the systems change over time (such as a differential
equation or a mapping algorithm), the system is a dy-
namical system.

Intentionality A characterizing property of the mind. In
contrast to physical systems, mental states have con-
tent, i. e. they ‘are about something’ in the sense that
they contain a reference to an object, or the represen-
tation of an object. In addition to aboutness, intention-
ality demands a functional reference to the intentional
object.

Mind-body problem The philosophical question as to if
and how mind and brain/body interact. Analogously,
the question if mental processes and physical processes
are ontologically different.

Naturalization Explaining mental phenomena using
concepts and models derived from the natural sci-
ences. Naturalization efforts may be viewed as tools in
order to develop viable simulation models of mental
processes.

Definition of the Subject

In the philosophical and psychological tradition, inten-
tionality is viewed as a characterizing property of mental
(cognitive) acts. Mental acts have content, i.e. they ‘are
about something’. This something is called the intentional
object. Intentionality may take the form of a desired state
(as in, “T wish it were Friday.”) or a goal (e.g., my plan
for a weekend trip to the mountains). When viewing the
constituents of the mind (the cognitive system) in this in-
tentionalist manner, we stand in stark contrast to scientific
descriptions of physical systems. These latter systems are
material things, which are sufficiently described without
reference to objects they would be about, or to states they
might desire to realize. Therefore, are mental and physical
systems qualitatively different with respect to intention-
ality? If yes, we are confronted with a dualist worldview
entailing an aggravated mind-body problem. If no, a so-
lution is demanded that can elucidate how mental phe-
nomena may be explained avoiding intentional language
or, conversely, how physical systems may show or mimic
the features of intentionality. The project involved in the
latter case may be named naturalization of intentional-
ity.

Clarifying the problem of intentionality is important
in several respects. First, psychology and other cognitive
sciences are conceptually divided into two approaches, the
phenomenological (first-person) approach and the behav-
ioral and/or biological (third-person) approach. The con-
flation of first-person and third-person concepts may be
viewed as a serious impediment to theorizing through-
out psychology and cognitive neuroscience. Second, mod-
ern societies have a growing demand for machines and
software that can function in ‘intelligent’ ways. Therefore,
engineers of artificial knowledge-based systems need to
know how intentionality can be implemented in physical
information-processing machines. Third, the problem of
intentionality is one of the foundational problems of the
philosophy of mind and of consciousness research. Any,
even if partial, solution to this problem that may be de-
rived from a dynamical systems perspective is therefore
welcome.

The phenomenology of intentional acts is well known;
phenomenology vyields the features of intentionality,
which can indicate how closely a formal, mathematical, or
physical model of intentionality approximates an under-
standing of the problem. These features are

o Aboutness, the intentional system’s state must be about
something in the system’s environment

e Functionality, intentional states should be functional or
instrumental with respect to what they are about
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o Mental-likeness, in the sense that apart from being in-
tentional, these model systems should have properties
that resemble the properties of mental states. Espe-
cially, an interpreter (homunculus) who may account
for missing links in the explanation of intentional men-
tal states must not be allowed.

Introduction

If mind and matter are qualitatively different things, what
is the nature of their difference? This is an elementary
question of philosophy and scientific disciplines address-
ing the mind. This question and the potential answers to it,
referred to as the mind-body problem, have a long history.
What is the relationship between mind and body? If there
is no essential difference between the two, or only a super-
ficial difference, one may reach a monist understanding of
the problem. The monists include idealists who posit that
mind creates its world. A very distinct monist would be
someone holding eliminative materialism, i. e. who would
assume that the mind can be completely reduced to matter
(e.g. [7]). If, on the other hand, a real difference between
mind and body exists, we enter dualist notions (e. g. [41]).
Dualism is confronted with intricate questions of how we
may conceive of the interaction between mind and body.
In the interest of the specific discussion of intentionality in
this article, we will refrain from giving an account of philo-
sophical theories of how mind and body may be associated
in general.

Apart from presenting a core problem to the philos-
ophy of mind, the mind-body problem is of interest to
a wide range of contemporary scientific disciplines, espe-
cially psychology, neuroscience and computer science (ar-
tificial intelligence). In recent decades, a novel approach
to cognitive science has appeared, combining dynamical
systems theory with cognitive science. This dynamical ap-
proach to cognition addresses mind-body topics more or
less explicitly. We will sketch this approach here because
it provides the background for the ensuing treatment of
intentionality.

The dynamical approach to cognition is founded on
a number of studies and empirical paradigms. In vari-
ous perceptual and behavioral tasks, researchers have ob-
served a set of signatures of dynamical systems. These
signatures are typically related to temporal patterns ob-
served in the systems, especially asymptotic stability, and
in many paradigmatic cases, multistability. Asymptotic
stability means that a system’s pattern of behavior is sta-
ble so that, in the face of an external disturbance, the sys-
tem returns ‘asymptotically’ to this pattern. Multistability

means that several such patterns may coexist in the behav-
ioral space of a single system.

Movement coordination has been at the center of sev-
eral applications. Haken, Kelso and Bunz (1985) [22] pro-
vided a model of the coordination of two limbs (e. g. the
hands, or the forefingers of both hands, of a person) using
equations from dynamical systems theory. The rhythmic
movement of the limbs generally becomes synchronized
after a short time; these synchronous movement patterns
are stable with respect to external inputs, i.e. they usu-
ally return to synchrony after externally induced disrup-
tions of movement. Furthermore, they have been shown to
undergo phase transitions depending on the values of the
control parameter (in the Haken-Kelso-Bunz [22] system,
the velocity of movements prescribed by a metronome).
Characteristic phenomena were observed in the context
of phase transitions such as hysteresis and critical fluc-
tuations. Analogous findings were reported in animal lo-
comotion. Here, especially multistability has attracted the
attention of researchers because in certain regions of con-
trol parameter space two qualitatively different limb coor-
dination patterns frequently occur. For instance, a horse
may either gallop or trot at a certain velocity. In the seem-
ingly unrelated field of visual perception, very similar sig-
natures of dynamical systems were found in ambiguous
stimuli ([18,29]). This research on perceptual organiza-
tion may be viewed as a continuation of the tradition of
Gestalt psychology ([27,45]). For example, perception of
apparent motion (i.e. perception of motion in the ab-
sence of real motion of the stimuli, Wertheimer [50]) can
be induced presenting a stimulus, e.g. a black disk, al-
ternately in different positions of the visual field. Certain
spatial configurations of the disks allow perception of two
or more qualitatively different kinds of apparent motion
although identical stimuli are presented. Hence this and
related paradigms create perceptual multistability. Again,
the signatures of self-organizing dynamical systems (as de-
scribed by synergetics) can be found in the phase transi-
tions between the different apparent motion perceptions.

The dynamical hypothesis in cognitive science
([46,49]) proposes that cognitive agents may be mod-
eled as dynamical systems (instead of as physical symbol
systems, Newell [36]). A common denominator in these
dynamical approaches is to start from elementary per-
ception-action cycles, an idea that is also implied in the
concept of embodied cognition. Clark [10] elaborated
three bridging assumptions by which the numerous em-
pirical findings can be integrated in the theory of dynam-
ical systems. First, the assumption of continuity refers
to cognition as continuous with its developmental foun-
dations [44]. Second, ‘off-line’ reasoning and thinking is
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viewed as continuous with on-line motor control strate-
gies. Therefore abstract cognition may be decoupled from
the actual environment but may still be working on the
same dynamical principles; thinking is accordingly un-
derstood as emulated sensorimotor loops of perception—
action cycles. Third, due to the dynamical hypothesis, pat-
tern is provided not by programs but is ‘soft-assembled’
by a continuing process of self-organization. This latter
assumption was initially formulated in the framework of
theories on complex systems in the natural sciences (espe-
cially Haken’s synergetics: Haken [17] and the theory of
dissipative systems: [37]). The self-organization approach
was successively introduced to cognitive science [21,26].
As already mentioned, prior to contemporary systems
theory Gestalt psychology had developed a treatment of
cognition and action which was very much akin to the
dynamical systems approach, especially Kohler [27] and
Lewin [30].

Cognitive science, especially its computational main-
stream after behaviorist psychology turned cognitive in
the 1960s, has had a tendency to start with ‘higher’ cog-
nitive functions such as goals, beliefs and, in the con-
text of goal-directed behavior, plans. This generated the
symbol-grounding problem. The dynamical approach has
avoided this problem arising in the computational frame-
work [24] and has therefore proceeded in a bottom-up
fashion instead. Higher cognition is assumed to emerge on
the basis of elementary sensorimotor loops. Rather than
focusing on symbol grounding, the dynamical view ad-
dresses symbol emergence that depends on control pa-
rameters. These control parameters comprise the eco-
logical embedding of cognition, i.e. the environment of
the cognitive agent. Therefore, the dynamical approach
views cognition predominantly with reference to its em-
beddings, as embodied cognition [39] or situated cogni-
tion [16].

Intentionality and Representation

The dynamical view in cognitive science thus naturally
leads to the concepts of embodied and situated cogni-
tion. Consequently, intentionality of mental acts can be
discussed under these premises. Rather than searching, in
a top—down fashion, for a fundament of experienced in-
tentionality of the mind, the dynamical systems heuristic
can be formulated differently: If the mind is conceptual-
ized as arising from self-organization processes, is there
a natural way by which emergent mental acts can be con-
ceptualized as being about something?

Intentionality was introduced as a characterizing
property of mental acts by Franz von Brentano, a philoso-

pher and early psychologist. In the late 19th century
Brentano was professor at the University of Vienna where
Edmund Husserl, Sigmund Freud, Carl Stumpf and other
later protagonists of philosophy and psychology counted
among his students. According to Brentano [4], mental
phenomena are always directed towards an object (the
intentional object). In other words, mental states con-
tain within themselves something else (‘intentionale Inex-
istenz’, 1. e. intentional existence within). No physical phe-
nomenon has such intentional content, therefore accord-
ing to Brentano intentionality constitutes the distinctive
feature of the mind. Many concepts of contemporary cog-
nitive psychology are in this sense intentional. The basic
concepts goal, wish, plan and intention of volitional psy-
chology [15,28] obviously have intentional content. The
same applies to achievement, valence and need in motiva-
tion psychology [32]. Affects and emotions are also gen-
erally about something and thus intrinsically intentional
concepts.

It should be noted, however, that intentionality may
not provide a sufficient and necessary condition for a state
or process to be mental. Not all mental states are inten-
tional; some emotional states (e.g. moods such as a per-
vasive feeling of melancholy or of serenity) do not nec-
essarily possess intentional content because they are not
about something; yet they are undoubtedly experienced
mental states. Furthermore, intentionality is likely not the
only property that distinguishes mental from physical sys-
tems. Many current philosophers of mind suggest that in
addition to intentional content, the phenomenal content
of mental states must be considered [33]. This immedi-
ately leads to the topic of consciousness, which cannot be
addressed here.

A concept very closely related to intentionality is rep-
resentation. Representation plays a central role in cogni-
tive psychology (as schema: Neisser [35]), in philosophy
of mind (as language of thought: Fodor [11]) and in artifi-
cial intelligence (as physical symbol system: Newell [36]).
In all of these fields representation of knowledge is a foun-
dational concept, yet at the same time constitutes a core
problem. If a cognitive agent is to have knowledge of its
environment, the obvious idea is that there must be some
kind of mental map or mental model of the environment
‘inside’ the agent. On the basis of information thus rep-
resented, the agent would then perform cognitive actions
such as memory functions, manipulations for problem
solving, and the like. One may note the close analogy of
representation with the intentional object.

The naive, folk-psychological intuition of an inner
map or depiction of the environment on which cogni-
tive functions can be performed is however unsatisfac-
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tory [2,9]. The map concept per se is not explanatory. The
reason for this is simple: if the problem of an information-
processing agent is to make sense of its physical environ-
ment, the solution to this problem will not be alleviated
at all by representation alone; the agent’s task of making
sense of the represented environment is just as demand-
ing. The theory of direct perception [13] has therefore pro-
posed that information pick-up must occur right at the
moment of perception, without any representational in-
terlude. For analogous reasons, the ‘storehouse metaphor’
of memory has been rejected by researchers of cognitive
science [14]. Memory is likely not a passive store out of
which represented items, the memory engrams, can be re-
trieved at a later time, but a more active, constructive pro-
cess. Eyewitness research (e. g., the so-called false mem-
ory syndrome, [31]) has emphasized how modifiable and
adaptive the represented contents of memory actually are.
Representation-as-mapping has therefore been criticized
as merely providing a pseudo solution to a deeper prob-
lem, which is likely the very problem of naturalizing in-
tentionality.

Synergetics

We have proposed that cognitive phenomena have at-
tributes of dynamical systems, and that higher functions
and more complicated contents of the mind are con-
structed bottom-up from simpler components by a pro-
cess of self-organization. It is the goal of this line of ar-
gument to show that intentionality can be conceptualized
using this framework. Since dynamical systems theory, as
well as self-organization theory, are mathematical tools
that have been developed for applications in physics, biol-
ogy and other natural sciences, we may thereby approach
the goal of a naturalization of intentionality. The final step
prior to formulation of this naturalization proposal is to
introduce self-organization theory.

We will rely largely on the interdisciplinary modeling
approach of synergetics that deals with complex systems,
i. e. systems composed of multiple components [17,18,19].
By way of interactions, these components can produce
new qualitative features on macroscopic scales. Synerget-
ics focuses on the emergence of these new qualities, while
addressing the question of whether there are general prin-
ciples governing the behavior of complex systems when
such qualitative changes occur. In a large class of systems,
it has been shown that they become accessible to unify-
ing mathematical and conceptual approaches. A paradig-
matic system is the Bénard system (e. g. [1]), which is com-
prised of a layer of fluid heated with temperature T from
below. The temperature at the upper surface of the fluid

is T;. Beyond a critical value of AT = T, - T; extended
coordinated motion of the components of the fluid system
emerge. Compared to the erratic Brownian motion of the
single components, these patterns are an example of the
emergence of the new qualities focused on by synergetics.

Synergetics is based on observations that the behavior
of many systems is strongly determined by environmen-
tal conditions. These conditions may be divided into con-
stant (structural) constraints (e. g. the shape of solid walls
that confine fluid systems such as the Bénard system), and
into further environmental conditions that energize the
systems (e. g. the heat source that drives the Bénard sys-
tem). In the mathematical approach, these latter driving
conditions are expressed by control parameters. In many
cases, control parameters take the form of externally ap-
plied gradients, which are imposed upon the system from
without, such as, for instance, the difference in tempera-
ture AT of the Bénard experiment. The general strategy in
synergetics sets out from a state of a system that is already
known under a certain control parameter value. When one
or several control parameters are changed, this system can
become unstable and show a tendency to leave its state to
develop a new structure or behavior. The system in ques-
tion is described by the states of its individual components,
by means of a state vector q. The individual components
in the Bénard system, for example, are the motions of sin-
gle fluid molecules; components may also be, with respect
to applications in psychology, the attributes of members
within a social group or neurons in the brain.

Synergetics shows that the behavior of the system close
to instability points is described and determined by few
quantities, namely the order parameters. In the case of
a single order parameter n of a complex system a typical
equation reads

6(11—’: =cn (1)

where c is the ‘effective’ control parameter.

For ¢ >0, nincreasesexponentially,
¢ <0, ndecreases exponentially,
¢ =0, nremains constant.

As was mentioned, ¢ denotes the control parameter, a rel-
evant parameter imposed on the system from outside, i. e.
from the environment of the system. The generally few or-
der parameters enslave, i. e. determine, the behavior of the
many individual components. This implies an enormous
information compression, because the description of the
order parameters alone, rather than of each component,
suffices. In the case of the Bénard system, description of
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the coordinated motion yields a much more parsimonious
description of system behavior than the description of all
molecular movements in the Brownian motion state of the
fluid. While they are being determined by the order pa-
rameters, it is the individual components that react on the
order parameters and, by so doing, even generate the lat-
ter. The relationship between order parameters and com-
ponents is, therefore, founded on circular causality, which
can explain the generally avalanche-like onset of, and tran-
sition between, macroscopic states. In other words, this
theory favors neither top-down nor bottom-up model-
ing but claims that both processes are entangled. Order
parameters, after they have been generated in this fash-
ion, quite often exhibit very simple behavior, for instance
asymptotic stability.

Obviously, the system depicted in Fig. 1 is an open sys-
tem. Self-organizing systems are invariably open systems
in that they depend on control parameters. In terms of
thermodynamics, they are non-equilibrium systems.

Let us however first focus on closed systems, in other
words, systems in thermal equilibrium. Classic thermody-
namics deals with closed systems throughout. The prob-
ability of all configurations of components within the
(closed) system can be estimated. When dealing with
a complex system consisting of a multitude of compo-
nents, a great many possible realizations of the state vec-
tor q exist, namely the number of all combinations W of
the states of components. Only a small fraction of these
realizations are seen as regular, well-organized patterns.
The vast majority of realizations, however, will represent
a state of mixture. Should ordered patterns exist as an ini-
tial condition, it is far more probable that the temporally
consecutive system states will be characterized by less or-

order parameter

"Circular
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drives | effective
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(state vector q)

Intentionality: A Naturalization Proposal on the Basis of Complex
Dynamical Systems, Figure 1

Schematic illustration of circular causality as viewed in synerget-
ics

der. This is due to the statistical fact that the majority of
possible consecutive states will be states with less order
rather than states with the same, or even a higher degree,
of order. Within a thermodynamics context, this touches
on the concept of entropy S (disorder) in accordance with
Boltzmann’s statistical approach, in which § is directly re-
lated to the number of combinations W. The second law
of thermodynamics states that any real closed system can
only proceed in the direction of increasing entropy, hence
following a maximum entropy principle. Hence, the spon-
taneous generation of order is highly improbable as indeed
a spontaneous generation of disorder is to be expected.
In other words, the emergence of pattern from a state of
mixture requires explanation; the explanation is that the
phenomenon of self-organization is driven by an external
source, so that the premises of closed systems do not ap-
ply. Since the concept of entropy is defined only for equi-
librium or close-to-equilibrium systems one may base the
discussion of self-organizing systems on the concept of in-
formation [19,47].

Some authors have applied the laws of thermodynam-
ics in order to allow the study of self-organizing sys-
tems. The ‘restated second law’ of thermodynamics [42,43]
addresses non-equilibrium systems, i. e. systems that are
forced away from equilibrium by the application of gradi-
ents. The degree to which a system is moved away from
equilibrium is measured by the gradients imposed on the
system. As soon as such gradients dwell in the system’s
environment, the system will, as a consequence of the re-
stated second law, “[...] utilize all avenues available to
counter the applied gradients. As the applied gradients in-
crease, so does the system’s ability to oppose further move-
ment from equilibrium” [42]. Schneider and Kay’s restate-
ment of the second law avoids some of the problems of
defining entropy and entropy production by focusing on
the destruction of gradients instead.

It should be kept in mind that this ‘destruction of gra-
dients’ is only virtual (in analogy to the principle of virtual
work in mechanics), because in open systems gradients are
generally maintained by the environment. If, however, the
self-organizing system and its finite environment act as
a closed system, the gradient reduction becomes real. In
other words, the effective control parameter ¢ depends on
the order parameter n,

c=c¢y—an (2)

where ¢ is the control parameter prescribed from the out-
side and a constant. The effective control parameter (2)
obeys the differential equation

dc _ _dV 3)
dn ~ dc
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Intentionality: A Naturalization Proposal on the Basis of Complex
Dynamical Systems, Figure 2

Schematic illustration of the relationship between control pa-
rameter and order parameter (‘second circular causality’)

where
V =ac (4)

is a potential and thus the right-hand side of (3) a gradient.

Discussing the time evolution of n and ¢ according to
(1) and (2), we assume that, initially, n = n(0) is close to
zero and ¢ ~ ¢g > 0.

Thus, according to (1), n increases exponentially. As
a consequence, according to (2), ¢ decreases, and the ex-
ponential increase of n slows down. This process goes on
until ¢ = 0 and n reaches a time-independent, i. e. steady,
state. In practice, the transition to the new state is com-
pleted while the gradient has been reduced. In the Bénard
example, the coordinated motion patterns have consumed
the applied temperature difference and have reduced AT
to 0. Then the motion patterns subside and steady state
remains. This relationship between emergent pattern and
control parameter is thus in line with the notion of gradi-
ent destruction. The reduction of ¢ by # establishes a sec-
ond kind of circular causality, which is schematically illus-
trated in Fig. 2.

Discussion: Naturalization of Intentionality

The steps above have put us in a position where the nat-
uralization of intentionality comes within reach. We pro-
pose that this can be achieved on the basis of the proper-
ties of self-organizing complex systems. In this section we
will therefore discuss to what extent the features of inten-
tionality (listed in Sect. “Definition of the Subject”) can be
approximated by such systems.

Aboutness

Intentionality implies that a system state is about some-
thing else, namely the intentional object. In terms of cog-

nitive psychology, this process is called representation, by
which a ‘cognitive map’ of the object is generated particu-
larly during perceptual or memory processes.

To be capable of intentionality and representation,
a minimum requirement is that the intentional system
must be an open system. Many open systems can provide
representations in the sense of mappings of environmen-
tal impacts. The silver particles of a light-sensitive surface
of a photographic film can ‘represent’ the objects in front
of the lens, however in a trivial, weak sense. As has been
shown in the previous section, a self-organizing system
can likewise ‘represent’ and thus generate the feature of
being about something. In the latter system the order pa-
rameter is a component in the loop labeled ‘second circu-
lar causality’ (Fig. 2). Within this loop the complex sys-
tem ‘represents’ an external object by the generation of
an order parameter. The intentional object in this case is
the external control parameter. The environmental con-
dition described by control parameters is what self-orga-
nized patterns ‘are about’.

The mechanisms of representation are clearly diver-
gent in these two systems, as is the nature of the inten-
tional objects. In the photographic system the mapping of
the environmental objects onto the representing system is
unidirectional, whereas in the self-organizing system there
is continuous interaction between environmental objects
and system. This circularity is illustrated in Fig. 2 and pro-
vides an important and desirable aspect of the kind of
aboutness realized by such systems. Circularity guarantees
that an intentional system is capable of exerting a retro-
grade effect back on what has been represented. This effect
is generally a reduction of the gradient quantified by the
control parameter.

Functionality

Intentionality must be functional in order to make repre-
sentation explanatory, i. e. make representation more than
just a mapping of environmental states onto the system’s
state.

The functionality of open systems has previously been
approached from the angle of thermodynamics. Schneider
and Sagan [43] pointed out that self-organizing systems
maintain and increase their levels of organization by dis-
sipating non-equilibrium gradients. If the gradient is to
be kept constant, the demand on free energy (so-called
exergy) that must be provided by an external source in-
creases as the system becomes more organized. Alterna-
tively, the efficiency of the system can be defined as the
ratio of the change of work and the change of the gra-
dient driving the system. This can be shown by findings
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in simple physical systems that generate patterns; e. g. Bé-
nard cells reduce the temperature gradient more efficiently
as soon as they have generated ordered convection struc-
tures. Efficiency has thus increased in the self-organized
convection regime in comparison to the linear conduction
regime of the fluid. Analogous relationships are found in
further self-organizing systems such as the laser when out-
put power is plotted against input power [17]. In other
words, pattern formation in these open systems is in the
service of gradient reduction. The association of pattern
formation with gradient reduction makes pattern forma-
tion functional.

In situations of multistability, several patterns are pos-
sible, so that each of these can be functional in reducing
the gradients imposed on the system. These alternative
patterns can be associated with different efficiencies. It is
theoretically suggestive that the two circular loops pointed
out in Fig. 1 and 2 interact and thereby create a darwinis-
tic scenario in which a competition between microscopic
modes ¢ arises; the environmental forces ¢ exert a selec-
tive impact on this competition of modes. From a math-
ematical modeling point of view it is not however clear
if the optimal pattern is necessarily selected, nor under
which circumstances the optimal pattern will be chosen.
In some systems, such as quadruped movement coordi-
nation, it was empirically found that the specific pattern
that provides the most efficient behavior (measured as the
metabolic cost of transport of the animal) will be realized
by the system [25]. The generalizability of such findings of
optimality is not yet established.

Mental-Likeness

In this discussion we have so far found that the about-
ness of intentionality and representation can be modeled
by open systems. Only a subclass of open systems pro-
vides functional representations. Especially, certain self-
organizing non-equilibrium systems appear to show the
two features of aboutness and functionality.

It is obviously useful to reserve the predicate ‘inten-
tional” for mental systems alone. Thus, even though some
physical self-organizing systems may show circular causal-
ity loops and thus stand the tests of aboutness and func-
tionality, we would still categorize systems such as lasers,
Bénard cells etc. as being not mental. We may say that such
self-organizing physical systems behave ‘as if they were in-
tentional’, i. e. they are proto-intentional systems. Let us
finally investigate under which conditions self-organizing
non-equilibrium systems may also show mental features
and, with this, conclude the proposal of naturalizing in-
tentionality. This final step is basically a discussion of the

validity of the statement that self-organizing systems can
show intentionality.

e Complexity reduction is a core hallmark of mental pro-
cesses. The ability of a system to simplify, group and
coordinate environmental information is a necessary
premise for any system to be mental. This property
is addressed in the circular causality concept of syn-
ergetics illustrated in Fig. 1. With respect to informa-
tion compression, self-organizing physical systems are
mental-like.

o Stability together with related signatures of stability
(e.g. hysteresis, critical fluctuations) is a further men-
tal property, which is empirically well founded espe-
cially in the psychology of perception. Again, the emer-
gent order parameters of self-organizing physical sys-
tems generally show this property.

e Autonomy is required of intentional mental systems,
i. e. mental systems must be able to function in the ab-
sence of external agents. This ability addresses the ‘ho-
munculus-problem’ that has already been introduced
together with the feature of functionality. We may say
that generally self-organizing systems do not require
external supervision for producing order parameters
(therefore, self-organizing). This does not rule out that
several autonomous systems may be nested inside one
another (cf. Minsky’s society of mind [34], or the no-
tion of subsumption architecture of Brooks’ [5] robotic
agents).

e What is the nature of the intentional content? Which
aspect of the environment is being represented by self-
organizing systems? Order parameters are intentional
with respect to those environmental parameters that
drive the system. In other words, the intentional con-
tent is generally connected to what energizes the sys-
tem. This is a satisfactory model in all those instances
where mental intentionality is of a motivational char-
acter, resembling a psychological ‘drive’ [12]. In the
introduction we specified wishes, desires, affects, in-
tentions, goals and the like as intentional. Such inten-
tional states can be directly modeled by self-organizing
systems that act to reduce the driving parameters (in
Freudian terms, drive reduction). The self-organization
model, however, is less applicable whenever intention-
ality is of a language-like, propositional type [11]. It
is quite a different task to model, for instance, the in-
tentionality inherent in the belief that “there is a uni-
corn grazing in the garden”, using simple self-organiz-
ing systems. Therefore, the discussion of mental-like-
ness of self-organizing systems remains restricted to
nonlinguistic intentionality.
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e The only mental systems known to date, despite the
efforts of several decades of artificial intelligence re-
search, are neuronal networks inside biological organ-
isms. Therefore, can the argumentation above be ap-
plied to brain dynamics and to pattern formation in
neural networks? One may then associate the gradi-
ent of ¢ with intentionality in a neurocognitive sense.
Haken [20] has discussed synchronization, i. e. self-or-
ganization, of neural nets using various mathematical
frameworks. Haken and Tschacher [23] have specifi-
cally addressed the reduction of the effective control
parameter on the basis of the Wilson-Cowan equa-
tions describing cortical dynamics [51]. Haken and
Tschacher suggested that the general findings on cir-
cular causality in the relationship between order pa-
rameter and control parameter can be readily applied
to neural networks.

In conclusion, we have argued that a formulation of inten-
tionality is feasible on the basis of the theory of nonlinear
dynamical systems. When such systems are removed from
thermodynamical equilibrium they acquire the capability
of producing self-organized patterns. Pattern formation
consequently puts the systems in a specific relationship
to environmental parameters. Owing to the accompanying
circular loops, these systems show aboutness, the defining
property of intentionality, as well as functionality, which
is essential for making the aboutness of intentional states
explanatory. Finally, it can be shown that some of these
self-organizing systems are mental-like because their be-
havior empirically shows signatures of mental phenomena
beyond the features of intentionality. We therefore con-
clude that intentionality can be naturalized to a consider-
able extent using non-equilibrium complex systems.
Some caveats have turned up during this discussion,
which may provide points of departure for future research.
First, it is as yet unclear if the resulting self-organized
patterns obey an optimization principle. In some empir-
ically described systems showing multistability it could be
shown that the more optimal pattern wins the competition
among order parameters, but the generality of such find-
ings is yet to be corroborated. Correspondingly, Haken
and Tschacher [23] have discussed ‘second circular causal-
ity’ in the case of only one order parameter. A mathemat-
ical model comprising m>1 order parameters would be
a desirable next step. Second, we found that naturaliza-
tion of intentional states is achievable when these states
comprise motivation, goals, intentions, or drives; these
may be viewed as basic intentional states related to behav-
ioral strivings. At the moment, however, the intentionality
problem appears intractable when these intentional states

are of a symbolic and propositional nature. The difficul-
ties of modeling Fodor’s language-of-thought do indeed
complicate the modeling of intentionality beyond its basic
form (cf. Churchland [8], p. 304). At the present time, we
may consider non-linguistic intentionality as the primary
problem, which in fact seems accessible. The solution to
this problem might support the clarification of symbolic,
secondary intentionality in the future. This restriction to
non-linguistic intentionality is likely related to a further
limitation. Contrary to von Brentano’s supposition, men-
tal phenomena may have to be viewed as intentional as
well as phenomenal. Systems theory addresses solely the
primary aspects of intentionality, yet not the ‘hard prob-
lem’ [6] of the phenomenal nature of intentionality. It does
not lie within the scope of the present treatment to deter-
mine if and how the dynamical view can illuminate the
hard question of consciousness.

Future Directions

The topic of intentionality has numerous implications be-
yond the philosophy of mind and theoretical psychology.

In psychiatry and in psychotherapy research, inten-
tionality is a topic of considerable significance because in-
tentional mental acts and states are often characteristically
altered or disturbed during a mental disorder. Many such
psychopathological conditions are found especially among
the symptoms of schizophrenia, such as disorders of for-
mal thought as well as of thought content, disorders of
perception, and ego disorders. The symptoms are hetero-
geneous and manifold. A majority of these symptomatic
alterations, however, involve changes in the cognitive co-
ordination of the patients [40]. Recent schizophrenia re-
search has shown that a considerable portion of the vari-
ance of psychotic symptoms can be explained by cogni-
tive coordination measures [48]. While no generally ac-
cepted encompassing theory of schizophrenia exists, a the-
ory of intentionality may have the potential to contribute
to progress in psychopathology. It may help to link the
phenomenology and neurobiology of schizophrenia and
other psychiatric disorders by introducing a dynamical
systems perspective.

Artificial intelligence is a completely different field, but
is also confronted with intentionality as a core problem.
In recent decades, the computational approach to machine
intelligence has failed to a large extent; especially, no men-
tal-like intelligence could be generated. Consequently the
field has turned to the more basic tasks of designing au-
tonomous agents and robots with rudimentary adaptiv-
ity in the real world [3,38]. In this framework, intelli-
gence is expected to be closely associated with embodi-
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ment (hence, embodied intelligence, mind-body co-evo-
lution), rather than with symbol manipulation and the
programming of symbol systems. The latter constituted
the classic approach to artificial intelligence. One of the
novel directions of development is using emergence prin-
ciples for the design of intelligent agents or multi-agent
systems; this is closely related to the view on intentional-
ity proposed here. The engineering approach of embodied
agents design and the dynamical systems proposal of in-
tentionality have the potential of subserving each other in
artificial intelligence research.
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Glossary

Nonlinear system A system composed by parts whose
combined effects are different from the sum of the ef-
fects of each part.

Extended system A system composed by many parts con-
nected by a network of interactions that may be regular
(lattice) or irregular (graph).

Graph, lattice, tree A graph is set of nodes connected by
links, oriented or not. If the graph is translationally in-
variant (it looks the same when changing nodes), it is
called a (regular) lattice. A disordered lattice is a lat-
tice with a fraction of removed links or nodes. An or-
dered set of nodes connected by links is called a path.
A closed path not passing on the same links is a loop.
A cluster is a set of connected nodes. A graph can be
composed by one cluster (a connected graph) or more
than one (a disconnected graph). A tree is a connected
graph without loops.

Percolation The appearance of a “giant component”
(a cluster that contains essentially all nodes or links)
in a graph or a lattice, after adding or removing nodes
or links. Below the percolation threshold the graph is
partitioned into disconnected clusters, none of which
contains a substantial fraction of nodes or links, in the
limit of infinite number of nodes/links.

State of a system A complete characterization of a system
at a given time, assigning or measuring the positions,
velocities and other dynamical variables of all the el-
ements (sometimes called a configuration). For com-
pletely discrete systems (cellular automata) of finite
size, the state of the system is just a set of integer num-
bers, and therefore the state space is numerable.

Trajectory A sequence of states of a system, labeled with
the time, i. e., a path in the state space.

Probability distribution The probability of finding a sys-
tem in a given state, for all the possible states.

Mean field An approximate technique for computing the
value of the observables of an extended system, ne-
glecting correlations among parts. If necessary, the dy-
namics is first approximated by a stochastic process. In
its simpler version, the probability of a state of the sys-
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tem is approximated by the product of the probabil-
ity of each component, neglecting correlations. Since
the state of two components that depend on a com-
mon “ancestor” (that interact with a common node)
is in general not uncorrelated, and this situation cor-
responds to an interaction graph with loops, the sim-
plest mean field approximation consists in replacing
the graph or the lattice of interactions with a tree.

Monte-Carlo A method for producing stochastic trajec-
tories in the state space designed in such a way that
the time-averaged probability distribution is the de-
sired one.

Critical phenomenon A condition for which an extended
system is correlated over extremely long distances.

Definition

Physics investigation is based on building models of real-
ity: in order for a phenomenon to be understood, we need
to represent it in our minds using a limited amount of
symbols. However, it is a common experience that, even
using simple “building blocks” one usually obtains systems
whose behavior is quite complex. In this case one needs to
develop new languages and new phenomenological models
in order to manage this “complexity”.

Computers have changed the way a physical model is
studied. Computers may be used to calculate the proper-
ties of a very complicated model representing a real sys-
tem, or to investigate experimentally what are the essential
ingredients of a complex phenomenon. In order to carry
out these explorations, several basic models have been de-
veloped, which are now used as building blocks for per-
forming simulations and designing algorithms in many
fields, from chemistry to engineering, from natural sci-
ences to psychology. Rather than being derived from some
fundamental law of physics, these blocks constitute artifi-
cial worlds still to be completely explored.

In this article we shall first present a pathway from
Newton’s laws to cellular automata and agent-based sim-
ulations, showing (some) computational approaches in
classical physics. Then, we shall present some examples of
artificial worlds in physics.

Introduction: Physics and Computers

Some sixty years ago, shortly after the end of Second
World War, computers become available to scientists.
Computers were used during the last years of the war for
performing computations about the atomic bomb [30,41].

Up to then, the only available tool, except experiments,
was paper and pencil. Starting with Newton and Leibnitz,
humans discovered that continuous mathematics (i. e., dif-

ferential and integral calculus) allowed to derive many
consequences of a given hypothesis just by the manipu-
lation of symbols. It seemed natural to express all quanti-
ties (e. g., time, space, mass) as continuous variables. No-
tice however that the idea of a continuous number is not
at all “natural”: one has to learn how to deal with it, while
(small) integer numbers can be used and manipulated
(added, subtracted) by illiterate humans and also by many
animals. A point which is worth to be stressed is that any
computation refers to a model of certain aspects of reality
considered most important, while others are assumed to
be not important

Unfortunately most of human-accessible explorations
in physics are limited to almost-linear systems, or sys-
tems whose effective number of variables is quite small.
On the other hand, most of naturally occurring phenom-
ena can be “successfully” modeled only using nonlinear el-
ements. Therefore, most of pre-computer physics is essen-
tially linear physics, although astronomers (like other sci-
entists) used to integrate numerically, by hand, the non-
linear equations of gravitation, in order to compute the
trajectories of planets. This computation, however, was so
cumbersome that no “playing” with trajectories was possi-
ble.

While analog computers have been used for integrat-
ing differential equations, the much more flexible digital
computers are deterministic discrete systems. The way of
working of a (serial) computer is that of a very fast automa-
ton, that manipulates data following a program.

In order to use computers as fast calculators, scientists
ported and adapted existing numerical algorithms, and de-
veloped new ones. This implied the development of tech-
niques able to approximate the computations of continu-
ous mathematics using computer algebra. However, num-
bers in computers are not exactly the same as human num-
bers, in particular they have finite (and varying) precision.

This intrinsic precision limit has deep consequences
in the simulations of nonlinear systems, in particular of
chaotic ones. Indeed, chaos was “numerically discovered”
by Lorenz [38] after the observation that a simple ap-
proximation, a number that was retyped with fewer deci-
mals, caused a macroscopic change in the trajectory under
study.

With all their limits, computers can be fruitfully used
just to speed-up computations that could eventually be
performed by humans. However, since the increase in ve-
locity is of several order of magnitude, it becomes possible
to include more and more details into the basic model of
the phenomenon under investigation, well beyond what
would be possible with an army of “human computers”.
The idea of exploiting the brute power of fast comput-
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ers has originated a fruitful line of investigation in nu-
merical physics especially in the field of chemistry, bio-
logical molecules, structure of matter. The power of com-
puters has allowed for instance to include quantum me-
chanical effects in the computation of the structure of
biomolecules [16], and although these techniques may be
targeted as “brute force”, the algorithms developed are ac-
tually quite sophisticated.

However, a completely different usage of computers is
possible: instead of exploiting them for performing com-
putations on models that already proved to approximate
the reality, one can use computers as “experimental” ap-
paratus to investigate the patterns of theoretical models,
generally non-linear. This is what Lorenz did after having
found the first example of chaos in computational physics.
He started simplifying his equations in order to enucleate
the minimal ingredients of what would be called the but-
terfly effect.

Much earlier than Lorenz, Fermi, Pasta and Ulam (and
the programmer Tsingou [20]) used one on the very first
available computers to investigate the basis of statistical
mechanics: how energy distributes among the oscillation
modes of a chain of nonlinear oscillators [25].

Also in this case the model is simplified at its maxi-
mum, in order to put into evidence what are the funda-
mental ingredients of the observed pattern, and also to use
all the available power of computers to increase the preci-
sion, the duration and the size of the simulation.

This simplification is even more fruitful in the study
of systems with many degrees of freedom, that we may
denote generically as extended systems. We humans are
not prepared to manipulate more that a few symbols at
once. So, unless there is a way of grouping together many
parts (using averages, like for instance when considering
the pressure of a gas as an average over extremely many
particle collisions), we are in difficulties in understand-
ing such systems. They may nevertheless be studied per-
forming “experiments” on computers. Again, the idea is
that of simplifying at most the original model, in order
to isolate the fundamental ingredients of the observed be-
havior. It is therefore natural to explore systems whose
physics is different from the usual one. These artificial
worlds are preferably formulated in discrete terms, more
suitable to be implemented in computers (see Sect. “Arti-
ficial worlds™).

This line of investigation is of growing interest today:
since modern computers can easily simulate thousands or
millions of elementary automata (often called agents), it
may be possible to design artificial worlds in which arti-
ficial people behave similarly to real humans. The rules of
these worlds are not obtained from the “basic laws” of the

real one, since no computer can at present simulate the be-
havior of all the elements of even a small portion of matter.
These rules are designed so to behave similarly to the sys-
tem under investigation, and to be easily implemented in
digital terms. There are two main motivations (or hopes):
to be able to understand real complex dynamics by study-
ing simplified models, and to be so lucky to discover that
a finely-tuned model is able to reproduce (or forecast) the
behavior of its real counterpart.

This is so promising that many scientists are perform-
ing experiments on these artificial worlds, in order to ex-
tract their principal characteristics, to be subsequently an-
alyzed possibly using paper and pencil!

In the following we shall try to elucidate some as-
pects of the interplay between computer and physics. In
Sect. “From Trajectories to Statistics and Back”, we shall
illustrate possible logic pathways (in classical mechanics)
leading from Newton’s equations to research fields that use
computers as investigative tool, like agent-based investi-
gations of human societies. In Sect. “Artificial worlds”, we
shall try to present succinctly some example of “artificial
worlds” that are still active research topics in theoretical
physics.

From Trajectories to Statistics and Back

The outline of this Section is the following. Physics is of-
ten denoted the most “fundamental” science, and one may
think that, given powerful enough computers, one should
be able to reconstruct any experimental situation simply
implementing the fundamental laws of physics. I would
like to show that any investigation is based on models, re-
quiring approximations and additional assumptions, and
that any change of scale implies a change of model. How-
ever, an important suggestion from physics is that sim-
ilar models can be used to interpret different situations,
and therefore the associated computational techniques can
be “reused” in different contexts. We shall follow this line
from Newton’s equations to agent-based modeling.

Let us assume that a working model of the reality can
be built using a set of dynamical equations, for instance
those of classical mechanics. We shall consider the model
of a system formed by many particles, like a solid or a fluid.
The state of the resulting system can be represented as
a point in a high-dimensional space, since it is given by
all coordinates and velocities of all particles. The evolution
of the system is a trajectory in such space. Clearly, the vi-
sualization and the investigation of such a problem is chal-
lenging, even using powerful computers.

Moreover, even if we are able to compute one or many
trajectories (in order to have an idea of fluctuations), this
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does not imply that we have understood the problem. Let
us consider for instance the meteorology: one is interested
in the probability of rain, or in the expected wind velocity,
not in forecasting the trajectories of all molecules of air.
Similarly in psychology, one is interested in the expected
behavior of an individual, not in computing the activity of
all neurons in his brain.

Since physics is the oldest discipline that has been
“quantified” into equations, it may be illuminating to fol-
low some of the paths followed by researchers to “reduce”
the complexity of a high-dimensional problem to some-
thing more manageable, or at least simpler to be simulated
on a computer.

In particular, we shall see that many approaches con-
sist in “projecting” the original space onto a limited num-
ber of dimensions, corresponding to the observables that
vary in a slow and smooth way, and assuming that the rest
of the dynamics is approximated by “noise™'. Since the re-
sulting system is stochastic, one is interested in computing

I'The noise can be so small, compared to the macroscopic observ-
ables that it can be neglected. In such cases, one has a deterministic,
low-dimensional dynamical system, like for instance the usual mod-
els for rigid bodies, planets, etc.

the average values of observables, over the probability dis-
tribution of the projected system.

However, the computation of the probability distribu-
tion may be hard, and so one seeks to find a way of produc-
ing “artificial” trajectories, in the projected space, designed
in such a way that their probability distribution is the de-
sired one. So doing, the problem reduces to the computa-
tion of the time-averaged values of “slow” observables. For
the rest of this section, please make reference to Fig. 1.

Newton Laws

The success of Newton in describing the motion of one
body, subjected to a static field force (say: gravitational
motion of one planet, oscillation of a body attached to
a spring, motion of the pendulum, etc.) clearly proved the
validity of his approach, and also the validity of using sim-
ple models for dealing with natural phenomena. Indeed,
the representation of a body as a point mass, the idea of
massless springs and strings, the concept of force fields are
all mathematical idealizations of reality.

The natural generalization of this approach is carried
out in the XVIII century by Lagrange, Hamilton and many
others. It brings to the mathematisation of mechanics and

Low dimension-
ality (coupled
differential equa-
tions)

Newton laws (La-
grange and Hamil-
tonian formalism)

Study of trajec-
tories (mainly

. > . .
numerical), dy- ‘and projections
namical systems

i Stroboscopic
view, sections

|| Time-series analy-
sis

!

Probabilistic ap-

i (maps)

Molecular dynam-
ics, partial differ-
ential equations,
coupled differ-

High dimension-
ality (extended
system, many

| Pattern formation |

- — o Turbulence, |

Linear systems
(coupled oscilla-
tors)

lattices, deter-
ministic cellular
automata (mainly
numerical investi-

particles) ential equations, High-dimensional
[ R coupled oscilla- chaos (unpre-

! tors, coupled map dictability, ergod-
PR S

[ icity, mixing ?)
— - J |,

¥

Local equilibrium
+ factorization:

i

fmmmm
, Attractors, low- |
| dimensional chaosj

proach (distribu-
tions)

Stochastic tra-
jectories, random
walk, Langevin

Markov approach | :
(evolution of

probability dis-

Focus on one
J—> element + local
equilibrium

Diffusion equation
(Fick’s laws),
Fokker-Plank

P

T ; .
i gations) Boltzmann equa- Network theory tribution)
P tion :
No equipartition T I Agent modeling I«— e e Y e
R e i Rt '; 1 T : Moment hierarchy j :
- perea— —— T T T T T T T T
.Slmulite;i‘artl'neal- E;ql.nhbrlum: st.a- < | Kinetic theory i| Ly Phenomenological 1— :
ing, stochastic tistical mechanics e i systems, cellular Factorization
optimization A A . abilities .
i automata of probabilities. <

L = —t_ Mean field

" Thermodynamics " " Chemistry "( .......................... N

I Monte-Carlo

Interaction Based Computing in Physics, Figure 1
Graphicalillustration of the logic path followed in this introduction. Boxes with double frame are “starting points”, dashed boxes are
topic that are not covered by discussion, boxes with darker frames mark topics that are investigated more in details



4906

Interaction Based Computing in Physics

the derivation of rational mechanics. The resulting “stan-
dard” (or historical) way of modeling physical systems is
that of using differential equations, i.e., a continuous de-
scription of time, space and other dynamical quantities.

From an abstract point of view, one is faced with two
different options: either concentrate on systems described
by a few equations (low-dimensional systems), or try to
describe systems formed by many components.

Low Dimensionality

Historically, the most important problem of Newton’s
times was that of three bodies interacting via gravitational
attraction (the Sun, the Earth and the Moon). By approxi-
mating planets with point masses, one gets a small number
of coupled differential equations. This reduction of dimen-
sionality is an example of a “scale separation”: the vari-
ables that describe the motion of the planets vary slowly
and smoothly in time. Other variables, for instance those
that describe the oscillations of a molecule on the sur-
face of a planet, can be approximated by a noise term so
small that can be safely neglected. This approximation can
also be seen as a “mean field” approach, for which one as-
sumes that variables behave not too differently from their
average. Using these techniques, one can develop mod-
els of many systems that result in the same mathematical
scheme: a few coupled equations. The resulting equations
may clearly have a structure quite different from that re-
sulting from Newtonian dynamics (technically, Hamilto-
nian systems).

However, the reduction of the number of variables
does not guarantee the simplicity of the resulting model.
The problem of three gravitational bodies cannot be split
into smaller pieces, and the computation of an accurate
trajectory requires a computer. In general, a nonlinear sys-
tem in a space with three or more dimensions is chaotic.
This implies that there it may “react” to a small perturba-
tion of parameters or initial conditions with large varia-
tions of its trajectory. This sensibility to variation implies
the impossibility of predicting its behavior for long times,
unless one is content with a probabilistic description.

High Dimensionality

In many cases, the “projection” operation results in a sys-
tem still composed by many parts. For instance, models of
nonequilibrium fluids neglect to consider the movement
of the individual molecules, but still one has to deal with
the values of the pressure, density and velocity in all points.
In these cases one is left with a high-dimensional problem.
Assuming that the “noise” of the projected dimensions can
be neglected, one can either write down a large number of

coupled equation (e. g., in modeling the vibration of a crys-
tal), or use a continuous approach and describe the sys-
tem using partial differential equations (e. g., the model of
a fluid).

Linear Systems

In general, high and low-dimensional approaches can be
systematically developed (with paper and pencil) only in
the linear approximation. Let us illustrate this point for
the case of coupled differential equation: if the system is
linear one can write the equations using matrices and vec-
tors. One can in principle find a (linear) transformation
of variables that make the system diagonal, i.e., that re-
duces the problem to a set of uncoupled equations. At this
point, one is left with (many) one-dimensional indepen-
dent problems. Clearly, there are mathematical difficulties,
but the path is clear. A similar approach (for instance us-
ing Fourier transforms) can be used also for dealing with
partial differential equations.

The variables that result from such operations are
called normal modes, because they behave independently
one from the other (i.e., they correspond to orthogonal
or normal directions in the state space). For instance, the
linear model of a vibrating string (with fixed ends) pre-
dicts that any pattern can be described as a superposition
of “modes”, which are the standing oscillations with zero,
one, two, ... nodes (the harmonics).

However, linear systems behave in a somewhat strange
way, from the point of view of thermal physics. Let us con-
sider for instance the system composed by two uncoupled
oscillators. It is clear that if we excite one oscillator with
any amount of energy, it will remain confined to that sub-
system. With normal modes, the effect is the same: any
amount of energy communicated to a normal mode re-
mains confined to that mode, if the system is completely
linear. In other words, the system never forgets its initial
condition.

On the contrary, the long-time behavior of “normal”
systems does not depend strongly on the initial conditions.
One example is the timbre, or “sound color” of an object.
It is given by the simultaneous oscillations on many fre-
quencies, but in general an object emits its “characteristic”
sound regardless of how exactly is perturbed. This would
not be true for linear systems.

Since the distribution of energy to all available “modes”
is one of the assumptions of equilibrium statistical me-
chanics, which allows us to “understand” the usual behav-
ior of matter, we arrived at an unpleasant situation: linear
systems, which are so “easy” to be studied, cannot be used
to ground statistical physics on mechanics.
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Molecular Dynamics

Nowadays, we have computers at our disposal, and there-
fore we can simulate systems composed by many parts
with complex interactions. One is generally interested in
computing macroscopic quantities. These are defined as
averages of some function of the microscopic variables
(positions, velocities, accelerations, etc.) of the system.
A measurement on a system implies an average, over a fi-
nite interval of time and over a large number of elementary
components (say: atoms, molecules, etc.) of some quantity
that depends on the microscopic state of that portion of
the body.

Chaos and Probabilities

It was realized by Poincaré (with paper and pencil) and
Lorenz (with one of the very first computers) that also very
few (three) coupled differential equations with nonlinear
interactions may give origin to complex (chaotic) behav-
ior. In a chaotic system, a small uncertainty amplifies ex-
ponentially in time, making forecasting difficult. However,
chaos may also be simple: the equations describing the tra-
jectory of dice are almost surely chaotic, but in this case
the chaos is so strong that the tiniest perturbation or un-
certainty in the initial conditions will cause in a very small
amount of time a complete variation of the trajectory. Our
experience says that the process is well approximated by
a probabilistic description. Therefore, chaos is one possi-
ble way of introducing probability in dynamics.

Chaotic behavior may be obtained in simpler models,
called maps, that evolve in discrete time steps. As May
showed [40], a simple map with a quadratic non-linearity
(logistic map) may be chaotic. One can also model a sys-
tem using coupled maps instead of a system of coupled dif-
ferential equations [34]. And indeed, when a continuous
system is simulated on a computer, it is always represented
as an array of coupled maps.

Discretization

There is a progression of discretization from partial differ-
ential equations, coupled differential equations, coupled
map lattices: from systems that are continuous in space,
time and in the dynamical variables to systems that are
discrete in time and space, and continuous only in the dy-
namical variables. The further logic step is that of studying
completely discrete systems, called cellular automata.
Cellular automata show a wide variety of different
phenomenologies. They can be considered mathematical
tools, or used to model reality. In many cases, the result-
ing phenomenological models follows probabilistic rules,

but it is also possible to use cellular automata as “building
blocks”. For instance, is possible to simulate the behavior
of a hydrodynamical system by means of a completely dis-
crete model, called cellular automata lattice gas [26,29].

Statistics

The investigation of chaotic extended systems proceed
generally using a statistical approach. The idea is the fol-
lowing: any system contains a certain degree of non-
linearity, that couples otherwise independent normal
modes. Therefore, (one hopes that) the initial condition
is not too important for the asymptotic regime. If more-
over one assumes that the motion is so chaotic that any tra-
jectory spans the available space in a “characteristic” way
(again, not depending on the initial conditions), we can
use statistics to derive the “characteristic” probability dis-
tribution: the probability of finding the system in a given
portion of the available space is proportional to the the
time that the system spends in that region. See also the
paragraph on equilibrium.

Random Walks

Another approach is that of focusing on a small part of
a system, for instance a single particle. The rest of the sys-
tem is approximated by “noise”. This method was applied,
for instance, by Einstein in the development of the sim-
plest theory of Brownian motion, the random walk [31].
In random walks, each steps of the target particle is inde-
pendent on previous steps, due to collisions with the rest
of particles. Collisions, moreover, are supposed to be un-
correlated. A more sophisticated approximation consists
in keeping some aspects of motion, for instance the influ-
ence of inertia or of external forces, still approximating the
rest of the world by noise (which may contain a certain
degree of correlation). This is known as the Langevin ap-
proach, which includes the random walk as the simplest
case. Langevin equations are stochastic differential equa-
tions.

The essence of this method relies in the assumption
that the behavior of the various parts of the systems is un-
correlated. This assumption is vital also for other types of
approximations, that will be illustrated in the following.
Notice that in the statistical mechanics approach, this as-
sumption is not required.

In the Langevin formulation, by averaging over many
“independent” realizations of the process (which in gen-
eral is not the same of averaging over many particles that
“simultaneously” move, due for instance to excluded vol-
umes) one obtains the evolution equation of the probabil-
ity of finding a particle in a given portion of space. This
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is the Kolmogorov integro-differential equation, that in
many case can be simplified, giving a differential (Fokker-
Plank) equation. The diffusion equation is just the simplest
case [27,56].

It is worth noticing that a similar formulation may
be developed for quantum systems: the Feynman path-
integral approach is essentially a Langevin formulation,
and the Schroedinger equation is the corresponding
Fokker-Plank equation.

Random walks and stochastic differential equations
find many application in economics, mainly in stock mar-
ket simulations. In this cases, one is not interested in the
average behavior of the market, but rather in computing
non-linear quantities over trajectories (time-series of good
values, fluctuations, etc.).

Time-Series Data Analyzes

In practice, a model is never derived “ab initio”, by project-
ing the dynamics of all the microscopic components onto
alimited number of dimensions, but is constructed heuris-
tically from observations of the behavior of a real system.

It is therefore crucial to investigate how observations
are made, i. e., the analysis of a series of a time measure-
ments. In particular, a good exercise is that of simulat-
ing a dynamical or stochastic system, analyze the result-
ing time-series data of a given observable, and see if one is
able to reconstruct from it the relationships or the equa-
tions ruling the time evolution.

Let us consider the experimental study of a chaotic,
low-dimensional system. The measurements on this sys-
tem give a time series of values, that we assume discrete
(which is actually the case considering experimental er-
rors). Therefore, the output of our experiment is a series
of symbols or numbers, a time-series. Let us assume that
the system is stationary, i. e., that the sequence is statisti-
cally homogeneous in time. If the system is not extremely
chaotic, symbols in the sequence are correlated, and one
can derive the probability of observing single symbols,
couples of symbols, triples of symbols and so on. There
is a hierarchy in these probabilities, since the knowledge
of the distribution of triples allows the computation of the
distribution of couples, and so on.

It can be shown that the knowledge of the probabil-
ity distribution of the infinite sequence is equivalent to
the complete knowledge of the dynamics. However, this
would correspond to performing an infinite number of ex-
periments, for all possible initial conditions.

The usual investigation scheme assumes that correla-
tions vanishes beyond a certain distances, which is equiva-
lent to assume that the probability of observing sequences

longer than that distance factorize. Therefore, one tries to
model the evolution of the system by a probabilistic dy-
namics of symbols Sect. “Probabilistic Cellular Automata”.
Time-series data analysis can therefore be considered as
the main experimental motivation in developing prob-
abilistic discrete models. This can be done heuristically
comparing results with observations a posteriori, or trying
to extract the rules directly from data, like in the Markov
approach.

Markov Approximation

The Markov approach, either continuous or discrete, also
assumes that the memory of the system vanishes after
a certain time interval, i. e., that the correlations in time se-
ries decay exponentially. In discrete terms, one tries to de-
scribe the process under study as an automata, with given
transition probabilities. The main problem is: given a se-
quence of symbols, what is the simplest automata (hid-
den Markov chains [48]) that can generate that sequence
with maximum “predictability”, i. e., with transition prob-
abilities that are nearest to zero or one? Again, it is pos-
sible to derive a completely deterministic automata, but
in general it has a number of nodes equivalent to the
length of the time-series, so it is not generalizable and has
no predictability (see also Sect. “Probabilistic Cellular Au-
tomata”). On the contrary, an automata with a very small
number of nodes will have typically intermediate transi-
tion probabilities, so predictability is again low (essentially
equivalent to random extraction). Therefore, the good
model is the result of an optimization problem, that can
be studied using, for instance, Monte-Carlo techniques.

Mean-Field

Finally, from the probabilities one can compute averages
of observables, fluctuations and other quantities called
“moments” of the distribution. Actually, the knowledge of
all moments is equivalent to the knowledge of the whole
distribution. Therefore, another approach is that of relat-
ing moments at different times or different locations, trun-
cating the recurrences at a certain level. The roughest ap-
proximation is that of truncating the relations at the level
of averages, i.e., the mean field approach. It appears so
natural that is is often used without realizing the implica-
tions of the approximations. For instances, chemical equa-
tions are essentially mean-field approximations of a com-
plex phenomena.

Boltzmann Equation

Another similar approach is that of dividing an extended
system into zones, and assume that the behavior of the sys-
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tem in each zone is well described by a probability dis-
tribution. By disregarding correlations with other zones,
one obtains the Boltzmann equation, with which many
transport phenomena may be studied well beyond elemen-
tary kinetic theory. The Boltzmann equation can also be
obtained from the truncation of a hierarchy of equations
(BBGKY hierarchy) relating multi-particle probability dis-
tributions. Therefore, the Boltzmann equations is similar
in spirit to a mean-field analysis.

Equilibrium

One of the biggest success of the stochastic approach is
of course equilibrium statistical mechanics. The main in-
gredient of this approach is that of minimum informa-
tion, which, in other words, corresponds to the assump-
tion: what is not known is not harmful. By supposing
that at equilibrium the probability distribution of the sys-
tems maximizes the information entropy (corresponding
to a minimum of information on the system) one is ca-
pable of deriving the probability distribution itself and
therefore the expected values of observables (ensemble av-
erages, see Sect. “Ising”). In this way, using an explicit
model, one is capable to compute the value of the pa-
rameters that appear in thermodynamics. Were it pos-
sible to show that the maximum entropy state is actu-
ally the state originated by the dynamics of a mechanical
(or quantum) system, one could ground thermodynam-
ics on mechanics. This is a long-investigated subject, dat-
ing back to Boltzmann, which is however not yet clari-
fied. The main drawback in the derivations is about er-
godicity. Roughly speaking, a system is called ergodic if the
infinite-time average of an observable over a trajectory co-
incides with its average over a snapshot of infinitely many
replicas. For a system with fixed energy and no other con-
served quantities, a sufficient condition is that a generic
trajectory passes “near” all points of the accessible phase-
space. However, most systems whose behavior is “experi-
mentally” well approximated by statistical mechanics are
not ergodic. Moreover, another ingredient, the capabil-
ity of forgetting quickly the information about initial con-
ditions appears to be required, otherwise trajectories are
strongly correlated and averages over different trajecto-
ries cannot be “mixed” together. This capability is strongly
connected to the chaoticity or unpredictability of extended
systems, but unfortunately these ingredients makes ana-
lytic approaches quite hard.

An alternative approach, due to Jaynes [33], is much
more pragmatic. In essence, it says: let design a model
with the ingredients that one thinks are important, and
assume that what is not in the model does not affect its

statistical properties. Compute the distribution that maxi-
mizes the entropy with the given constraints. Then, com-
pare the results (averages of observables) with experiments
(possibly, numerical ones). If they agree, one has captured
the essence of the problem, otherwise one have to include
some other ingredient and repeat the procedure. Clearly,
this approach is much more general than the “dynami-
cal” one, not considering trajectory or making assump-
tions about the energy, which is simply seen as a con-
straint. But physicists would be much more satisfied by
a “microscopic” derivation of statistical physics.

In spite of this lack of strong basis, the statistical me-
chanics approach is quite powerful, especially for systems
that can be reduced to the case of almost independent ele-
ments. In this situation, the system (the partition function)
factorizes, and many computations may be performed by
hand. Notice however that this behavior is in strong con-
trast to that of truly linear systems: the “almost” attribute
indicates that actually the elements interact, and therefore
share the same “temperature”.

Monte-Carlo

The Monte-Carlo technique was invented for computing,
with the aid of a computer, thermal averages of observ-
ables of physical systems at equilibrium. Since then, this
term is often used to denote the technique of computing
the average values of observables of a stochastic system by
computing the time-average values over “artificial” trajec-
tories.

In equilibrium statistical physics, one is faced by the
problem of computing averages of observables over the
probability distribution of the system, and since the phase
space is very high-dimensional, this is in general not an
easy task: one cannot simply draw random configurations,
because in general they are so different from those “typi-
cal” of the given value of the temperature, that their statis-
tical weight is marginal. And one does not want to revert to
the original, still-more-highly-dimensional dynamical sys-
tem, which typically requires powerful computers just to
be followed for tiny time intervals.

First of all, one can divide (separate) the model into al-
most independent subsystems, that, due to the small resid-
ual interactions (the “almost” independency), are at the
same temperature. In the typical example of a gas, the ve-
locity components appear into the formula of energy as
additive terms, i. e., they do not interact with themselves
or with other variables. Therefore, they can be studied sep-
arately giving the Maxwell distribution of velocities. The
positions of molecules, however, are linked by the poten-
tial energy (except in the case of an ideal gas), and so the
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hard part of the computation is that of generating config-
urations. Secondly, statistical mechanics guarantees that
the asymptotic probability distribution does not depend
on the details of dynamics. Therefore, one is free to look
for the fastest dynamics still compatible with constraints.
The Monte-Carlo computation is just a set of recipes for
generating such trajectories. In many problems, this ap-
proach allows to reduce the (computational) complexity
of the problem of several orders of magnitude, allowing to
generate “artificial” trajectories that span statistically sig-
nificant configuration with small computational effort. In
parallel with the generation of the trajectory, one can com-
pute the value of several observables, and perform statisti-
cal analysis on them, in particular the computation of time
averages and fluctuations.

By extension, the same terms “Monte-Carlo” is used
for the technique of generating sequences of states (trajec-
tories) given the transition probabilities, and computing
averages of observables on trajectories, instead of over the
probability distribution.

Stochastic Optimization

One of the most interesting applications of Monte-Carlo
simulations concerns stochastic optimization via simu-
lated annealing. The idea is that of exploiting an anal-
ogy between the status of a system (and its energy) and
the coding of a particular procedure with corresponding
cost function. The goal is that of finding the best solu-
tion, i. e., the global minimum of the energy given the con-
straints. “Easy” systems have a smooth energy landscape,
shaped like a funnel, so that usual techniques like that of
always choosing the displacements that locally lowers the
energy (gradient descent) are successful. However, when
the energy landscape is corrugated, there are many local
minima where algorithms like gradient descent tend to
get trapped. Methods from statistical mechanics (Monte-
Carlo), on the contrary, are targeted to generating trajec-
tories that quickly explore the “relevant” parts of the state
space, i. e., those that correspond to the largest contribu-
tions to the probability distribution, that depends on the
temperature, an “external” or control parameter. If the
temperature is high, the probability distribution is broad
and the generated trajectory does not “see” the minima of
energy that are below the temperature, i.e., it can jump
over and off the local minima.

By lowering the temperature, the probability distribu-
tion of system obeying statistical mechanics concentrates
around minima of energy, and the Monte-Carlo trajec-
tory does the same. The energy (or cost) function of not-
extremely-complex problems is shaped in such a way that

the global optimum belongs to a broad valley, so that this
lowering of the temperature increases the probability of
finding it.

Therefore, a sufficiently slow annealing should furnish
the desired global minimum. Moreover, it is possible to
“convert” constraints into energy terms. For many prob-
lems, it is difficult to generate configurations that satisfy
the constraints. Let us think for instance to the problem
of generating a school timetable, keeping into considera-
tion that lessons should not last more than three consec-
utive hours, that a teacher or students cannot stay in two
classes at the same time, that a teacher is not available on
Monday, another prefers the first hours, etc. One can for-
mulate a Monte-carlo algorithm that generates free con-
figurations, but then weights them with a factor that de-
pends on how many constraints are violated. At high tem-
perature, constraints do not forbids the exploration of the
state space, and therefore to try “creative” solutions. At low
temperature, constraints become important. At zero tem-
perature, the solutions with lower energy are those that
satisfy all constraints, if possible, or at least the largest part
of them.

In recent years, physics have dealt with extremely com-
plex problems (e.g., spin glasses [22,42]), in which the
energy landscape is extremely rough. Special techniques,
based on a non-monotonous “walk” on temperature have
been developed (simulated tempering [39]).

Critical Phenomena

One of the most investigated topics of statistical mechan-
ics concerns phase transitions. This is a fascinating subject:
in the vicinity of a continuous phase transitions correla-
tion lengths diverge, and the system behave collectively,
in a way which is largely independent of the details of the
model. This universal behavior allows the use of extremely
simplified models, that therefore can be massively simu-
lated.

The philosophy of statistical mechanics may be ex-
ported to nonequilibrium systems: systems with absorb-
ing states (that correspond to infinitely negative energy),
driven systems (live living ones), strongly frustrated sys-
tems (that actually never reach equilibrium), etc. In gen-
eral, one defines these systems in terms of transition prob-
abilities, not in term of energy. Therefore, one cannot in-
voke a maximum entropy principle, and the results are less
general.

However, many systems exhibit behavior reminis-
cent of equilibrium systems, and the same language can
be used: phase transitions, correlations, susceptibilities,...



Interaction Based Computing in Physics

4911

These characteristics, common to many different models,
are sometimes referred as emergent features.

One of the most famous problems in this field is per-
colation: the formations of giant clusters in systems de-
scribed by a local stochastic aggregation dynamics. This
“basic” model has been used to describe an incredibly large
range of phenomena [53].

Equilibrium and nonequilibrium phase transitions oc-
cur for a well-defined value of a control parameter. How-
ever, in nature one often observes phenomena whose char-
acteristics resemble that of a system near a phase transi-
tion, a critical dynamics, without any fine-tuned param-
eter. For such system the term self-organized criticality
has been coined [9], and they are the subject of active re-
searches.

Networks

A recent “extension” of statistical physics is the theory of
networks. Networks in physics are often regular, like the
lattice of a crystal, or only slightly randomized. Character-
istics of these networks are the fixed (or slightly dispersed
around the mean) number of connections per node, the
high probability of having connected neighbors (number
of “triangles”), the large time needed to cross the network.
The opposite of a regular network is a random graph,
which, for the same number of connections, exhibits low
number of triangles and short crossing time. The statisti-
cal and dynamical properties of systems whose connection
are regular or random are generally quite different.

Watts and Strogatz [58] argued that social networks
are never completely regular. They showed that the sim-
ple random rewiring of a small number of links in a regu-
lar network may induce the small world effect: local prop-
erties, like the number of triangles, are not affected, but
large-distance ones, like the crossing time, quickly became
similar to that of random graphs. Also the statistical and
dynamical properties of models defined over a rewired
networks are generally similar to those correlated to ran-
dom graphs.

After this finding, many social networks were stud-
ied, and they revealed a yet different structure: instead
of having a well-defined connectivity, many of them
present a few highly-connected “hubs”, and a lot of poorly-
connected “leafs”. The distribution of connectivity is often
shaped as a power-law (or similar [43]), without a well-
defined mean (scale-free networks [1]). Many of phe-
nomenological models are presently re-examined in order
to investigate their behavior over such networks. More-
over, scale-free networks cannot be “laid down”, they need
to be “grown” following a procedure, similar in this to frac-

tals. It is natural therefore to include such a procedure in
the model, so that not only they evolve “over” the net-
works, but also evolve “the” network [13].

Agents

Many of the described tools are used in the so-called agent-
based modeling. The idea is that of exploiting the power-
ful capabilities of present computers to simulate directly
a large number of agents that interact among them. Tra-
ditional investigations of complex systems, like crowds,
flocks, traffic, urban models, and so on, have been per-
formed using homogeneous representation: partial differ-
ential equations (i. e., mean-field), Markov equations, cel-
lular automata, etc. In such an approach, it is supposed
that each agent type is present in many identical copies,
and therefore they are simulated as “macrovariables” (cel-
lular automata), or aggregated like independent random
walkers in the diffusion equation. But live elements (cells,
organisms) do not behave in such a way: they are often in-
dividually unique, carry information about their own past
history, and so on. With computers, we are now in the po-
sition of simulating large assemblies of individuals, possi-
bly geographically located, like for instance humans in an
urban simulation.

One of the advantages of such approach is that of of-
fering the possibility of measuring quantities that are in-
accessible to field researchers, and also to play with differ-
ent scenarios. The disadvantages are the proliferation of
parameters, that are often beyond experimental confirma-
tion.

Artificial Worlds

A somewhat alternative approach to that of “traditional”
computational physics is that of studying an artificial
model, build with little or no direct connection with real-
ity, trying to include only those aspect that are considered
relevant. The goal is to be able to find the simplest system
still able to exhibit the relevant features of the phenomena
under investigation. The resulting models, though not di-
rectly applicable to the interpretation of experiments, may
serve as interpretative tools in many different situations.
For instance, the ising model was developed in the context
of the modelization of magnetic systems, but is has been
applied to opinion formation, social simulations, etc.

Ising

The Ising (better: Lenz-Ising) model is probably one of the
most known models in statistical physics. Its history [44]
is particularly illuminating in this context, even if it took
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place well before the advent of computers in physics. It is
also a model for which the Monte-Carlo and simulated an-
nealing techniques are readily applied.

Let us first illustrate schematically the model. I shall
present the traditional version, with the terminology that
arises from the physics of magnetic systems. However, it is
an interesting exercise to reformulate it in the context, for
instance, of opinion formation. Let simply replace “spin
up/down” with “opinion A/B”, “magnetization” with “av-
erage opinion”, “coupling” with “exchange of ideas”, “ex-
ternal magnetic field” with “propaganda”, and so on.

The Ising model is defined on a lattice, that can be
in one, two or more dimensions, or even on a disordered
graph. We shall locate a cell with an index i, correspond-
ing to the set of spatial coordinates for a regular lattice or
a label for a graph. The dynamical variable x; for each cell
is just a binary digit, traditionally named “spin” that takes
the values 1. We shall indicate the whole configuration
as x. Therefore, a lattice with N cells has 2V distinct con-
figurations. Each configuration x has an associated energy
E(x) = —)_;(H + hj)xi, where H represents the external
magnetic field and h; is a local magnetic field, generated
by neighboring spins, h; = Zj Jijxi. The coupling J;; for
the original Lenz-Ising model is one if i and j are nearest
neighbors, and zero otherwise.

The maximum-entropy principle [33] gives the proba-
bility distribution

P(x) = %exp (_i;c))

from which averages can be computed. The parameter T
is the temperature, and Z, the “partition function” is the
normalization factor of the distribution.

The quantity E(x) can be though as a “landscape”,
with low-energy configurations corresponding to valley
and high-energy ones to peaks. The distribution P(x) can
be interpreted as the density of a gas, each “particle” corre-
sponding to a possible realization (a replica) of the system.
This gas concentrates in the valleys for low temperatures,
and diffuses if the temperature is increased. The tempera-
ture is related to the average level of the gas.

In the absence of the local field (J = 0), the energy is
minimized if each x; is aligned (same sign) with H. This
ordering is counteracted by thermal noise. In this case it
is quite easy to obtain the average magnetization per spin
(order parameter)

(x) = tanh (g) ,

which is a plausible behavior for a paramagnet. A ferro-
magnet however present hysteresis, i.e., it may maintain

for long times (metastability) a pre-existing magnetization
opposed to the external magnetic field.

With coupling turned on (J > 0), it may happen that
the local field is strong enough to “resist” H, i.e., a com-
pact patch of spins oriented against H may be stable, even
if the energy could be lowered by flipping all them, because
the flip of a single spin would rise the energy (actually, this
flip may happen, but is statistically re-absorbed in short
times). The fate of the patch is governed by boundaries.
A spin on a boundary of a patch feels a weaker local field,
since some of its neighbors are oriented in the opposite.
Straight boundaries in two or more dimensions separate
spins that “know” the phase they belong to, since most of
their neighbors are in that phase, the spins on the edges
may flip more freely. Stripes that span the whole lattice are
rather stable objects, and may resist an opposite external
field since spins that occasionally flip are surrounded by
spins belonging to the opposite phase, and therefore feel
a strong local field that pushes them towards the phase op-
posed to the external field.

In one dimensions with finite-range coupling, a sin-
gle spin flip is able to create a “stripe” (perpendicularly
to the the lattice dimension), and therefore can destabilize
the ordered phase. This is the main reason for the absence
of phase transitions in one dimension, unless the coupling
extends on very large distances or some coupling is infinite
(see the part on directed percolation, Sect. “Probabilistic
Cellular Automata”).

This model was proposed in the early 1920s by Lenz
to Ising for his PhD dissertation as a simple model of
a ferromagnet. Ising studied it in one dimension, found
that it shows no phase transition and concluded (erro-
neously) that the same happened in higher dimensions.
Most of contemporaries rejected the model since it was not
based on Heisenberg’s quantum mechanical model of fer-
romagnetic interactions. It was only in the forties that it
started gaining popularity as a model of cooperative phe-
nomena, a prototype of order-disorder transitions. Finally,
in 1940, Onsager [46] provided the exact solution of the
two-dimensional Lenz-Ising model in zero external field.
It was the first (and for many year the only) model exhibit-
ing a non-trivial second-order transition whose behavior
could be exactly computed.

Second-order transition have interested physicists for
almost all the past century. In the vicinity of such tran-
sitions, the elements (say, spins) of the system are corre-
lated up to very large distances. For instance, in the Lenz-
Ising model (with coupling and more than one dimen-
sion), the high-temperature phase is disordered, and the
low-temperature phase is almost completely ordered. In
both these phases the connected two-points correlation
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function
Ge(r) = (xixigr) — (xi)°

decreases exponentially, G.(r) >~ exp(—r/€), with r = |r|.
The length £ is a measure of the typical size of patch of
spins pointing in the same direction.

Near the critical temperature T', the correlation length
& diverges like (T — To) ~ (T—T.) " (v=1ford =2
and v =~ 0.627 for d = 3, where d is the dimensionality of
the system). In such case the correlation function is de-
scribed by a power law

1

G(r) @ ———,
o(r) rd—2+n

with n=1/4 for d =1 and 7 ~0.024 for d = 3.
This phase transition is an example of a critical phe-
nomenon [12], v and 7 are examples of critical exponents.

The divergence of the correlation length indicates that
there is no characteristic scale (§) and therefore fluctua-
tions of all sizes appear. In this case, the details of the inter-
actions are not so important, so that many different mod-
els behave in the same way, for what concerns for instance
the critical exponents. Therefore, models can be grouped
into universality classes, whose details are essentially given
by “robust” characteristics like the dimensionality of space
and of the order parameter, the symmetries, etc.

The power-law behavior of the correlation function
also indicates that if we perform a rescaling of the system,
it would appear the same or, conversely, that one is un-
able to estimate the distance of a pattern by comparing the
“typical size” of particulars. This scale invariance if typical
of many natural phenomena, from clouds (whose height
and size are hard to be estimated), trees and other plant
elements, lungs, brain, etc.

Many examples of power laws and collective behav-
ior can be found in natural sciences [52]. Differently from
what happens in the Lenz-Ising model, in these cases there
is no parameter (like the temperature) that has to be fine-
tuned, so one speaks of self-organized criticality [9].

Since the Lenz-Ising model is so simple, exhibits a crit-
ical phase and can be exactly solved (in some cases),
it has become the playground for a variety of modifi-
cations and applications to various fields. Clearly, most
of modifications do no allow analytical treatment and
have to be investigated numerically. The Monte-Carlo
method allows to add a temporal dimension to a statisti-
cal model [35], i.e., to transform stochastic integrals into
averages over fictitious trajectories. Needless to say, the
Ising-Lenz model is the standard test for every Monte-
Carlo beginner, and most of techniques for accelerating

the convergence of averages has been developed with this
model in mind [55].

Near a second-order phase transitions, a physical sys-
tem exhibits critical slowing down, i.e., it reacts to exter-
nal perturbations with an extremely slow dynamics, with
a convergence time that increases with the system size.
One can extend the definition of the correlation function
including the time dimension: in the critical phase also
the temporal correlation length diverges (as a power law).
This happens also for the Lenz-Ising model using the the
Monte-Carlo dynamics, unless very special techniques are
used [55]. Therefore, the dynamical version of the Lenz-
Ising model can be used also to investigate relaxational
dynamics and how this is influenced by the characteris-
tics of the energy landscape. In particular, if the coupling
Jij changes sign randomly for every couple of sites (or the
field H has random sign for each site), the energy land-
scape becomes extremely rugged. When spins flip in order
to align to the local field, they may invert the field felt by
neighboring ones. This frustration effect is believed to be
the basic mechanism of the large viscosity and memory ef-
fects of glassy substances [22,42].

The rough energy landscape of glassy systems is also
challenging for optimization methods, like simulated an-
nealing [36] and its “improved” cousin, simulated temper-
ing [39]. Again, the Lenz-Ising model is the natural play-
ground for these algorithm.

The dynamical Lenz-Ising model can be formulated
such that each spin is updated in parallel [10] (with the
precaution of dividing cells into sublattices, in order to
keep the neighborhood of each cell fixed during updates).
In this way, it is essentially a probabilistic cellular au-
tomata, as illustrated in Sect. “Probabilistic Cellular Au-
tomata”.

Cellular Automata

In the same period in which traditional computation was
developed, in the early fifties, John Von Neumann was in-
terested in the logic basis of life and in particular in self-
reproduction, and since the analysis of a self-reproduction
automata following the rules of real physics was too diffi-
cult, he designed a playground (a cellular automaton) with
just enough “physical rules” in order to make its analysis
possible. It was however just a theoretical exercise, the au-
tomaton was so huge that up to now it has not yet com-
pletely implemented [57].

The idea of cellular automata is quite simple: take a lat-
tice (or a graph) and put on each cell an automaton (all
automata are equal). Each automaton exhibit its “state”
(which is one out of a small number) and is programmed
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to react (change state) according to the state of neighbors
and its present one (the evolution rule). All automata up-
date their state synchronously.

Cellular automata share many similarities with the
parallel version of the Lenz-Ising model. Differently from
that, their dynamics is not derived from an energy, but is
defined in terms of the transition rules. These rules may be
deterministic or probabilistic. In the first case (illustrated
in this section), cellular automata are fully discrete, ex-
tended dynamical systems. Probabilistic cellular automata
are illustrated in Sect. “Probabilistic Cellular Automata”.
The temporal evolution of deterministic cellular automata
can be computed exactly (regardless of any approxima-
tion) on a standard computer.

Let us illustrate the simplest case, elementary cellular
automata, in Wolfram’s jargon [61]. The lattice is here one
dimensional, so to identify an automaton it is sufficient to
give one coordinate, say i, with i = 1,..., N. The state of
the automaton on cell i at time ¢ is represented by a single
variable, x;(t) that can take only two values, “dead/live”,
or “inactive/active” or 0/1. The time is also discrete, so
t=12,...

The parallel evolution of each automaton is given by
the rule

xi(t+1) = flxi—1(8), xi (1), xi+1(1)) .

Since x; = 0,1, there are only eight possible combina-
tions of the triple {x;—;(¢), xi(£), x;+1(¢)}, from {0, 0, 0}
to {1, 1, 1}. For each of them, f(x;—;(t),x;(t), xi+1(¢)) is
either zero or one, so the function f can be simply coded
as a vector of eight bits, each position labeled by a dif-
ferent configuration of inputs. Therefore, there are only
28 = 256 different elementary cellular automata, that have
been studied carefully (see for instance Ref. [61]).

In spite of their simplicity, elementary cellular au-
tomata exhibit a large variety of behaviors. In the language
of dynamical systems they can be “visually” classified [61]
as fixed points (class-1), limit cycles (class-2) and “chaotic”
oscillations (class-3). A fourth class, “complex” CA, is
present with larger neighborhood or in higher dimensions.
A classical example is the Game of Life [11]. This two-
dimensional cellular automaton is based on a simple rule.
A cell may be either empty (0) or “alive” (1). A living cell
survives if, among its 8 nearest neighbors, there are two or
three alive cells, otherwise it dies and disappears. Gener-
ation is implemented through a rule for empty cells: they
may become “alive” if sourrounded by exactly three living
cells. In spite of the simplicity of the rule, this automaton
generates complex and long-living patterns, some of them
illustrated in Fig. 2.

Interaction Based Computing in Physics, Figure 2

Some of the most common “animals” in the game of life, with
the probability of encountering them in an asymptotic configu-
ration [4]

Complex CA have large transients, during which in-
teresting structures may emerge. They finally relax into
class-1 automata. It has been conjectured that they are able
of computation, i.e., that one can “design” an universal
computer using these CA as building blocks, as has been
proved to be possible with the Game of Life. Another hy-
pothesis, again confirmed by the Game of Life, is that these
automata are “near the edge” of self-organizing complex-
ity. One can slightly “randomize” the Game of Life, al-
lowing sometimes an exception to the rule. Let us intro-
duce a parameter p, that measures this randomness, with
the assumption that p = 0 is the true “life”. Well, it was
shown [45] that the resulting model exhibits a second-
order phase transition for a value of p very near zero.

Deterministic cellular automata have been investigated
as prototypes of discrete dynamical systems, in particu-
lar for what concerns the definition of chaos. Visually,
one is tempted to use this word also to denote the irreg-
ular behavior of “class 3” rules. However, the usual defini-
tion of chaos involves the sensitivity to an infinitesimally
small perturbation: following the time dynamics of two
initially close configurations one can observe an amplifica-
tion of their distance. If the initial distance (Jg) is infinites-
imal, then the distance grows exponentially for some time
(8(#) =~ 69 exp(At)), after which it tends to saturate, since
the trajectories are generally bounded inside an attractor,
or due to the dimensions of the accessible space. The expo-
nent A depends on the initial configuration, and if this be-
havior is observed for different portions of the trajectory, it
fluctuates: a trajectory spends some time in regions of high
chaoticity, after which may pass through “quiet” zones. If
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one “renormalizes” periodically this distance, considering
one system as the “master” and the other as a measur-
ing device, one can accumulate good statistics, and define
a Lyapunov exponent A, that gives indications about the
chaoticity of the trajectory, through a limiting procedure.

The accuracy of computation poses some problems.
Since in a computer numbers are always approximate, one
cannot follow “one” trajectory. The small approximations
accumulates exponentially, and the computer time series
actually jumps among neighboring trajectories. Since the
Lyapunov exponent is generally not so sensible to a change
of precision in computation, one can assume that the
chaotic regions are rather compact and uniform, so that in
general one associates a Lyapunov exponent to a system,
not to an individual trajectory. Nevertheless, this defini-
tion cannot apply to completely discrete systems like cel-
lular automata.

In any case, chaoticity is related to unpredictability. As
first observed by Lorenz, and following the definition of
Lyapunov exponent, the precision of an observation over
a chaotic system is related to the average time for which
predictions are possible. Like in weather forecasts, in or-
der to increase the time span of a prediction one has to
increase the precision of the initial measurement. In ex-
tended system, this also implies to extend the measure-
ments over a larger area. One can also consider a “synchro-
nization” approach. Take two replicas of a systems and let
them evolve starting from different initial configurations.
With a frequency and a strength that depends on a param-
eter g, one of these replica is “pushed” towards the other
one, so to reduce their distance. Suppose that g = 0 is the
case of no push and g = 1 is the case of extremal push, for
which the two systems synchronize in a very short time.
There should be a critical value g, that separates these two
behaviors (actually, the scenario may be more complex,
with many phases [4]). In the vicinity of g, the distance
between the two replicas is small, and the distance § grows
exponentially. The critical value g, is such that the expo-
nential growth compensates the shrinking factor, and is
therefore related to the Lyapunov exponent A.

Finite-size cellular automata always follow periodic
trajectories. Let us consider for instance a Boolean au-
tomata, of N cells. The number of possible different states
is 2V and due to determinism, once that a state has been
visited twice the automata has entered a limit cycle (or
a fixed point). One may have limit cycles with large basins
of transient configurations (configurations that do not be-
long to the cycle). Many scenarios are possible. The set of
different configurations may be divided in many basins, of
small size (small transient) and small period, like in class 1
and 2 automata. Or one may have large basins, with long

transients that lead to short cycles, like in class-4 automata.
Finally, one may have one or very few large basins, with
long cycles that include most of configurations belonging
to the basin (small transients). This is the case of class-
3 automata. For them, the typical period of a limit cycle
grows exponentially, like the total number of configura-
tions, with the system size, so that for moderately large
system it is almost impossible to observe a whole cycle
in a finite time. Another common characteristic of class-
3 automata is that the configurations quickly decorrelates
(in the sense of the correlation function) along a trajec-
tory. If one takes into consideration as starting points two
configurations that are the same but for a local difference,
one observes that this difference amplifies and diffuses in
class-3 automata, shrinks or remains limited in class-1 and
class-2, and have an erratic transient behavior in class-
4, followed by the fate of class-1 and 2. Therefore, if one
considers the possibility of not knowing exactly the initial
configuration of an automata, unpredictability grows with
time also for such discrete systems. Actually, also (par-
tially) continuous systems like coupled maps may exhibit
this kind of behavior [4,17,19,47]. Along this line, it is pos-
sible to define an equivalent of the Lyapunov exponents
for CA [7]. The synchronization procedure can be applied
also to cellular automata, and it correlates well with the
Lyapunov exponents [5].

An “industrial” application of cellular automata is their
use for modeling gases. The hydrodynamical equations,
like the Navier-Stokes ones, simply reflect the conser-
vation of mass, momentum and energy (i.e., rotational,
translational and time invariance) for the microscopic col-
lision rules among particles. Since the modeling of a gas via
molecular dynamics is rather cumbersome, some years ago
it was proposed [26,29] to simplify drastically the micro-
scopic dynamics using particles that may travel only along
certain directions with some discrete velocities and jump-
ing in discrete time only among nodes of a lattice. Indeed,
a cellular automaton. It has been shown that their macro-
scopic dynamics is described by usual hydrodynamics laws
(with some odd features related to the underlining lattice
and finiteness of velocities) [51,60].

The hope was that these Lattice Gas Cellular Automata
(LGCA) could be simulated so efficiently in hardware to
make possible the investigation of turbulence, or, in other
words, that they could constitute the Ising model of hy-
drodynamics. While they are indeed useful to investigate
certain properties of gases (for instance, chemical reac-
tions [37], or the relationship between chaoticity and equi-
librium [6]), they resulted too noisy and too viscous to be
useful for the investigation of turbulence. Viscosity is re-
lated to the transport of momentum in a direction perpen-
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dicular to the momentum itself. If the collision rule does
not “spread” quickly the particles, the viscosity is large. In
LGCA there are many limitations to collisions, so that in
order to lower viscosity one has to consider averages over
large patches, thus lowering the efficiency of the method.

However, LGCA inspired a very interesting approxi-
mation. Let us consider a large assembly of replicas of the
same system, each one starting from a different initial con-
figuration, all compatible with the same macroscopic ini-
tial conditions. The macroscopic behavior after a certain
time would be the average over the status of all these repli-
cas. If one assumes a form oflocal equilibrium, i. e., applies
the mean-field approximation for a given site, one may try
to obtain the dynamics of the average distribution of parti-
cles, which in principle is the same of “exchanging” parti-
cles that happen to stay on the same node among replicas.

It is possible to express the dynamics of the average
distribution in a simple form: it is the Lattice Boltzmann
Equation (LBE) [18,54,60]. The method retains many
properties of LGCA like the possibility of considering ir-
regular and varying boundaries, and may be simulated in
a very efficient way with parallel machines [54]. Differently
from LGCA, there are numerical stability problems to be
overcome.

Probabilistic Cellular Automata

In deterministic automata, given a local configuration, the
future state of a cell is univocally determined. But let us
consider the case of measuring experimentally some pat-
tern and trying to analyze it in terms of cellular automata.
In time-series analysis, it is common to perform averages
over spatial patches and temporal intervals and to dis-
cretize the resulting value. For instance, this is the natural
result of using a camera to record the temporal evolution
of an extended system, for instance the turbulent and lam-
inar regions of a fluid. The resulting pattern symbolically
represents the dynamics of the original system, and if it is
possible to extract a “rule” out of this pattern, it would be
extremely interesting for the construction of a model. In
general, however, one observes that sometimes a local con-
figuration is followed by a symbol, and sometime the same
local configuration is followed by another one. One should
conclude that the neighborhood (the local configuration)
does not univocally determines the following symbol.
One can extend the “range” of the rule, adding more
neighbors farther in space and time [48]. By doing so, the
“conflicts” generally reduce, but at the price of increasing
the complexity of the rule. At the extremum, one could
have an automaton with infinite “memory” in time and
space, that perfectly reproduces the observed patterns but

with almost none predictive power, since it is extremely
unlucky that the same huge local configuration is encoun-
tered again.

So, one may prefer to limit the neighborhood to some
finite extension, and accept that the rule sometimes “out-
puts” a symbol and sometimes another one. One defines
a local transition probability v(x;(t + 1)|X;(¢)) of obtain-
ing a certain symbol x; at time ¢ + 1 given a local config-
uration X; at time t. Deterministic cellular automata cor-
respond to the case t = 0, 1. The parallel version of the
Lenz-Ising model can be re-interpreted as a probabilistic
cellular automaton.

Starting from the local transition probabilities, one can
build up the transition probability T'(x|y) of obtaining
a configuration x given a configuration y (T(x|y). T(x|y)
is given by the product of the local transition probabili-
ties 7 [2]. One can read the configurations x and y as in-
dexes, so that T can be considered as a matrix. The nor-
malization of probability corresponds to the constraint
2. T(xly) =1,Vy.

Denoting with P(x,t) the probability of observing
a given configuration x at time ¢, and with P(¢) the whole
distribution at time ¢, we have for the evolution of the dis-
tribution

P(t+ 1) = TP(1),

with the usual rules for the product of matrices and vec-
tors. Therefore, the transition matrix T defines a Markov
process, and the asymptotic state of the system is given by
the eigenvalues of T. The largest eigenvalue is always 1,
due to the normalization of the probability distribution,
and the corresponding eigenvector is the asymptotic dis-
tribution. The theory of Markov processes says that if T'is
finite and irreducible, i. e., it cannot be rewritten (renum-
bering rows and columns) as blocks of noninteracting sub-
spaces, like

(41,
0 B

then the second eigenvalue is strictly less than one and
the asymptotic state is unique. In this case the second
eigenvalue determines the convergence time to the asymp-
totic state. For finite systems, often the matrix T is irre-
ducible. However, in the limit of infinite size, the largest
eigenvalue may become degenerate, and therefore there
are more than one asymptotic state. This is the equivalent
of a phase transition for Markov processes.

For the parallel Lenz-Ising model, the elements of the
matrix T are given by the product of local transition rules
of the Monte-Carlo dynamics. They depend on the choice
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of the algorithm, but essentially have the form of exponen-
tials of the difference in energy, divided by the tempera-
ture. Although a definitive proof is still missing, it is plau-
sible that matrices with all elements different from zero
correspond to some equilibrium model, whose transition
rules can be derived from an energy function [28].

Since probabilistic cellular automata are defined in
terms of the transition probabilities, one is free to inves-
tigate models that go beyond equilibrium. For instance, if
some transition probability takes the value zero or one,
in the language of equilibrium system this would cor-
respond to some coupling (like the J of the Lenz-Ising
model) that become infinite. This case is not so uncom-
mon in modeling. The inverse of a transition probability
corresponds to the average waiting time for the transition
to occur in a continuous-time model (one may think to
chemical reactions). Some transitions may have a waiting
time so long with respect to the observation interval, to
be practically irreversible. Therefore, probabilistic cellular
automata (alongside other approaches like for instance an-
nihilating random walks) allow the exploration of out-of-
equilibrium phenomena.

One such phenomena is directed percolation, i.e.,
a percolation process with a special direction (time) along
which links can only be crossed one-way [14]. Let think
for instance to the spreading of an infection in a one-
dimensional lattice, with immediate recovery (SIS model).
An ill individual can infect one or both of his two neigh-
bors but returns to the susceptible state after one step. The
paths of infection (see Fig. 3) can wander in the space di-
rections, but are directed in the time directions.

The parallel version of a directed percolation process
can be mapped onto probabilistic cellular automata. The
simplest case, in one spatial dimension and with just two
neighbors, is called the Domany-Kinzel model [21]. It is
even more general than the usual directed percolation, al-
lowing “non-linear” interactions among sites in the neigh-
borhood (e. g., two wet sites may have less probability of
percolating than one alone).

These processes are interesting because there is an ab-
sorbing state [3,32], which is the dry state for the wet-
ting phenomenon and the healthy state for the spreading
of epidemics. Once the system has entered this absorb-
ing state, it cannot exit, since the spontaneous appearing
of a wet site or of an ill individual is forbidden. For finite
systems, the theory of Markov chains says that the system
will “encounter”, sooner or later, this state, that therefore
corresponds to the unique asymptotic state. For infinitely
extended systems, a phase transition can occur, for which
wet sites percolate for all “times”, the epidemics become
endemic, and so on.

time

Interaction Based Computing in Physics, Figure 3
An example of a directed percolation cluster

Again these are examples of critical phenomena, with
exponents different from the equilibrium case.

Cellular Automata and Agent-Based Simulations

Cellular automata can be useful in modeling phenomena
that can be described in lattice terms. However, many
phenomena requires “moving particles”. Examples may
be chemical reactions, ecological simulations, social mod-
els. When particles are required to obey hydrodynamics
constraints, i.e., to collide conserving mass, momentum
and energy, one can use lattice gas cellular automata or
the lattice Boltzmann equation. However, in general one
is interested in modeling just a macroscopic scale, assum-
ing that what happens at lower level is just “noise”. Ac-
cording with the complexity (and “intelligence”) assigned
to particles, one can develop models based on the con-
cept of walkers, that move more or less randomly. From
the simulation point of view, walkers are not very differ-
ent from the graphs succinctly described above. In this
case the identifier i is just a label, that allows to access
walker’s data, among which there are the coordinates of
the walker (that may be continuous), its status and so
on.

In order to let walker interact, one is interested in find-
ing efficiently all walkers that are nearer than a given dis-
tance from the one under investigation. This is the same
problem one is faced with when developing codes for
molecular dynamics simulations [49]: scanning all walkers
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in order to compute their mutual distance is a procedure
that grows quadratically with the number of walkers. One
“trick” is that of dividing the space in cells, i. e., to define
an associated lattice. Each cell contains a list of all walkers
that are locate inside it. In this way, one can directly access
all walkers that are in the same or neighboring cells of the
one under investigation.

Moreover, one can exploit the presence of the lattice
to implement on it a “cellular automaton”, that may in-
teract with walkers, in order to simulate the evolution of
“fields”. Just for example, the simulation of a herd of her-
bivores that move according to the exhaustion of the grass,
and the parallel growing of the vegetation can be mod-
eled associating the “grass” to a cellular automaton, and
the herbivores to walkers. This simulation scheme is quite
flexible, allowing to implement random and deterministic
displacements of moving objects or agents, continuous or
discrete evolution of “cellular objects” and their interac-
tions. Many simulation tools and games are based on this
scheme [50,59,62], and they generally allow the contempo-
rary visualization of a graphical representation of the state
of the system. They are valuable didactic tool, and may be
used to “experiment” with these artificial worlds. As often
the case, the flexibility is paid in terms of efficiency and
speed of simulation.

Discussions and Conclusions

Complex systems, like for instance human societies, can-
not be simulated starting from “physical laws”. This is
sometimes considered a weakness of the whole idea of
studying such systems from a quantitative point of view.
We have tried to show that actually even the “hardest”
discipline, physics, always deals with models, that have fi-
nally to be simulated on computers making various as-
sumptions and approximations. Theoretical physics is ac-
customed since a long time to “extreme simplifications”
of models, hoping to enucleate the “fundamental ingredi-
ents” of a complex behavior. This approach have proved
to be quite rewarding for our understanding of nature.

In recent years, physics have been seen studying many
fields not traditionally associated to physics: molecular bi-
ology, ecology, evolution theory, neurosciences, psychol-
ogy, sociology, linguistics, and so on. Actually, the word
“physics” may refer either to the classical subjects of study
(mainly atomic and subatomic phenomena, structure of
matter, cosmological and astronomical topics), or to the
“spirit” of the investigation, that may apply to almost any
discipline. This spirit is essentially that of building sim-
plified quantitative models, composed by many elements,
and study them with theoretical instruments (most of

times, applying some form of mean-field treatment) and
with computer simulations.

This approach has been fruitful in chemistry and
molecular biology and nowadays many physical journals
have sections devoted to “multidisciplinary studies”. The
interesting thing is that not only have physicists brought
some “mathematics” into fields that are traditionally more
“qualitative” (which often corresponds to “linear” model-
ing, plus noise), but physicists have also discovered many
interesting questions to be investigated, and new models
to be studied. One example is given by the current inves-
tigations about the structure of social networks, that were
“discovered” by physicists in the nontraditional field of so-
cial studies.

Another contribution of physicists to this “new way”
of performing investigations, is the use of networked com-
puters. Since a long time, physicists have used comput-
ers for performing computations, storing data and dif-
fusing information using the Internet. Actually, the con-
cept of what is now the World Wide Web was born at
CERN, as a method for sharing information among lab-
oratories [15]. The high-energy physics experiments re-
quire a lot of simulations and data processing, and physi-
cists (among others) developed protocols to distribute this
load on a grid of networked computers. Nowadays, an Eu-
ropean project aims to “open” grid computing to other sci-
ences [24].

It is expected that this combination of quantitative
modeling and grid computing will stimulate innovative
studies in many fields. Here is a small sparse list of pos-
sible candidates:

e Theory of evolution, especially for what concerns evo-
lutionary medicine.

e Social epidemiology, coevolution of diseases and hu-
man populations, interplay between sociology and epi-
demics.

e Molecular biology and drug design, again driven by
medical applications.

e Psychology and neural sciences, it is expected that the
“black box” of traditional psychology and psychiatry
will be replaced by explicit models based on brain stud-
ies.

Industrial and material design.
Earth sciences, especially meteorology, vulcanology,
seismology.

e Archaeology: simulation of ancient societies, recon-
struction of historical and pre-historical climates.

Nowadays, the term cellular automata has enlarged its
meaning, including any system whose elements do not
move (in opposition to “agent-based modeling”). There-
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fore, we now have cellular automata on non-regular lat-
tices, non-homogeneous, with probabilistic dynamics (see
Sect. “Probabilistic Cellular Automata”), etc. [23]. They
are therefore considered more as a “philosophy” of mod-
eling rather than a single tool. In some sense, cellular
automata (and agent-based) modeling is opposed to the
spirit of describing a phenomena using differential equa-
tions (or partial differential equations). One of the reasons
is that the language of “automata” and “agents” is simpler
and requires less training than that of differential equa-
tions. Another reason is that at the very end, any “rea-
sonable” problem has to be investigated using comput-
ers, and while the implementation using discrete elements
is straightforward (even if careful planning may speed-up
dramatically the simulation), the computation of partially
differential equations is an art in itself.

However, the final success of this approach is related
to the availability of high-quality experimental data that
allow to discriminate among the almost infinite number
of models that can be built.
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Glossary

Auto-catalysis In systems that go through several reac-
tions, the reaction is called autocatalytic if the reaction
product is itself the catalyst for that reaction.
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Exponential growth An autocatalytic reaction is usually
described with a simple linear, first order differential
equation. The solution for it is an exponential increas-
ing/decreasing function.

Logistic growth If one adds a saturation term (of power
two) to the linear first order differential equation
which describes exponential growth, the resulting so-
lution saturates instead of ever-lasting grow. The so-
lution to this system is described with a logistic curve
and the system is said to follow a logistic growth.

Reaction-diffusion systems Reaction-diffusion systems
are mathematical models that describe how the con-
centration of one or more substances distributed in
space changes under the influence of two processes:
local reactions in which the substances are converted
into each other, and diffusion which causes the sub-
stances to spread out in space.

Definition of the Subject

In this paper, we show how simple logistic growth that was
studied intensively during the last 200 years in many do-
mains of science could be extended in a rather simple way.
The resulting extended model has, among other features,
two very important ones: Intermittency and Localization.
These features were observed repeatedly along the history
of science in an enormous number of real-life systems in
economics, sociology, biology, ecology and more. We sug-
gest by this a unified theoretical umbrella that might serve
in a surprising way many scientific disciplines who share
similar observed patterns.

Introduction

A well known joke that many physicists like to tell during
their talks in order to demonstrate the strength of simpli-
fying the problem one has in hand is: “First, let us con-
sider a spherical cow...”. Although, no one really believes
in spherical cows — the power of simplification is well ac-
cepted and appreciated by the physics community, or as
Albert Einstein put it, very accurately: “Everything should
be made as simple as possible, but not simpler”.

There are many more such mantras like: “Keep it sim-
ple, stupid”, “Kill your darlings” and “Less is more”. As
these lines of thought were adopted so strongly by physi-
cist for so much time, the statement of P.W. Anderson that
“More is different” made such a revolution in Science. In
the paper that has this title, Anderson pushed the new sci-
entific (inter-) discipline, now known as complexity. By
introducing these new ideas, Anderson paved the way for
many physicists carrying with them heavy weapons from

traditional physics to start thinking and attacking many
problems from a variety of scientific disciplines.

A lot of criticism about such physicists that try to cross
the borders of their discipline is about over-simplifying
real-life problems in order to be able to solve the result-
ing models with the tools they already have. Due to that, it
is important to emphasize here that by working inside the
framework of complexity one tries not to loose the min-
imal theoretical ingredients of the problem that are suffi-
cient to produce the complex observed outcome. Rather
than do this, one tries to study to the best of one’s ability,
the simplest possible model.

A common question that arises in the social sciences
is: Why are improbable things so frequent? Fine-tuned ir-
reducibly complex systems have generically a low prob-
ability to appear and highly integrated ~ arranged sys-
tems are usually artificial (often man-made) and untypi-
cal. Yet many complex systems are found lately to be self-
organized. More precisely, the amount of non-generic,
fine tuned and highly integrated systems is much larger
in nature from what would be reasonably expected from
generic stochastic estimations. It often happens that even
though the range of parameters necessary for some non-
trivial collective phenomenon to emerge is very narrow (or
even an isolated single point out of an continuum infinite
range), the phenomenon does actually take place in na-
ture. This leads to collective objects whose properties are
not explainable by the generic dynamics of their compo-
nents. The explanation of the generic emergence of sys-
tems which are non-generic from the multi-agent point of
view seems to be related to self-catalyzing dynamics.

As suggested by the examples above, the frequency
with which we encounter non-generic situations in self-
catalyzing systems is not so surprising. Consider a space
of all possible systems obtainable from certain chemical
and physical parts. Even if a macroscopic number of those
systems are not auto-catalytic and only a very small num-
ber happen to be auto-catalytic after enough time, one of
the auto-catalytic systems will eventually arise. Once this
happens, the auto-catalytic system will start multiplying
leading to a final (or far-future) situation in which those
auto-catalytic — a priory very improbable systems - are
over-represented compared with their natural probabil-
ity of occurrence. Basically, this is how life spread all over
Earth.

In this paper, we show how simple logistic growth that
was studied intensively during the last 200 years in many
domains of science could be extended in a rather simple
way and with these extensions is capable to produce a col-
lection of behaviors widely observed in an enormous num-
ber of real-life systems in economics, sociology, biology,
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ecology and more. For other reviews in this direction we
recommend on [4,18,38].

The paper will start with a historical overview of the
use of logistic-like systems in science since its introduc-
tion by Malthus in 1798 until today. The next section will
present a view of the minimal, though sufficient, exten-
sions to the classical logistic system that are able to bring
this theoretical framework, closer to reality, but auto-catal-
ysis yet still solvable analytically in many regions of the pa-
rameter’s space. Then, we will show some of the successes
we had in applying this framework to real-life systems. We
will finish the paper by a short fantasy trying to describe
a dream about the possible usages of this powerful theoret-
ical framework in the so called soft sciences in the future.

Logistic Systems: From Malthus Until Today
Auto-Catalysis

One of the key concepts underlying the emergence of
complex macroscopic features is auto-catalysis. We there-
fore give at this point a provisory definition of it: auto-
catalysis = self-perpetuation, ~ reproduction, ~ multi-
plication. As opposed to the usual stochastic systems in
which the microscopic dynamics changes typically the
individual microscopic quantities by additive steps (e.g.
amolecule receiving or releasing a quantum of energy), the
auto-catalytic microscopic dynamics involve multiplica-
tive changes (e. g. the market worth of a company changes
by a factor (index) after each elementary transaction).
Such auto-catalytic microscopic rules are widespread in
chemistry (under the name of auto-catalysis), biology (re-
production ~ multiplication, species perpetuation), social
sciences (profit, returns, rate of growth).

The autocatalytic essence of the growth processes was
formally expressed as early as 1798 by T.R. Malthus [24]
who wrote a differential equation for describing the dy-
namics of a population of proliferating individuals:

dW(t)
dt

=a-W(). (1)

The growth rate of the population W is proportional to W
itself and parametrized by a relative growth (/prolifera-
tion) rate a. The Malthus equation can be reinterpreted
to represent a very wide range of phenomena in various
fields: behavior adoption in sociology, proliferation in bi-
ology, capital returns in economics, or proselytizing in
politics. The (exponential) solution ~ e(@*) of this equa-
tion influenced much of the subsequent ideas in various
fields and in particular it roused the first worries about
the sustainability of growth. Malthus himself expressed

great concern of the humanitarian catastrophe that un-
limited population growth may lead to. However, Ver-
hulst [39] introduced (in 1838) a nonlinear interaction
term —b - W2 (that may represent (confrontation over)
limited resources in biology, competition in economics,
limited constituency in politics and finite population in so-
ciology)

dW (1)
dt

By including this term, rather than increasing indefi-
nitely, the solution saturates at a constant asymptotic value
W — 4 . For the following two centuries, this logistic
dynamics was considered by the leading scientists as a cru-
cial element in various fields from biology (Volterra [40])
to the everyday world of politics and economics (Lord
May [26]).

=a-WHt)—b- W(1). )

Real-Life Examples

The A(utocatalysis)-Bomb The first and the most dra-
matic example of the macroscopic explosive power of the
multi-agent auto-catalytic systems is the nuclear (atom)
bomb. The simple microscopic interaction underlying it
is that the U235 nucleus, when hit by a neutron splits into
a few energetic fragments including neutrons:

n+U—n+n+etc. 3)

On the basis of (autocatalysis equation 1) even without
knowing what is a neutron or a U235 nucleus, it is clear
that a macroscopic chain reaction may develop: if there
are other U235 nuclei in the neighborhood, the neutrons
resulting from the first (autocatalysis equation 1) may hit
some of them and produce similar new reactions. Those
reactions will produce more neutrons that will hit more
U235 that will produce more neutrons.

The result will be a chain (or rather branching tree) of
reactions in which the neutrons resulting from one gen-
eration of fission events induce a new generation of fis-
sion events by hitting new U235 nuclei. This chain reac-
tion will go on until eventually, the entire available U235
population (of typically some 10?° nuclei) is exhausted and
their corresponding energy is emitted: the atomic explo-
sion. The crucial feature in the equation above, which we
call auto-catalysis, is that by inputting one neutron n in
the reaction one obtains two (or more) neutrons (n + n).
The theoretical possibility of iterating it and have an expo-
nentially increasing macroscopic number of reactions was
explained in a letter from Einstein to President Roosevelt.
But only the later attack on Pearl Harbor lead to the initi-
ation of the Manhattan project and the eventual construc-
tion of the A-bomb.
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It is not by chance that the basic multi-agent method
(the Monte Carlo simulation algorithm used until this
very day in physics applications) was invented by peo-
ple (Metropolis, Rosenbluth, Rosenbluth, Teller, Teller)
involved in nuclear weapons research: the multi-agent
method is the best fit method to compute realistically the
macroscopic effects originating in microscopic interac-
tions!

The B-Bomb: Autocatalysis and Localization in Im-
munology In no field is the auto-catalysis and local-
ization more critical than in the emergence of living or-
ganisms functions out of the elementary interactions of
cells and enzymes. From the very beginning of an em-
bryo development the problem is how to create a con-
trolled chain reaction such that each cell (starting with
the initial egg) divides into similar cells, yet spatio-tem-
poral structures (systems and organs) emerge. Let us con-
sider the immune system as an example. The study of
the Immune System for the past half century has suc-
ceeded in characterizing the key: cells, molecules, and
genes. As always in complex systems, the mere knowl-
edge of the microscopic world is not sufficient (and, on
the other hand, some details of the micros are not nec-
essary). Understanding comes from the identification of
the relevant microscopic interactions and the construction
of a multi-agent simulation with which to demonstrate
in detail how the complex behavior of the immune sys-
tem emerges. Indeed, the immune system provides an out-
standing example of the emergence of unexpectedly com-
plex behavior from a relatively limited number of sim-
ple components interacting according to known simple
rules. By simulating their interactions in computer experi-
ments that parallel real immunology experiments, one can
check and validate the various mechanisms for the emer-
gence of collective functions in the immune system. (e. g.
recognition and destruction of various threatening anti-
gens, the oscillations characteristic to rheumatoid arthritis,
the localization of diabetes 1 to pancreatic islets etc). This
would allow one to design further experiments, to pre-
dict their outcome and to control the mechanisms respon-
sible for various auto-immune diseases and their treat-
ment.

The Tulip Bomb  The tulip mania is one of the most cel-
ebrated and dramatic economic bubbles in history. It in-
volved the rise of the tulip bulb prices in 1637 to the level
of average house prices. In the same year, after an increase
by a factor of 20 within a month, the market collapsed back
within the next 3 months. After loosing a fortune in a sim-
ilar event (triggered by the South Sea Co.) in 1720 at the

London Stock, Sir Isaac Newton was quoted to say, “I can
calculate the motions of the heavenly bodies, but not the
madness of people.”

It might seem over-ambitious to try where Newton
has failed but let us not forget that we are 300 years
later, have big computers and had plenty of additional op-
portunities to contemplate the madness of people. One
finds that global macroscopic (and often catastrophic) eco-
nomic phenomena are generated by reasonably simple buy
and sell microscopic operations. Much attention was paid
lately to the sales dynamics of marketable products. Large
amounts of data has been collected describing the propa-
gation and extent of sales of new products, yet only lately
one started to study the implications of the autocatalytic
multi-agent reaction-diffusion formalism in describing the
underlying microscopic process [12,37,41,42].

Extensions of the Classical Logistic System

One of the great early successes of the logistic dynamics
was its application to the spread of malaria in humans
and mosquitos. Sir Ronald Ross was awarded the No-
bel prize [30] for this work. His ideas were expressed by
Lotka [19] in terms of a coupled system of two equations
generalizing (2):

dw(t)/dt

= ay - wi(t) + ap - wa(t) — arpz - wi(t) - wa(t)

dw,(t)/dt
= ay - wy(t) + az - wit) — azz - wi(t) - wa(t) .

(4)

Lotka has studied numerically this system in order to
predict the ratios between the infected mosquitoes and
the infected humans and the stability of the system. Vito
Volterra advocated independently the use of equations in
biology and social sciences [40] and re-deduced the logis-
tic curve by reducing the Verhulst equation (2) to a varia-
tional principle that maximized a function that he named
quantity of life [19]. Later, R.A. Fisher [11] extended of (2)
to spatial distributed systems and expressed it in terms of
partial differential equations:

OW(x, 1)

TE a- W, H—b-W(X, )+ D-V2W(X,1). (5)

He applied this to the spread of a mutant superior gene
within a population and showed that as opposed to usual
diffusion, the propagation consists of a sharp frontier
(Fisher wave) that advances with constant speed (rather
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then proportional to /7 as in usual diffusion). Following
its formulation, the mathematical study of (5) was taken
over by mathematicians [17] and lead eventually a large
number of physics studies (especially on the anomalous
and fractal properties of the interface [1,6,14,15]).

A crucial step was then taken by Eigen [9] and Eigen
and Schuster [10] who generalized the Lotka system of
two equations for two populations to an arbitrary num-
ber of equations =~ populations. They used the new system
in the study of the Darwinian selection and evolution in
prebiotic environments. More precisely, they considered
quasi-species of auto-catalytic (self reproducing RNA se-
quences) molecules which can undergo mutations. Each
sequence i self-replicates at a rate g; and undergoes muta-
tions to other sequences j at rates a;; . The resulting system
of equations is:

N
AWi(0/dt = a;Wi(1) + > ai; W (1)
j=1

N
— > ajWi(t) — b(W(E). HW;(t) . (6)
=1

The arbitrary function b(W—(tS, t) represents generi-
cally the interaction with the environment (in the specific
case of ref [10] the result of replenishing and stirring the
container continuously).

The extension of the logistic framework to social sci-
ences was strongly advanced by Elliot Montroll who based
a book on social dynamics on the principle that almost all
the social phenomena, except in their relatively brief ab-
normal times obey the logistic growth [27].

An analogy that was often exploited in economics
was the ecology-market metaphor (e.g. [31]) which was
advanced in parallel with the more mechanical physics
analogies. The connection to the logistic framework was
strengthened by the evolutionary economics metaphor
(e.g. [8,16,28]). This lead to the extension of (6) to eco-
nomics with the a;’s representing capital >~ GDP growth
rates and the a;/’s representing trade, social security, mu-
tual help or other mechanisms of wealth transfer (e.g.
taxes ~~ subsidies). More recently [25] the logistic dynam-
ics was applied to the dynamics of the equities i within
a personal portfolio. Then a;(t)’s are interpreted as the
rate of growth of the equity i (at time t) and a;; as the pe-
riodic redistribution of capital between the equities by the
owner of the portfolio (in order to optimize it). Stochastic
generalizations of the logistic > Lotka-Volterra equations
were studied also in a large body of mathematical litera-
ture (e. g. [17]), and in order to get meaningful results out

of the model, one has to introduce the noise in a proper
way that will stand for its effect in real-life systems.

The Danger of Being Mean - Simple Examples

In this subsection we argue why microscopic (i. e. agent-
based) studies are needed and why simplification in the
style of mean field theories can be seriously wrong.

If we deal with a small biological population, then due
to random accidents it may die out completely and irre-
versibly. For example, poachers may kill the two surviving
males of a small elephant herd which is isolated from other
elephants. It does not help the herd if one shows that on av-
erage there is enough food and space for two adult males,
two adult females, and several calves. For larger popula-
tions usually such extreme fluctuations are less probable,
and the time until it happens may increase exponentially
with the population size.

Also, a hurricane may sink a ship even if averaged over
the whole Atlantic Ocean the absolute value of the wind
speed and wave height are moderate. In a marriage a hus-
band is supposed to be faithful to his wife and should not
average his efforts to become a father over 10° women; at
least that’s what wives often demand.

A less trivial example is demography. If you want to
know how many people of retirement age are there for
every thousand people of working age, usually one takes
into account mortalities, birth rates, and migration. Let
us assume, however, that one group of the population has
a higher birth rate than the rest and that this difference is
given on to the following generations, either genetically or
culturally. Then, if everything else is the same, the group
with the higher birth rate will finally dominate in the pop-
ulation, and using the average birth rate is not correct. (Of
course, if the difference is small and we want to extrapo-
late over less than a century, then the average birth rate
is still a good approximation.) One could remedy this er-
ror by simulating the two populations together; but then
there could be other inherited traits which are demograph-
ically relevant, and thus with more and finer subdivisions
we finally end up with agent-based demography [5], deal-
ing with each individual.

This explains the conceptual gap between sciences: in
conditions in which only a few exceptional individuals
dominate, it is impossible to explain the behavior of the
collective by plausible arguments about the typical or most
probable individual. In fact, in the emergence of nuclei
from nucleons, molecules from atoms, DNA from simple
molecules, humans from apes, there are always the atypical
cases (with accidentally exceptional advantageous proper-
ties) that carry the day. This effect seems to embrace the
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emergence of complex collective objects in a very wide
range of disciplines from bacteria to economic enterprizes,
from emergence of life and Darwinism to globalization
and sustainability.

In the following section we will bring examples [33]
where these effects lead to strong localization, such that
the mean-field approximations give qualitatively wrong
results, like predicting extinction where survival is possi-
ble. The approximations do not become good if only the
population is large.

In conclusion, generic logistic ideas hinted by (2) arose
for the last century in an extremely wide-ranging set of
applications. For each discipline, subject and system, the
variables of the model had to be interpreted in terms of the
empirical observables and adapted to the relevant range of
parameters and initial conditions. Once the parameters are
specified, the generic framework (6) (plus noise) becomes
a well defined model for a specific system. Then, one can
derive from it precise predictions and confront them with
the data.

Minimal Extensions to the Classical Logistic System

Here, we show how by restricting the parameter’s regime
of the generic framework (6) (plus noise), one ends up
with a model that has a very strong prediction’s power [2,3,
18,29,34,35,36].

Case 1: The Generalized Lotka-Volterra System

If one considers a uniform interaction in (6), the resulting
equation can be written as:

dw;(t)/dt
—_—
=a; - Wi(t) +a- W(t) = b(W(1), 1)) - Wi(t) (7)

where W(t) is the average value of the W;’s; then it was
shown [18,29,34,35,36] that:

o The system has a steady state for the normalized quan-
Wi(0)

tity X;(¢) = W

o The steady state distribution of the X; could be calcu-
lated analytically and the resulting distribution has the
following form: P(X) = e 20¢/XD  x—2=2a/D here D
is the variance of the distribution from which the
growth rates (a;’s) is drawn out of.

e The fluctuations of the average (W(t)) have a wide
distribution with a power-law tail that is closely con-
nected with the value of the steady state distribution

(—2 —2a/D).

Obviously, as there is no explicit space in this system, one
cannot see localization effects. However, intermittency is

very clear here: The fluctuations of the average value are

enormous but changing around a fixed value. The possible

interpretation of such a model are very diverse:

Income Distribution: W; () can represent the annual in-
come of each individual in the society - then, the Wu
term is connected to social benefits one gets from the
being part of the society, such as social security, char-
ity and minimum wage. The a;’s stand for the rela-
tive change between this year and the previous one.

b(m, t)) - W;i(¢) then represents the overall trend of
the market — periods of depression and of external in-
vestments.

Stock Market: W;(t) can represent the value of a spe-
cific stock in the stock market (at the closing time
of the market for example) - then, the Wa term is
connected to correlations among the different stocks
in the market. The a;’s stand again for the relative
change between the value today and the previous one.

b(m, 1)) - W;i(¢) represents the overall trend of the
market — periods of depression and of external invest-
ments.

Population Dynamics: W;(t) can represent the number
of individuals from a specific species in animals or
of a specific nation in humans - then, the Wa term
is connected to immigration or mutations connect-
ing the different populations. b(W—(tS, 1)) - Wi(t) rep-
resents the conditions for breeding.

There are many more possible interpretations but the
point is clear. For each interpretation one can argue that
the uniform choice of the interaction matrix is unrealis-
tic - of course it might be true, but as it turns out lately, the
power-law prediction is very robust and can stand many
different choices of this matrix.

Case 2: The AB Model

The AB Model [20,22,23,32,33] is actually a reaction-dif-
fusion system which has two types of agents: A and B. It
is a discrete system, both in space and in the fields it de-
scribes (A and B in any spatial point are natural numbers,
never negative) and as such needs to be described with a set
of rate equations. Then the agents may go through the fol-
lowing possible processes with the corresponding rates:

Diffusion: at each time step, with probabilities D,/2d and
Dy/2d, respectively, an A or B moves to a nearest
neighbor site on a d-dimensional lattice.

Reaction: at each time step, with probabilities © and
A - Ny, a single B dies or gives birth to a new B, re-
spectively, where N4 is the number of A’s in the same
location.
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Intermittency and Localization, Figure 1

Snapshots of the AB Model in two dimensions [Log scale] in these 6 snapshots the time evolution of the AB Model is demonstrated:
The two dimension lattice is set in t = 0 to be in a random distribution of the Bs drawn from a Poisson distribution. The parameters
are set in a way that if one looks at the mean-field approximation one will guess that the system needs to go to extinction in a rela-
tively short time. However, due to the discreteness of the catalysts and the reactants, the Bs adapt themselves to the rich (in food)

areas and the famous island structure is formed

Naively, this system can be mapped into two partial differ-
ential equations:

% — Dy V2B(x, )+ (A- A(x, ) — ) - B(x, £) (8)
% =D, V2A(x.1). 9)

It is tempting to say that we can solve Eq. (9) to get:

A(x,t) —> ny (10)
in long times and then to plug it into Eq. (8) to say that
depending on the parameter m = (n4 - A — u) the total
number of Bs will either increase exponentially (if m > 0)
or decrease exponentially (if m < 0). It turns out that this
mean-field treatment is totally wrong and as was shown
in [33] in low enough dimensions (d < 2) the B’s will

asymptotically increase exponentially no matter what the
rest of the parameters are! The intuitive explanation for
this surprising result is that the B’s somehow adapt them-
selves to be localized around regions with good condi-
tions (large number of A;). One can see a typical snap-
shot of this system in Fig. 1. Another prediction [23] of
this model is the intermittency of the total number of B’s
even when one adds a saturation term similar to the sec-
ond term in Eq. (2). Yet one more prediction of this model
is the J-shape in the total number of B’s: i. e. initial decline
followed by lasting exponential growth, Fig. 2.

Applying These Models to Real-Life Systems

As mentioned in Subsect. “Real-Life Examples”, many
real-life systems have characteristics that can be explained
with the AB Model or the GLV:
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Intermittency and Localization, Figure 2

The time evolution of the average B number in the AB Model
in two dimensions For the same parameters as Fig. 1 if one plots
the average B number as a function of time, the above picture
is revealed: a J-shape. It turns out that this shape is a ubiqui-
tous feature for the GDP evolution of many countries that went
through a major shock in their economies like the collapse of the
Soviet bloc for example

In the immune system, it was shown in [21] that the
body’s B cells tend to grow in places in the genome space
where they are needed (depending on the diseases existing
in the system).

On the Internet, it was shown in [13] that one can use
the theoretical understanding of the model in order to plan
strategies that will improve the way the Internet works.

In global economics it was shown in [23] that the
global economic system can be mapped into a modifica-
tion of the AB Model. In [18] the power law’s distribution
of the income and of the returns in the stock market were

compared to give extraordinary fit with reality. One more
paper was just written [7] on how could decision makers
gain knowledge on the economic system they are in charge
of under the light of this model.

In this section we show in some more details one spe-
cific example of how one can take the predictions result-
ing from these types of models and apply them to real life
systems: The system we will discuss is the Polish econ-
omy following the collapse of the Soviet bloc. We chose
to present the system with the aid of Eq. (6). In the present
application, the index i of the equations in the system (6)
ranges from 1 to 2945 and labels the economy of each
of the 2945 counties composing Poland. Each equation
represents the evolution of the economic activity W; of
the county i. More precisely, W; is the number of enter-
prizes per capita in the county i. The a;s represent endoge-
nous growth rate of the country i and vary from county
to county depending on local factors such as social capital,
availability of natural resources or infrastructure. In fact
the data indicate that the most important factor affecting
the economic growth is the education level in the county.
This dependence of a purely economical quantity on a so-
cial quantity is of great methodological importance and
emphasizes in a dramatic way the importance of interdis-
ciplinary studies (in this case economics, social science and
physics). A recent work [43] led to a list of nine specific
predictions resulting from the model. The data confirmed
in a clear way the model predictions: Following the lib-
eralization, the counties behaved in divergent ways: while
most of the counties’ economies plunged by factors of two,
a few counties tripled their economic activity. This in turn
lead to a quick increase in inequality between the counties.

Intermittency and Localization, Figure 3

The influence of Education on Economic Activity before and after liberalization a The number of enterprizes per capita in each
county in 1989. b The number of enterprizes per capita in each county in 1998. c The years of education per capita in various counties
in 1988. a maps the number of the enterprizes per capita in the year preceding the economic transition. This initial distribution
does not display any spatial pattern: is very close to a uniform random (Poisson) distribution (similar to Fig. 1 at t = 0). b After
the liberalization there is a clear spatial pattern: the economic activity is concentrated around the singular growth centers which
are strongly correlated with the education levels before the transition (c). In the language of the AB Model, the As - represent the
education level, while the Bs represent the economic activity (enterprizes per capita)
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During the preceding (socialist) regime, all counties were
allocated roughly the same amount of economic activity
by the central government. Thus the counties with high
post-liberalization growth rate represented initially a neg-
ligible part of the country GDP and could not avert the
fast global decay. However, within a couple of years, fol-
lowing their dramatic growth, the fast developing counties
became the economic force, driving up the GDP. More-
over, their influence expanded to the neighboring regions
until, eventually the entire country reached an uniform
growth rate. This is not to say that the economic activ-
ity per capita equalized. Quite contrary, in the asymptotic
regime in which the growth of the weak regions was due
to the diffusion of economic activity from the fast devel-
oping regions, the very wide differences in GDP per capita
persisted and in fact increased. One can see in Fig. 3 the

spatial structure of the system, in t = 0 (year 1989, be-
fore the liberalization) and in 1994 and compare it with
the social conditions (education level) that catalyzed the
economic growth. The localization effect is very clear. In
Fig. 4 one sees how the generic prediction of the J-shape
resulting from the AB Model is present in all of the for-
merly communist countries!

Future Directions

In his science fiction novel “Foundation” (1951), Isaac Asi-
mov was playing with the idea of having a reliable predic-
tions of the human society under the new scientific disci-
pline he invented and called psychohistory. In this novel
he was dealing mainly with the fact that unlike other sci-
entific disciplines - here, due to the fact that human beings
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Intermittency and Localization, Figure 4

The J-curve economic recovery after the liberalization of the Soviet Block The GDPs of the Eastern European countries experienced
strong decay immediately after the economic liberalization. This was generally followed by a growth period. The resulting pattern
resembles the letter J which explains the name J-curve. While the magnitude of the initial decay and the time and rate of recovery
varies among the various countries, the J-shape is universal. The marked departure (exponential growth) of the Polish economic
activity from an exponential decay extrapolated curve indicates that the classical global logistic framework cannot explain the ob-
served pattern. The AB Model however does! (as can be seen in Fig. 2)
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are involved, they are able to read the predictions and by
that changing them... Without entering this discussion,
we feel that Asimov succeeded to put his finger on a very
crucial point: unlike physics for example, there is no such
tool that people can rely upon when trying to predict the
possible future outcome of today’s deeds. Many scientists
that come from the natural sciences are very suspicious
towards their colleagues from the soft sciences because of
this reason. On the other hand the soft scientists are claim-
ing that the problems that they deal with are far too com-
plex to put into solvable equations. We do understand the
positions of both sides, but feel that the time has come to
try and close the cultural gap between the two. The meth-
ods of the accurate sciences have been improved dramati-
cally since the availability of computer power, on the other
hand the social sciences are able today (also due to com-
puters and Internet) to measure many social indexes on
a very wide scale and for many years. What is needed now
is first to make efforts to quantify the observations that so-
cial scientists agree upon, and by that to create a set of so
called stylized facts. After having such list of qualitative
and quantitative motifs that science agree they are present
in reality — the road to having models that could be vali-
dated or invalidated by comparing their theoretical predic-
tions to reality is closer than ever. We do believe that what
was described in this paper are first steps towards Asimov’s
fantasy. Maybe this line of research will help us understand
a little better the complex nature of human society.
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Glossary

Autonomous system (AS) An autonomous system is
a connected group of one or more IP prefixes, run by
one or more network operators, which has a single and
clearly defined routing policy. A unique AS number
(or ASN) is allocated to each AS for identification pur-
pose in inter-domain routing among ASes. For exam-
ple, an organization, such as an ISP or a university, is
an example of an AS. Some organizations may have
more than one AS and thus have more than one AS
number.

BGP (border gateway protocol) The Border Gateway
Protocol (BGP) version 4 is the de facto routing pro-
tocol used in the Internet to exchange reachability
information among ASes and interconnect them. The
current BGP is version 4.

Degree The degree of an AS (or a node) is the number of
neighbors of this AS (or node).

CCDF The complementary cumulative distribution func-
tion (CCDF) of a degree is the percentage of nodes that
have a degree greater than the degree of interest.

Degree rank The degree rank of a node is its index in a list
of degrees, ranked in decreasing order.

Eigenvalue Let A be an N x N matrix. If there is a vector
X € RN # 0 such that AX = AX for some scalar A,
then A is called the eigenvalue of A with corresponding
eigenvector X.

Definition of the Subject

Internet topology is the structure by which hosts, routers or
autonomous systems (ASes) are connected to each other.
The majority of existing Internet topology research fo-
cuses on the AS-level. There are three reasons for this.
First, AS-level Internet topology is at the highest granu-
larity of the Internet; other levels of Internet topology par-
tially depend on AS-level topology. Second, the AS-level
topology is relatively easy to obtain; other levels of topol-
ogy are sometimes regarded as private information and are
harder to get. Third, AS-level topology is not directly en-
gineered by humans; instead, it is the aggregate result of
technological and economical forces and, therefore, its ori-
gin and evolution attract considerable interest from inves-
tigators.

Research on Internet topology is driven by the ex-
plosive growth of the Internet, which has been accompa-
nied by a wide range of inter-networking problems related
to routing, resource reservation and administration. The
study of algorithms and policies to address such prob-
lems often requires topological information and models.
In 1999, Faloutsos et al. [27] discovered that the seemingly
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random Internet topology does follow some rules: it fol-
lows power-law distributions. This finding revitalized the
research on Internet topology and generated significant
follow-up work.

Introduction

The Internet can be decomposed into connected subnet-
works that are under separate administrative authorities,
as shown in Fig. 1. These subnetworks are called domains
or autonomous systems (ASes). The Internet community
develops and employs different routing protocols inside an
AS and between ASes. An intra-domain protocol, such as
RIP, IS-IS, or OSPF, is runs within an AS, while an inter-
domain protocol, such as BGP, runs between ASes. This
way, the topology of the Internet can be studied at two
different granularities. At the router level, each router is
represented by a node [56], and a direct connection (ei-
ther inter-domain or intra-domain) between any pair of
routers is represented by an edge. At the AS level, each AS
is represented by a single node [31] and each edge is an in-
ter-domain interconnection. The study of the topology at
each level is equally important.

This article focuses on AS-level Internet topology.
Note that, at this level, only one edge exists between two
nodes, although in practice there may be multiple connec-
tions between two ASes. This is a limitation of the nature
of the data that are currently available.

There are multiple benefits from understanding the
topology of the Internet. For example, we want to be able
to answer questions such as the following: “What does the
Internet look like?”, “Are there any topological properties
that don’t change in time?”, “How will it look a year from
now?”, “How can I generate Internet-like graphs for my
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Domain 3

Domain 1

v [J Host
00 O LAN @® Router
O Domain
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Internet Topology, Figure 1
The structure of Internet at two levels

simulations?”. Modeling Internet topology is an impor-
tant open problem despite the attention it has attracted re-
cently. Paxson and Floyd consider this problem as a ma-
jor reason why we don’t know how to simulate the In-
ternet [28]. An accurate topological model can have sig-
nificant impact on network research. First, we can design
more efficient protocols that take advantage of its topolog-
ical properties. Second, we can create more accurate arti-
ficial models for simulation purposes. And third, we can
derive estimates for topological parameters that are useful
for the analysis of protocols and for speculation regarding
the Internet topology in the future.

The rest of this article is structured as follows: We
first will review how and where Internet topology infor-
mation is collected in Sect. “Data Sources and Their Lim-
itations”. We also compare the pros and cons of differ-
ent data sources and discuss why they have such different
properties. In Sect. “Power-laws of the Internet”, we will
review the power-laws of the Internet, which constitute
one of the most important discoveries of Internet topol-
ogy. The power-laws lead to significant follow-up research
in modeling the Internet topology, and we will discuss
these models in Sects. “Topology Generating Models and
Tools” and “Conceptual Models for the Internet Topol-
ogy”. Then, we present the challenges and techniques in
discovering the complete Internet topology in Sect. “The
Complete Internet Topology”. Finally, we discuss future
research directions of Internet topology in Sect. “Conclu-
sion and Future Directions”.

Data Sources and Their Limitations

We first describe the data sources for collecting AS-level
Internet topology. All of these sources and methods have

Domain 2

Domain 1 /

O/O

Domain 3

b AS level
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Internet Topology, Table 1

An excerpt of an entry in typical Cisco “sh ip bgp” format BGP table dumps from BGP collector “route-views.oregon-ix.net” on May

1,2007

Network

Next Hop

(Other Fields) Path

2.0.0.0/24 [ 157.130.10.233 | (...)

701 1299 34211 41856 41856

their shortcomings, which will be discussed at the end of
this section.

BGP Routing Tables

Border Gateway Protocol (BGP) routing table dumps
are probably the most widely used resource that pro-
vides topological information. Typically, these routing ta-
ble dumps are obtained from special BGP collectors, each
of which connects with one or more Internet backbone
routers in different ASes with special agreements. These
BGP collectors do not advertise any prefixes (that is, IP
blocks) to the Internet, while they are configured to receive
all routes that the Internet backbone routers advertise to
them. Therefore, these collectors are passive, and they have
no effect on the global Internet. Periodically, each collector
dumps its full routing table to Internet archives, which are
usually publicly available for download.

Table 1 shows an entry of a typical Cisco “sh ip
bgp” format BGP table dump from BGP collector “route-
views.oregon-ix.net” on May 1, 2007. This entry indicates
that, the destination network 2.0.0.0/24 can be reached via
AS path “701 1299 34211 41856”. Therefore, the instance
of Internet topology should include four ASes (AS701,
AS1299, AS34211 and AS41856) and three links (AS701-
AS1299, AS1299-AS34211 and AS34211-AS41856). Typi-
cally, a BGP collector’s routing table has more than a hun-
dred thousands such entries from each peer AS; the total
number of entries often exceeds several million. The num-
ber of ASes or routers of each BGP collector varies from
a few to approximately one hundred. There are two well-
maintained BGP routing table collector agents: Oregon
Routeviews [54] and RIPE RIS [61]. Each of these agents
maintains a number of BGP collectors around the world.

Besides routing tables, a BGP collector may also pe-
riodically dump routing updates received from its peers.
Routing updates have a similar format to routing tables.
A BGP update message displays the current route to a pre-
fix, and therefore, a collection of BGP updates is able to
reveal the dynamics of BGP routing.

Traceroute

Traceroute [36] is a tool that discovers the route that IP
datagrams follow from one host to another. Traceroute
takes advantage of the fact that each router decrements

the TTL (Time To Live) field by 1 for each IP packet that
passes through it, and each router must discard any IP
packet with TTL = 0 and send an ICMP “time-exceeded”
error message back to the sender of the original IP packet.
The original purpose of the action is to prevent IP packets
from circulating the network forever. Traceroute operates
by sending IP packets to a destination with small but in-
creasing TTL values. These packets expire at the routers
along the path to the destination. Since each router along
the path sends an ICMP “time-exceeded” message back
to the traceroute source, the identities of these routers (or
more precisely, the outgoing IP interfaces of those routers)
can be discovered. Although there is no guarantees that
two consecutive IP packets will traverse the same route to
the same destination, most often they do.

There are several large scale measurement projects us-
ing traceroute-like probes. Skitter [66] is a part of CAI-
DA’s [70] topology measurement project. CAIDA [70]
maintains a set of (about 20) active monitors distributed
around the globe. Each monitor uses a modified version
of traceroute to probe a large set of IP addresses which
cover nearly the whole IP address space. Rocketfuel [67] is
a topology discovery project from the University of Wash-
ington. Rocketfuel uses a larger number of traceroute
sources (a few hundred) from public traceroute servers
as their sources. Therefore, Rocketfuel has a significantly
higher number of vantage points than CAIDA. However,
due to restrictions of the public traceroute servers, the rate
of traceroute probing is limited in Rocketfuel. As a re-
sult, Rocketfuel is better at probing specific ISP networks
rather than the whole Internet. Another promising project
is NetDimes [62] from Tel Aviv University. To increase the
number of vantage points, NetDimes distributes a large
number of probing agents (tens of thousands) to global
Internet users on a volunteer basis. These agents perform
traceroutes according to the NetDimes center controls.
Since the agents are mostly volunteers, coordination is still
difficult when attempting to probe the Internet topology
from anywhere at any given time.

All traceroute probes reflect only router-level topol-
ogy. In order to obtain AS level topology, the probed IP
addresses must be mapped to the ASes to which they be-
long. The conventional way to map an IP address to its
AS number is by looking up, in the BGP routing tables,
the IP block with the longest prefix match. For example, if



Internet Topology

4933

there is an IP address 2.0.0.18 and the longest prefix that
it matches in the routing table is 2.0.0.0/24 (as shown in
Table 1), then the announcing AS, which is the AS at the
end of the “Path” field (AS41856 in Table 1), is the AS to
which the IP 2.0.0.18 should be mapped. However, the ac-
curacy of this method may be low in certain situations, as
reported in the literature [48,49].

Internet Routing Registry (IRR)

The need for cooperation between autonomous sys-
tems is fulfilled today by the Internet Routing Registry
(IRR) [54]. ASes use the Routing Policy Specification Lan-
guage (RPSL) [61,66] to describe their routing policy, and
router configuration files can be produced from it. At
present, 55 registries exist, which form a global database
from which to obtain a view of the global routing pol-
icy. Some of these registries are regional, such as RIPE
or APNIG; other registries describe the policies of an au-
tonomous system and its customers. The main uses of
the IRR registries are to provide an easy way for consis-
tent configuration of filters, and a way to facilitate the de-
bugging of Internet routing problems. From the registered
routing export and import policies, Internet topology can
be extracted from IRR. For example, in Table 2, an excerpt
of aut-num record for AS3303 in the IRR is shown. From
the registered import and export policy in this excerpt,
the Internet topology should include three ASes (AS3303,
AS701 and AS1239), and two edges (AS3303-AS701 and
AS3303-AS1239).

Data Source Comparison

BGP table dumps, especially the one from the Oregon
Routeview project, are the most widely used source for In-
ternet topology studies. An advantage of the BGP routing
tables is that their link information is considered reliable.

Internet Topology, Table 2
An excerpt of the IRR in plain text format for AS3303

aut-num: | AS3303

as-name: | SWISSCOM

descr: Swisscom Solutions Ltd

descr: IP-Plus Internet Backbone

import: | from AS701 action pref=700; accept ANY
export: | to AS701 announce AS -SWCMGLOBAL
import: | from AS1239 action pref=700; accept ANY
export: | to AS1239 announce AS -SWCMGLOBAL

If an AS link appears in a BGP routing table dump, it is al-
most certain that the link exists. However, a limited num-
ber of vantage points makes it hard to discover a complete
view of the AS-level topology. A single BGP routing ta-
ble has the union of “shortest” or, more accurately, “pre-
ferred” paths with respect to this point of observation. As
a result, such a collection will not see edges that are not
on the preferred path for this point of observation. Sev-
eral theoretical and experimental efforts explore the limi-
tations of such measurements [1,21]. Furthermore, the in-
completeness is statistically biased based on the type of the
links: peer-to-peer links are more likely to be missing from
BGP routing tables than provider-customer links, due to
the selective exporting rules of BGP. Here, a provider-cus-
tomer link means the two ASes incident to the edge have
a provider-customer relationship, that is, one AS pays the
other AS for traffic transit service. A peer-to-peer edge
means the two ASes incident to the edge have a peer-to-
peer relationship, that is, these two ASes have a mutual
agreement that they carry traffic for each other with no
or little fee. The classification of AS relationships can be
inferred fairly accurately from the BGP routing tables by
a number of algorithms [23,25,30,77]. The majority of the
edges (approximately 80%) are provider-customer edges
and most of the rest are peer-to-peer edges [33]. Typically,
a peer-to-peer link can be seen only in a BGP routing table
of the two peering ASes or their customers. Thus, given
a peer-to-peer edge, unless a BGP collector peers with
a customer of either AS incident to the edge, the edge can
not be detected from the table dumps of the BGP collector.
A recent work [18] discusses this limitation in depth. Thus,
apart from being incomplete, the measured graph may not
fairly represent the different types of links. Furthermore,
BGP table dumps are likely to miss alternative and back-
up paths. By definition, a router advertises only the best
path to each destination, namely an IP prefix. Therefore,
the back-up paths will not show up unless the primary link
breaks. To address the problem, a recent effort suggests the
need for actively probing backup links [19].

Previous studies [24,80] using BGP updates as a source
of topological information show that by collecting BGP
updates over a period of time, more AS links are visi-
ble. This is because as the topology changes, BGP updates
provide transient and ephemeral route information. How-
ever, if the window of observation is long, an advertised
link may cease to exist [80] by the time that we construct
a topology snapshot. In other words, BGP updates may
provide a superimposition of a number of different snap-
shots that existed at some point in time. Recently, Oliveira
et al. [53] explicitly distinguished this commonly over-
looked “liveness problem”. Note that BGP updates are col-
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lected at the same vantage points as the BGP tables in
most collection sites. Naturally, topologies derived from
BGP updates share the same statistical bias per link type as
topologies derived from BGP routing tables: peer-to-peer
links are advertised only to the peering ASes and their cus-
tomers. This further limits the additional information that
BGP updates can currently provide. On the other hand,
over a long period of observation, BGP updates could be
useful in revealing ephemeral backup links which are not
visible in the Internet at large, unless the primary link
breaks down. At the same time, we could obtain erroneous
BGP updates which may introduce fictitious links. To tell
ephemeral and erroneous links apart, we need highly tar-
geted probes. Recently, active BGP probing [19] has been
proposed for identifying backup AS links. This is a promis-
ing approach that could complement other measurement
work and provide the needed capability for discovering
more AS links.

By using traceroute, one can explore IP paths and then
translate the IP addresses to AS numbers, thus obtain-
ing AS paths. Similarly to BGP tables, the traceroute path
information is considered reliable, since it represents the
path that the packets actually traverse. On the other hand,
a traceroute server explores the routing paths from its lo-
cation towards the rest of the world, thus the collected
data has the same limitations as BGP data in terms of
completeness and link bias. One additional challenge with
the traceroute data is the mapping of an IP path to an
AS path, as we previously mentioned. The problem is far
from trivial, and it has been the focus of several recent ef-
forts [48,49].

The Internet Routing Registry (IRR) [35] is the
union of a growing number of world-wide routing policy
databases that use the Routing Policy Specification Lan-
guage (RPSL). In principle, each AS should register routes
to all its neighbors (that reflect the AS links between the
AS and its neighbors) with this registry. IRR information
is manually maintained and there is no stringent require-
ment for updating it. Therefore, without any processing,
AS links derived from the IRR are prone to human er-
ror and could be outdated or incomplete. However, up-
to-date IRR entries provide a wealth of information that
could not be obtained from any other source. A recent ef-
fort [63] shows that, with careful processing of the data,
we can extract a non-trivial amount of correct and useful
information.

Power-Laws of the Internet

The power-laws for Internet topology were first observed
by Faloutsos et al. [27], and later summarized in [64]. In

those two papers, the authors showed that Internet topol-
ogy at the AS level can be described efliciently with power-
laws. The elegance and simplicity of the power-laws pro-
vide a novel perspective into the seemingly chaotic Inter-
net structure.

Power-laws are expressions of the form y o x“, where
a is a constant, x and y are the measures of interest, and
o< stands for “proportional to”. Pareto was among the first
to introduce power-laws in 1896 [57]. He used power-laws
to describe distribution of income where there are a few
very rich people, but most people have a low income. An-
other classical law, the Zipf law [81], was introduced in
1949, for the frequencies of English words and the pop-
ulations of cities. More recently, power-laws have been
observed in communication networks. Power-laws have
been observed in traffic [20,43,59]. In addition, the topol-
ogy of the World Wide Web [5,42] can be described by
power-laws. Furthermore, power-laws describe the topol-
ogy of peer-to-peer networks [40] and properties of multi-
cast trees [16,60,71,76].

The initial work on power-laws [27] has generated
significant follow-up work. In fact, [27] is one of the
top five most cited computer science papers published in
1999 [17]. Various researchers have verified the power-
law observations with different datasets [32,38,45]. In ad-
dition, significant work has been devoted to understanding
the origin [50], and generating power-law topologies [8,13,
37,39,50,51,55,69,78].

For the Internet topology, three power-laws have been
identified: the rank power-law, the degree power-law and
the eigen power-law.

Rank power-law

We empirically observe the following property for the In-
ternet.

Power-law 1 (rank exponent) Given a graph, the degree
d, of a node v is proportional to the rank of the node r, to
the power of a constant R:

R
dy, ocr,

Definition 1 Let us sort the nodes of a graph in decreas-
ing order of degree. We define the rank exponent R to be
the slope of the plot, on a log-log scale, of the degrees of
the nodes versus the rank of the nodes.

Figure 2 shows the (r,, d, ) pairs ona log-log scale after the
nodes in an Internet topology are sorted in decreasing or-
der of degree d,. The measured data are obtained from the
Oregon Routeviews [54] collector and are represented by
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Internet Topology, Figure 2
Log-log plot of the degree d, versus the rank r, in the sequence
of decreasing degree

points, while the solid line represents the least-squares ap-
proximation. A striking observation is that the plots are
approximated well by linear regression. The correlation
coefficient is over 0.97 in this case. The authors of [64] also
inspected more than 1000 Internet topology instances over
a six year span (1997 and 2003), and they found that for
every instance of the inter-domain topology, the correla-
tion coefficient was always higher than 0.97. This linearity
is unlikely to be a coincidence.

Intuitively, power-law 1 correlates the degrees of the
nodes and their rank and reflects a principle of the way do-
mains connect. Such a relationship can be used to calculate
the number of edges as a function of the number of nodes
for an exponent of a given rank. In fact, in a graph where
power-law 1 holds, it can be shown [27] that the number of
edges E of the graph can be estimated as a function of the
number of nodes N and the rank exponent R as follows:

E= 1 !
T 2(R+1) NR+1

For additional discussion on estimates using this for-
mula, see [27].

Degree Power-Law

Power-law 2 (degree exponent) Given a graph, the
CCDF D, of a degree d is proportional to the degree to
the power of a constant D:

Dy x dD .
Definition 2 We define the degree exponent D to be the

slope of the plot of the cumulative distribution of the de-
grees versus the degrees in log-log scale.
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Internet Topology, Figure 3
The log-log plot of D4 versus the degree for the Oregon topolo-
gies

In Fig. 3 Dy is plotted versus the degree d in log-log scale.
The major observation is that the plot is linear. The cor-
relation coefficient is more than 0.996 for data obtained
from Oregon Routeviews [54]. The authors in [64] found
that the degree power-law holds for all the instances they
inspected from 1997 to 2003, with correlation coeflicient
higher than 0.99.

The intuition behind this power-law is that the distri-
bution of the degree of Internet nodes is not arbitrary. The
qualitative observation is that lower degrees are more fre-
quent. The power-law manages to quantify this observa-
tion by a single number, the degree exponent. This way,
the realism of a graph can be tested with a simple numeri-
cal comparison. If a graph does not follow power-law 2, or
if its degree exponent is considerably different from real
exponents, it probably does not represent a realistic topol-
ogy.

The exponents of rank and degree power-laws have
been shown to be related [2,15]. More specifically, in
a perfect power-law distribution, the exponent of the rank
power-law is equal to the multiplicative inverse of the ex-
ponent of the degree power-law. However, in reality, the
two exponents do not have such a perfect relationship. The
discrepancy could be attributed to measurement imperfec-
tions and inaccuracies. In that regard, both the rank and
the degree power-laws characterize the degree distribution
from different angles, and it is useful to report both expo-
nents when characterizing a topology.

Eigen Power-Law

Eigenvalues of a graph are the eigenvalues of its adjacency
matrix. We observe the following property for the Internet
graph.
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Power-law 3 (eigen exponent) Given a graph, the eigen-
values A; are proportional to the order i to the power of
a constant Z:

A,‘O(I‘

Definition 3 We define the eigen exponent Z to be the
slope of the plot of the sorted eigenvalues versus their or-
der in log-log scale.

In Fig. 4, the eigenvalues are plotted versus their or-
der, in decreasing sequence, in log-log scale. The eigen-
values are shown as points in the figure, and the solid
lines are approximations using a least-squares fit. Simi-
lar observations with equally high correlation coefficients
were observed for all instances obtained between 1997 and
2003 [64]. The plot is practically linear with a correlation
coeflicient of 0.996, which constitutes an empirical power-
law of the Internet topology.

Eigenvalues are fundamental graph metrics. There is
arich literature that proves that the eigenvalues of a graph
are closely related to many basic topological properties
such as the diameter, the number of edges, the number
of spanning trees, the number of connected components,
and the number of walks of a certain length between ver-
tices, as shown in [22]. Interestingly, Mihail et al. [52]
show that there is a surprising relationship between the
eigen exponent and the degree exponent: the eigen expo-
nent is approximately half of the degree exponent. In prac-
tice, the exponents adequately obey the mathematical rela-
tionship, although the match is, naturally, not perfect. All
of the above suggest that the eigenvalues intimately relate
to topological properties of graphs.

100

'P3.0regon’  +
exp(4.3031) *x**(-0.47734)

1 .
1 10 100

Internet Topology, Figure 4
The eigenvalues plot for the Oregon topologies

The Doubts and the Settlement

There has been a long debate on whether the degree dis-
tribution of the Internet at the AS level can be accurately
characterized by power-laws [11,13]. The major concern
is that by adding new edges discovered from sources other
than Oregon Routeviews [54], the degree distribution of
the Internet topology deviates from a perfect power-law.
Interestingly, most of these new edges are of the peer-to-
peer type which is underrepresented in the initial topolo-
gies as we explained earlier.

There are at least two reasons for this debate. First,
this debate is partly due to the absence of a definitive
statistical test. In Fig. 5a, the CCDF of node degrees is
plotted for an Internet topology instance obtained from
multiple resources, including Routeviews [54] and verified
edges from IRR [35]. The distribution is highly skewed,
and the correlation coefficient of a least square errors fit-
ting is 98.9%. However, one could still use different statis-
tical metrics and argue against the accuracy of the approx-
imation [13]. Second, the answer could vary depending on
which source we think is more complete and accurate, and
the purpose or the required level of statistical confidence
of a study. In Fig. 5b, the CCDF is plotted for an Internet
topology instance obtained from the IRR after being fil-
tered by the Nemecis tool [63]. The correlation coefficient
is only 93.5%.

A recent paper [33] proposes a reconciliatory divide-
and conquer approach to explain and settle the debate.
The authors propose to separately model the degree dis-
tribution according to the types of the edges: provider-
customer and peer-to-peer. In Fig. 5, an indicative set of
degree distribution plots are shown. The graphs obtained
from multiple sources (Oregon Routeviews and tracer-
oute-verified IRR links) are plotted in the left column
(Fig. 5a,c,e), and the topology obtained from Nemecis-fil-
tered IRR are plotted in the right column (Fig. 5b,d,f). The
distributions for the whole graph are shown in the top
row, only the provider-customer edges in the middle row,
and only the peer-to-peer edges in the bottom row. The
power-law approximation in the first two rows of plots and
the Weibull approximation in the bottom row of plots are
shown.

The following two properties can be observed from
Fig. 5: (1) The provider-customer-only degree distribu-
tion can be accurately approximated by a power-law. The
correlation coeflicient is 99.5% or higher in the plots of
Fig. 5¢,d. Note that, although the combined degree distri-
bution of the topology in the IRR does not follow a power
law as shown in Fig. 5b, its provider-customer subgraph
follows a strict power law in Fig. 5d. (2) The peer-to-peer-
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The degree distributions of Oregon + verified IRR (left) and Nemecis-filtered IRR (right) in the top row, their provider-customer degree
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only degree distribution can be accurately approximated
by a Weibull distribution [75]. The correlation coefficient
is 99.2% or higher in the plots of Fig. 5e,f. It is natural to
ask why the two distributions differ. The following could
be one explanation: Power-laws are related to the rich-
get-richer behavior; low degree nodes “want” to connect
to high degree nodes. For provider-customer edges, this
makes sense: an AS wants to connect to a high-degree
provider, since that provider would likely provide shorter
paths to other ASes. This is less obviously true for peer-to-
peer edges. If AS1 becomes a peer of AS2, AS1 does not
benefit from the other peer-to-peer edges of AS2 due to
routing policies [72]: an AS normally will not carry traf-
fic from one of its peers to its other peers. Therefore, high
peer-to-peer degree does not make a node more attractive
as a peer-to-peer neighbor. The validity of this explanation
is still under investigation [33].

Topology Generating Models and Tools

So far, we have tried to model the learned topology as
a snapshot. In this section, we present models and tools
that attempt to generate Internet-like topologies.

Early Models

The simplest model is probably the pure random model.
In this model, a set of nodes is distributed in a plane,
and an edge is added between each pair of the nodes with
a fixed probability p. Although this model does not explic-
itly attempt to reflect any structure of real networks, it is
attractive for its simplicity: it is controlled by a single pa-
rameter.

The Waxman [73] model, on the other hand, adds
edges with a probability that is a function of the distance
between the nodes. Specifically, this probability for an edge
between node u and node v is given by

P(u,v) = o 4/(BL) , (1)

where 0 < o, B < 1, d is the Euclidean distance from u to
v, and L is the maximum distance between any two nodes.
There are several variations of the Waxman model [26,
74,79].

The transit-stub [9] method tries to impose a more
Internet-oriented hierarchical structure as follows: In this
model, each routing domain in the Internet can be classi-
fied as either a stub domain or a transit domain. A domain
is a stub domain if the path connecting any two nodes u
or v is in that domain; transit domains do not have this
restriction — in other words, transit domains carry traffic
not only for its own, but also for other domains as well. In

more detail, a connected random graph is first generated
(by using, for example, the Waxman method described
above). Each node in that graph represents an entire tran-
sit domain. Each transit domain node is expanded to form
another connected random graph representing the back-
bone topology of that transit domain. Next, for each node
in each transit domain, a number of connected random
graphs are generated, representing stub domains that are
attached to that transit node. Finally, some extra connec-
tivity is added, in the form of “back-door” links between
pairs of nodes, where a pair consists of a node from a tran-
sit domain and another from a stub domain, or one node
from each of two different stub domains. By having nodes
of different types, it is possible to generate large sparsely-
connected Internet-like topologies with typically low node
degrees. GT-ITM(Georgia Tech Internetwork Topology
Models) is a tool that uses this transit—stub model.

The problem of these early models is that they do not
generate power-law distributions. Medina et al. [51] tested
the generated topologies from Waxman and Transit-Stub,
and found both exhibit a weak presence or lack of the
power-laws.

Pure Power-Law Models

Since the discovery of power-laws by Faloutsos et al. [27],
the main focus of generating an Internet-like topology has
shifted to matching the power-law exhibited in the Inter-
net.

Palmer et al. [55] proposed the PLOD (power law out-
degree) model. In this model, a degree credit is first as-
signed to each node in a graph with a given number of
nodes. The degree distribution complies with the appro-
priate power-laws. Then, an edge placement loop is exe-
cuted: it randomly picks two nodes and assigns an edge if
they are not connected and each node still has remaining
degree credit. After an edge is assigned, the degree credit
of the nodes incident to the edge is deducted accordingly.
The loop continues until there are no more pairs of nodes
that fulfill the condition.

The concept of PLRG (Power Law Random Graph)
was proposed by Aiello et al. [3] in the year 2000, and this
model is also sometimes called Model A. In this model,
arandom graph is produced with a power-law degree dis-
tribution depending on two parameters that roughly de-
lineate the size and density but are natural and convenient
for describing a power law degree sequence. The power-
law random graph model P(«, B) is described as follows:
Let y be the number of nodes with degree x. P(«, B) assigns
uniform probability to all graphs with y = e%/x#, where o
is the intercept and f is the (negative) slope when the de-
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gree sequence is plotted on alog-log scale. After the degree
distribution is defined, a set, L, which contains deg(v) dis-
tinct copies of each node v, will be formed. Then a random
matching of the elements of L is chosen. For two nodes u
and v, the number of edges joining u and v is equal to the
number of edges in the matching of L joining copies of u
to copies of v. The graph formed in the end is the PLRG.

These generators do not attempt to answer how
a graph comes to have a power law degree sequence. In-
terestingly, these method seem to be able to match many
other (but not all) topology properties of the real Inter-
net [65].

Dynamic Growth Models

In contrast to the pure power-law models, dynamic growth
models try to generate the Internet topology graph by sim-
ulating the growth of the Internet.

Barabasi and Albert [6] proposed a generic model (the
BA Model) for network growth that relies on:

1. Incremental growth: The network expands continu-
ously by the addition of new nodes.

2. Preferential attachment: A new node attaches prefer-
entially to nodes that are already well connected.

In more detail, the network begins with a small num-
ber (mg) of connected nodes. New nodes are added to the
network one at a time. The probability p(v) that a new
node is connected to an existing node v is determined as
the following:

pw)=d,/» d;. )

J

where d, is the degree of node v and }_; d; is the sum of
degrees of all existing nodes. In BA model, heavily linked
nodes tend to quickly accumulate even more links, while
nodes with only a few links are unlikely to be chosen as the
destination for a new link. The new nodes have a “pref-
erence” to attach themselves to the already heavily linked
nodes. This is so called “rich-get-richer” phenomenon.

The AB model [4] extends the BA model by adding
a third operation called “rewiring”. The rewiring operation
consists of choosing m links randomly and rewiring each
end of them according to the same preference rule used in
the BA model.

Bu et al. [8] found that the graphs generated by PLRG,
BA and AB models have different characteristic values
from the real Internet graph in terms of path length and
clustering coefficient. They proposed GLP (Generalized

Linear Preference) [8], in which the probability p is

pO) = (d, =By (di—B), (3)
J

where B € (—00, 0) is a tunable parameter. The smaller the
value of B, the less preference given to high degree nodes.

All these dynamic growth models produce graphs with
power-law distribution. However, it is still difficult for
these models to capture every topological property of the
Internet. Authors in [65] show that even GLP does not fol-
low some hierarchical properties of the Internet.

Sampling

All aforementioned models attempt to grow a graph, an
approach which we call “constructive”. These methods
depend on the principles of construction and the choice
of parameter values. Furthermore, they often focus on
matching a certain number of topology properties, while
failing to match some others. At the same time, one can
observe that we need small realistic graphs for simulation
purposes and we do have several large measured topolo-
gies. To create small realistic graphs, Krishnamurthy et
al. [41] proposed a “reductive” approach: instead of trying
to construct a graph, they try to “sample” real topologies to
produce a smaller graph. The idea is that the original prop-
erties, either well-known or unnoticed, can be kept during
the process of reduction.

In more detail, they propose several reduction meth-
ods: DRV (Deletion of Random Vertex): Remove ran-
dom vertexes, each with the same probability. DRE (Dele-
tion of Random Edge): Remove random edges, each with
the same probability. DRVE (Deletion of Random Vertex
or Edge): Select a vertex uniformly at random, and then
delete an edge chosen uniformly at random from the edges
incident on this vertex. DHYB-w (Hybrid of DRVE/DRE):
In this method, DRVE is executed with probability w and
DRE is executed with probability 1 — w, where w € [0, 1].
This method was motivated by the study showing that
sometimes DRVE and DRE had opposite performances
with respect to different metrics.

The topologies sampled by both DRV and DRE meth-
ods are mathematically proved to follow power-law de-
gree distribution. By comparing experimental data, the
authors in [41] concluded that DHYB-0.8 is the best re-
duction method, and it also compares favorably to graph
generation methods proposed previously in the literature.
These sampling methods are successful to reduce a topol-
ogy down to 30% of the original size. Beyond that the sta-
tistical confidence is found to be low.
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Topology Generation Tools

Several publicly available topology generation tools exist.

BRITE (Boston university Representative Internet
Topology gEnerator) [7]is a universal topology genera-
tor. It implements a single generation model that has sev-
eral degrees of freedom with respect to how the nodes are
placed in the plane and the properties of the intercon-
nection method to be used. With different parameter set-
tings, BRITE can generate either a Waxman model or a BA
model.

Inet [34] is an AS-level Internet topology generator.
Inet aims at reproducing the connectivity properties of In-
ternet topologies as power-laws with additional improve-
ments. It initially assigns node degrees from a power-law
distribution and then proceeds to interconnect them us-
ing various rules. The current version, Inet-3.0, improves
on previous versions by creating topologies with more ac-
curate degree distributions and minimum vertex covers as
compared to Internet topologies. Inet-3.0’s topologies still
do not well represent the Internet in terms of maximum
clique size and clustering coefficient. These related prob-
lems stress a need for a better understanding of Internet
connectivity and will be addressed in future work.

Conceptual Models for the Internet Topology

The Internet topology is large, complex and constantly
changing. Even with the introduction of power-laws,
which appear as a necessary though not sufficient condi-
tion for a topology to be realistic, a conceptual model of the
topology [45,56,64] is still hard to obtain. Although the In-
ternet is widely believed to be hierarchical by construction,
it is too interconnected for an obvious hierarchy [69]. Sev-
eral efforts to visualize the router-level topology have been
made [14,66], however they can not be recreated manually
and they do not provide a memorable model.

Internet Topology, Table 3
Distribution of nodes in layers for three Internet instances

One goal here is to develop an effective conceptual
model: a model that can be easily drawn by hand, while at
the same time, is able to capture significant macroscopic
properties. The jellyfish [65] and medusa [10] models are
two conceptual models proposed for the inter-domain In-
ternet topology.

The Jellyfish Model

The jellyfish model classifies ASes into different hierarchi-
cal layers. The highest layer is called the Core, which can
be constructed in the following way: First, we sort all ASes
in non-increasing degree order. The highest degree node
is selected as the first member of the Core. Then, each AS
is examined in the previous order; a node is added to the
Core only if it forms a clique with the nodes already in the
Core. In other words, the new node must connect to all
the nodes already in the Core. The procedure stops when
no more nodes can be added. The constructed Core is
a clique of high-degree ASes, but not necessarily the max-
imal clique of the graph. The Core is a starting point to
construct a jellyfish topology, and the ASes in the Core are
probably the most important ASes in the Internet, since
they have high degrees. The rest of the nodes are defined
according to their proximity to the Core. The first layer
is defined as all the ASes adjacent to the Core. Similarly,
the second layer is defined as the non-labeled neighbors of
the first layer. By repeating this procedure, six layers can
be identified from the instances of Internet AS-level topol-
ogy if the Core is counted as layer zero. Table 3 shows the
number and percentage of ASes with each layer for three
Internet topology instances at different times.

The jellyfish model also separately studies the one-de-
gree ASes. First, the one-degree nodes are not useful in
terms of connectivity to the rest of the network. Second,
one-degree nodes are a large percentage of the network,
and it is important to clarify and isolate their role. In fact,

Instance

Int-11-1997 Int-06-2000 Int-07-2003
Layer No Nodes % of Nodes Nodes % of Nodes Nodes % of Nodes
Core/Layer-0 8 0.23 14 0.176 13 0.08
Layer-1 1354 |44.90 3659 |46.25 7330 |46.27
Layer-2 1202 | 39.866 3090 |39.05 7116 | 45.51
Layer-3 396 |[13.134 1052 | 13.29 1078 6.89
Layer-4 43 1.425 86 |10.87 96 0.61
Layer-5 12 0.398 10 0.12 1 0.0063
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Internet Topology, Table 4

Distribution of nodes in shell and hang classes

Instance

Int-11-1997 Int-06-2000 Int-07-2003
Layer ID Nodes % of Nodes Nodes % of Nodes Nodes % of Nodes
Core/Shell-0 8 0.23 14 0.176 13 0.08
Hang-0 465 15.42 798 |10.08 1174 7.5
Shell-1 889 29.49 2861 |36.16 6156 |39.37
Hang-1 623 20.66 1266 |16 2821 |18.04
Shell-2 579 19.2 1824 | 23.05 4295 | 27.47
Hang-2 299 9.92 662 8.36 808 5.16
Shell-3 97 3.22 390 4.92 270 1.72
Hang-3 41 1.36 74 0.93 84 0.53
Shell-4 2 0.66 12 0.15 12 0.07
Hang-4 12 0.4 10 0.12 1 0.006

35%-45% of the ASes in the Internet are one-degree. In
the jellyfish model, each layer is separated into two classes:
a) the multiple-degree or shell nodes, and b) the one-de-
gree or hang nodes. The one-degree nodes hanging from
kth shell are referred as the kth hang class. For example,
shell-0 is the Core, and its one-degree neighbors are de-
noted as hang-0, while the rest of the neighbors constitute
shell-1. Naturally, the number of ASes in the layers, shells
and hangs have the following relationship:

Layer;, = Shell; + Hang, _,

Table 4 shows the size of each group of nodes in the clas-
sification.

The conceptual the jellyfish model is described by the
layer-shell-hang classification. The Core is the center of
the head of the jellyfish surrounded by shells of nodes. Fig-
ure 6 shows a graphical illustration of this model. The hang
nodes form the tentacles of the jellyfish. The length of the
tentacle represents the concentration of one-degree neigh-
bors for each shell.

Besides being a conceptual model, the jellyfish captures
and represents concisely some fundamental properties of
the Internet topology.

1. Core: The topology has a Core of highly connected im-
portant nodes, which is represented by the center of the
jellyfish cap.

2. Center-heavy: Approximately 80% of the ASes are
layer-1, layer-2 and layer-3 (see Table 3).

3. Node distance: Distances between ASes are small; max-
imum distance less than 11 hops, and 80% of the ASes
are within 5 hops.

4. Edge types: Approximately 70% of the edges are be-
tween different node layers. The rest are horizontal to
the hierarchy providing connectivity between nodes of
the same layer.

Internet Topology, Figure 6
The internet topology as a jellyfish

5. One-degree nodes: There is a non-trivial percentage
(35-45%) of one-degree nodes.

Note that the jellyfish structure seems to hold over time.
We observe a 5-10% (in terms of total number of nodes)
change of the number of nodes in each layer over 6 years,
during which the size of Internet increased dramatically
(see Table 4). In the future, with more years of observation,
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one would attempt to derive trends in the evolution of the
jellyfish.

The Jellyfish Model Tells the Difference

As shown in the previous section, the Internet topology
fits the jellyfish profile. However, not every graph can be
modeled as a jellyfish. For example, if a tree with N nodes
were to be modeled into a jellyfish, the number of shells
would be proportional to O(log N). This does not fit into
the jellyfish profile of the Internet, where the number of
shells is constant at five despite the rapid growth of the
number of nodes. This provides an opportunity to use the
jellyfish model as a criterion of the realism of Internet-like
graphs.

Siganos et al. [65] use the jellyfish model to test the
GLP methodology proposed in [8], and the PLRG ap-
proach proposed in [3]. The GLP approach depends on
a preferential model. On the other hand, the PLRG gener-
ator is based on an interesting theoretical model for scale-
free graphs, and takes the degree distribution as a given.
In [8], these two generators were compared and it was
concluded that the best generator was the GLP. PLRG was
shown to fail in capturing properties such as the character-
istic path length and the clustering coefficient. However,
by using the jellyfish model, Siganos et al. [65] were able to
show that GLP does not capture the macro structure by us-
ing the jellyfish. Incidentally, PLRG seems to pass the test,
although it fails with regard to other properties.

In more detail, two graphs are generated by the GLP
model and the PLRG model, respectively. Both of them
have similar number of nodes to an Internet topology in-
stance in June, 2000. In Table 5, these graphs are decom-
posed using the jellyfish model. These results clearly show

Internet Topology, Table 5
Distribution of nodes in shell and hang classes

that the graph generated using the GLP methodology is
qualitatively different than the Internet graph. First, the
Core of the network is much bigger in GLP (21) compared
to the Internet (14). Second, the number of hanging nodes
(degree one) in GLP far exceeds the number of shell nodes.
The ratio is approximately 70% hanging nodes to 30% shell
nodes. In the case of the Internet, this ratio is the opposite.
Third, the GLP topology has only up to five layers, with
the fifth layer having only three members, while the real
Internet has six layers. On the other hand, PLRG seems to
maintain similar structure according to the jellyfish model.
The only differences between PLRG and the Internet are
that the clique is smaller, having only 11 nodes, and that
there is a slightly smaller shell-1 and a bigger shell-2.

The Medusa Model

One problem of the jellyfish model is that the identities
of the Jellyfish Core are not particularly robust when the
completeness of the Internet topology is uncertain. Carmi
et al. [10] found that by adding or deleting an edge, the
ASes in the Jellyfish Core could change up to 25%, mostly
affecting some European ASes. To address the problem,
they proposed a model called medusa. The medusa model
depends on an informative functional decomposition of
the Internet ASes called k-pruning, which proceeds as fol-
lows:

First, each AS with only one neighbor is removed. The
link to that neighbor along with the node is removed as
well. As this pruning proceeds, further nodes with one
neighbor (or fewer) may be created. They will be removed
until there is no longer a one-degree AS in the remain-
ing graph. ASes removed in this way make up what is
called I-shell. The remaining graph is called 2-core. Sec-

Instance

GLP Int-06-2000 PLRG
Layer ID Nodes % of Nodes Nodes % of Nodes Nodes 9% of Nodes
Core/Shell-0 21 0.2 14 0.176 1 0.13
Hang-0 1885 |23.82 798 |[10.08 565 7.1
Shell-1 1672 |21.13 2861 |36.16 2346 |29.6
Hang-1 3371 | 426 1266 |16 1298 | 164
Shell-2 688 8.7 1824 |23.05 2305 |29.13
Hang-2 221 2.79 662 8.36 525 6.6
Shell-3 3 0.037 390 4.92 325 4.1
Hang-3 3 0.037 74 0.93 125 1.5
Shell-4 0 0 12 0.15 41 0.51
Hang-4 0 0 10 0.12 23 0.29
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ond, the pruning process is repeated and is characterized
by an index k. For example, when k = 2, all nodes with
two neighbors will be removed from the 2-core, and the re-
moved nodes in this step is called 2-shell. The process con-
tinues, eliminating any nodes reduced to a degree of two
(or fewer) by this pruning, until all nodes remaining have
three or more neighbors. The remaining graph is called 3-
core. The process is repeated to identify the 3-shell and 4-
core, and so on. The process stops when no further nodes
remain. The last nonempty k-core provides a very robust
and natural definition of the heart or nucleus of any com-
munications network. Finally, the k-crust is defined as the
union of the nodes in the 1- through k-shells, and the links
that join them. Thus k — 1 crust is the complement of the
k-core.

For small values of k, the k-crust consists of many small
connected components or clusters. For sufficiently large k,
the largest connected cluster of a k-crust consists of a sig-
nificant fraction of the whole k-crust, while no smaller
cluster contains more than a few nodes. The change occurs
at a well-defined threshold value of k. There is a significant
fraction of the nodes within each large-k crust which is not
part of its largest cluster, and remains isolated. Thus, the
AS graph can be decomposed into three distinct compo-
nents as shown in Fig. 7:

1. The nucleus (the innermost k-core),

2. The giant connected component of the last crust, in
which only the nucleus is left out,

3. The isolated components of the last crust, nodes form-
ing many small clusters. These connect to the con-
nected component of the last crust only through the
nucleus.

These three classes of nodes are quite different in their
functional roles within the Internet. The nucleus plays
a critical role in BGP routing, since its nodes lie on a large
fraction of the paths that connect different ASes. It allows
redundancy in path construction, which gives immunity
to multiple points of failure. The connected component of
the large-k crusts could be an effective substrate on which
to develop additional routing capacity for messages that
do not need to circle the globe. Finally, the isolated nodes
and isolated groups of nodes in the last crust essentially
leave all routing up to the nodes in the nucleus of the net-
work. Because all their message traffic passes through the
nucleus, even when the destination is relatively close by,
they may be contributing unnecessary load to the most
heavily used portions of the Internet. The relative size of
this component could be a key indicator of the evolution
of the topography of the Internet.
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Internet Topology, Figure 7
The Internet topology as a medusa

This model can be visualized as Fig. 7. The Core of
the medusa includes the most important nodes that are
found in the Core and the first ring of the jellyfish’s man-
tle. The jellyfish has relatively few rings around its Core,
while the medusa’s mantle is more extended and differen-
tiated. The tendrils hanging from the jellyfish (leaf nodes)
descend mostly from the Core, but also from all the other
rings, while all the tendrils of the medusa are, by construc-
tion, attached to its nucleus.

The Complete Internet Topology

The accuracy of a topological model is important for ef-
fectively simulating, analyzing, and designing future pro-
tocols [28]. With an accurate Internet AS-level topology,
first, one can design and analyze new inter-domain rout-
ing protocols, such as HLP [68], that take advantage of
the properties of the Internet AS-level topology. Second,
one can create more accurate models for simulation pur-
poses [44]. Third, one can analyze phenomena such as the
spread of viruses [29,58] more accurately. In addition, the
current initiatives of rethinking and redesigning the Inter-
net and its operation from scratch would also benefit from
such an accurate Internet topology.

Toward Finding the Complete Internet Topology

Developing an accurate representation of the Internet
topology at the AS level remains as a challenge despite the
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recent flurry of studies [11,12,18,19,24,47,62,80]. One of
the major problems is that, although the majority of ASes
are represented completely in a snapshot, the edges among
the ASes are not. As seen in an earlier section, each source
has its own advantages, but each of them also provides an
incomplete, sometimes inaccurate view of the Internet AS
topology.

Recently, He et al. [33] present a systematic framework
for extracting and synthesizing the AS level topology in-
formation from different sources. Instead of simply taking
the union of all resources, a careful synthesis and cross-
validation is performed. In addition to the sources men-
tioned above, they also utilize information gathered from
IXPs (Internet Exchange Points), which have not received
attention in terms of Internet topology discovery, although
they play a major role in Internet connectivity.

He et al. identify and validate several properties of the
missing AS links: (1) most of the missing AS edges are of
the peer-to-peer type, (1) many of the missing AS edges
from BGP tables appear in IRR, and (3) most of the miss-
ing peer-to-peer AS edges are incident at IXPs

Their work consists of four steps.

First, BGP routing tables are compared. They con-
sider the AS edges derived from multiple BGP routing ta-
ble dumps [80], and compare them to the Routeview data
(OBD). The question to answer is “What is the informa-
tion that the new BGP tables bring?”. Table 6 lists a portion
of the collection of BGP table dumps that were collected in
May, 2005. One observation, here, is that about 80% of the
missing links that do not appear in a single table dump
(OBD) but appear in a collection of table dumps (BD) are
peer-to-peer type. For example, among 8702 edges in BD

Internet Topology, Table 6
A collection of BGP table dumps

# of
Nodes

Route collector or
Router server name
total

# of edges with

type inferred

but not in OBD, 7183 of them are classified as peer-to-peer
type.

Second, He et al. systematically analyze the IRR data
and identify topological information that seems trustwor-
thy using the Nemecis tool [63]. They follow a conser-
vative approach, given that the IRR may contain some
out-dated and/or erroneous information. They do not ac-
cept new edges from the IRR, even after the first process-
ing, unless they are confirmed by traceroutes using public
traceroute servers. Overall, they find that the IRR is a good
source of missing links. For example, they discover that
more than 80% of the new edges found in the extra tables
already exist in the IRR [35]. On the other hand, the IRR
still has significantly more edges.

Third, He et al. provide a state-of-the-art methodol-
ogy for identifying the ASes which participate at Internet
Exchange Points (IXPs). An IXP is a relatively low cost
solution by which an AS can peer with many other peers
who are also participants at the same IXP. The exhaustive
identification of IXP participants has received limited at-
tention. Most previous work focuses on identifying the ex-
istence of IXPs. The finding here is that many of the ASes
incident to the peer-to-peer edges missing from the differ-
ent data sets are IXP participants. Note that even if two
ASes peer at the same IXP, that does not necessarily mean
there is an AS edge between these two ASes, because this
totally depends on peering agreement between these two
ASes. Therefore, in order to test whether or not these miss-
ing edges are indeed at the IXPs, they proceed to the next
step.

Fourth, He et al. use their traceroute tool, RETRO, to
verify potential edges from the IRR and IXPs. RETRO is

edges not in
OBD w/ type

total p-p p-C

p-p

route -views (OBD) | 19843 | 42643 | 42570 | 5551 | 36766 0 0 0 0
route -views2 19837 (41274 | 41230 | 4464 (365141029 | 1028 | 835| 191
route -views.eqix 19650 [ 34889 | 34876 | 1027 (33640 | 674 674 | 530| 143
route -views.linx 19655 [ 37259 | 37246 | 3246337652511 | 25112188 | 319
route -views.isc 19753 (36152 | 36139 | 191534004 | 784 783 | 663 | 118
rrc00.ripe 19770 [ 36479 | 36465 | 1641 | 34605 655 654 | 543 111
rrcO1.ripe 19640 (34193 | 34180 | 112132855 617 617 | 512| 105
rrc03.ripe 19737 [39147| 39129 | 385035042 | 3233 |3228(2609| 616
rrc05.ripe 19765 32676 | 32659 | 1122313241095 | 1091 | 658 | 432
rrc07.ripe 19618 (3281131797 | 121930394 | 804 803 | 724 79
rrcl2.ripe 19628 | 33841 | 33827 | 202431606 | 1611 |1610 (1417 | 193
Total (BD) 19950 5134551259 | 12734 | 38265 | 8702 | 8689 | 7183 | 1499
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a tool that collects public traceroute server configurations,
sends out traceroute requests, and collects traceroute re-
sults dynamically. They confirm the existence of many po-
tential edges identified in the previous steps. The results
show that more than 94% of the RETRO-verified AS edges
in the IRR indeed go through IXPs. They even discover
edges that were not previously seen in either the BGP table
dumps or IRR. In total, 300% more peer-to-peer links than
those in the conventional BGP table dumps from Route-
views have been validated.

Towards Finding Internet Backup Links

One limitation of the previous method is that it ultimately
depends on traceroute to verify the existence of a sus-
pected edge. It is plausible that the suspected edge is a pri-
mary link, which means it exists most of the time. If a sus-
pected edge is a backup, and it does not show unless some
other links break down, it is unlikely to be seen by tracer-
oute.

Recently, active BGP probing [19] has been proposed
for identifying backup AS links. The main idea is to in-
ject false AS path loops for an unused IP block. Since
AS path loops are prohibited in inter-domain routing,
BGP routers are forced to switch to backup links for this
unused IP block. These links can be observed from any
route collector, such as Routeviews or RIPE/RIS. This
probing technique does not affect normal Internet rout-
ing because every change is restricted to the unused IP
block.

In more detail, the principle of active BGP probing is
the following: An active probing AS announces one of its
prefixes with AS-paths including a number of other ASes.
These ASes, due to loop detection, will not use or prop-
agate the announcement. Then, if there is any alternative
path available, it will show up. To avoid influencing AS-
path length, the prohibited ASes are placed in an AS-set
at the end of the path. For example, to stop its announce-
ment from being propagated by ASes 1, 2, and 3, an AS
(say AS12654) might announce one of its prefixes with
an AS-path of [12654 {1,2,3}]. This allows AS 12654 to
discover who propagates its announcements, find backup
paths, and deduce the policies of other ASes with respect
to its prefixes. By properly selecting the “prohibited” AS
sets, one may be able to discover all backup links visible to
the probing AS.

Note that, this is a promising method for discovering
backup links, but so far it has been limited by the small
number of probing ASes. This method and the method
of discovering missing peer-to-peer links [33] are comple-
mentary to each other.

Conclusion and Future Directions

In this paper, we have surveyed current achievement in
the research of Internet topology. In summary, power-
law distributions constitute an undeniable property of the
Internet topology, that has been consistent from 1997 to
present, a period in which the size of Internet has grown
eight-fold in terms of number of ASes. We examined dif-
ferent data sources for Internet topology research and pro-
vide some insight into their pros and cons. A number of
important topology generating models and tools, as well
as conceptual models of the Internet, were also studied. Fi-
nally we introduced current progress on finding the com-
plete Internet topology.

Similar to any other science field, such as Physics, one
of the ultimate goals of research is to identify the invari-
ant laws from among seemingly uncontrolled appearance
and phenomena. In terms of Internet topology, the power-
law appears to be one such law emerging from of the ever-
changing and growing Internet. Obviously, there are more
to discover. For example, a recent work [46] examines the
correlation among node degrees and finds that by replicat-
ing node degree correlation, one can essentially reproduce
the original topology. Another work [12] argues that one
should take into account AS relationships to study the evo-
lution of the Internet topology. The implications of these
discoveries remain to be extended.
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B Bond number
D,  Backbone
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fLm Fractional Lévy motion
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IP  Invasion percolation
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P Ordinary percolation threshold
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&,  Correlation length

v Percolation correlation length exponent
] Porosity

g Field gradient

V4 Coordination number

o Standard deviation

Terms

Defender Fluid initially within pore space.

Invader Second fluid injected to displace defending
fluid (defender).

Drainage Displacement of a wetting fluid by a non-wet-
ting fluid.

Definition of the Subject

Invasion percolation is a simple dynamic process describ-
ing the slow displacement of one fluid by another in
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Invasion Percolation

a porous material. This is a common phenomena with
many important applications; these include the penetra-
tion of nonaqueous polluting liquids into soil, the pen-
etration of air into porous media such as soil, concrete,
wood and ceramic powder during drying and the displace-
ment of water from soil and rocks by gases generated by
buried waste. A final important example, which is the pri-
mary focus of this review, is the accumulation during ini-
tial migration and the subsequent recovery and produc-
tion of hydrocarbon reservoirs. Experiments on idealized
systems have shown that the simple invasion percolation
model provides a very realistic description of the slow
fluid-fluid displacement processes associated with these
important applications. Experiments and simulations of
invasion percolation have been extended to consider the
role of gravity, wettability and the complex nature of real
porous materials on the dynamic immiscible displacement
processes.

Introduction

Invasion percolation is a dynamic process that was pro-
posed to describe the slow immiscible displacement of one
fluid by another in a porous medium. Many porous media
can be represented a network of pores (sites) connected
via throats (bonds) [9,33,71]. In this representation all the
pores and throats are initially filled with defending fluid.
When a second fluid is injected very slowly into the porous
medium such that the capillary forces dominate the vis-
cous forces, the dynamics is controlled by the size of the
local pore or throat. In a drainage process (the displace-
ment of a wetting fluid by a nonwetting fluid), capillary
forces are strongest at the narrowest places in the medium;
in the pore throats. A drainage process is therefore rep-
resented as a series of discrete jumps across throats in
which the non-wetting fluid displaces the wetting fluid via
the largest throat (offering the least resistance to displace-
ment). This is the version of the model originally consid-
ered by Chandler et al. [9], equivalent to bond invasion
percolation. Wilkinson and Willemsen [71], who were the
first to use the term invasion percolation, considered the
process of imbibition (a non-wetting fluid being displaced
by a wetting fluid) at a constant but infinitesimal (capil-
lary dominated) flow rate. In this scenario the capillary
forces are again strong in the throats, so the wetting fluid
invades the throat quickly, but slows when entering the
larger pores. This motion can be described by a series of
discrete jumps in which at each time step the wetting fluid
advances through the smallest available pore. This is site
invasion percolation. In the absence of trapping, the bond
version can be reduced to the site version through bond

to site transformations. However, when trapping is intro-
duced where regions of defending fluid are incompressible
and cannot escape, the transformation becomes a corre-
lated site-bond problem [71].

Most implementations of invasion percolation have
been on a regular lattice. Sites or bonds representing pores
and throats are usually assigned uniformly distributed ran-
dom numbers as it is the sequencing of the events that is
important, independent of the distribution. For drainage,
invasion percolation is generally considered to be a good
model. Although Wilkinson and Willemsen [71] used site
invasion percolation for imbibition, later work by Blunt
and Scher [7] has this as a special case where different al-
ternative modes of wetting invasion are possible.

Classical Definitions, Algorithms and Results
Invasion vs. Ordinary Percolation

There are distinct differences between invasion percola-
tion (IP) and ordinary percolation (OP). Invasion perco-
lation starts with a well defined interface (inlet) and dis-
places the defending phase in a systematic way until span-
ning the system. In this way the concepts of history and
the sequence of invading pores are naturally built into the
model. The cluster generated in IP always spans a region
between the injection face and the outlet face; there is no
analogue to the percolation occupation probability p and
there is only a single invasion cluster (no finite discon-
nected clusters). Figure 1 shows the spanning cluster at
breakthrough of the invading phase for invasion percola-
tion in two dimensions.

The implementation of trapping in the defending fluid
introduces more differences. Monte-Carlo simulations of
invasion percolation with trapping (TIP) in two dimen-
sions [71] found that the fractal dimension of the sample

Invasion Percolation, Figure 1

Invasion percolation on 2D lattice. The invader (colored) enters
from sites on the left hand edge and the defender exits from the
right hand edge. Different colors indicate sites added within dif-
ferent time intervals
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spanning cluster was D = 1.82, significantly smaller than
D = 1.896 for OP. Simulation of non-trapping IP (NTIP)
gave similar values to OP. In three dimensions no signifi-
cant difference in the IP and OP models was originally ob-
served. The difference in the 2D values was assumed to be
associated with trapping and the effect of trapping thought
to be negligible in 3D. The question of the universality
class of IP was not conclusively established at this time.

There was extensive experimental evidence in support
of the IP model of two phase flow in porous media. Lenor-
mand and Zarcone [35] performed air drainage of oil in
a transparent two-dimensional etched network of pores.
Analysis of the fractal dimension of the invading phase
gave D = 1.82 consistent with 2D simulations of TIP. In
a further range of drainage experiments with a variety of
wetting and non-wetting fluids including oil, air, water
and different sucrose solutions Lenormand [34] showed
that the results were completely consistent with an IP de-
scription of the phenomena. Stokes et al. [60] considered
displacement patterns in a cell packed with unconsoli-
dated glass beads. They found that under drainage con-
ditions the resultant fluid displacement patterns were con-
sistent with IP. Chen and Wada [10] used a technique of
index matching fluids to visualize the fluid distributions
of a quartz bead pack; again the fluid distribution pat-
terns are reminiscent of IP. While the main application
of IP has been to the description of the evolution of the
interface between two immiscible fluids, IP also has appli-
cations to other problems including the characterization
of optimal paths and domain walls in strongly disordered
media [11,51] minimum spanning trees [12] and the sim-
ulation of the Ising model at the critical temperature [17].
Moreover, IP is one of the simplest parameter-free models
which exhibits self-organized critically [58].

Methods and Algorithms

An elegant and fast algorithm for invasion percolation
can be found in the book by Richard Gaylord and Paul
Wellin [20], together with a detailed explanation. This al-
gorithm, written in Mathematica, is included for conve-
nience in Algorithms 1 und 2. As listed, this code starts on
a square lattice with a single seed at 0,0 and maintains a list
of potential invasion sites on the boundary as the cluster
grows. It is straightforward to modify this algorithm to in-
clude boundaries and a different initial cluster.

Trapping IP results were for many years limited to
small lattice sizes due to the time needed to search for the
trapped regions at each time step. In the conventional al-
gorithms the search for the trapped regions was done af-
ter every invasion event using a Hoshen-Kopelman algo-

rithm [24,59], which traverses the whole lattice, labels all
the connected regions, and then only those sites (bonds)
that are connected to the outlet face are considered as po-
tential invasion sites (bonds). A second sweep of the lattice
is then done to determine which of the potential sites is to
be invaded in the next time step. Thus each invasion event
required O(N?) calculations and limited TIP simulations
to small lattice sizes.

Sheppard et al. [53] developed more efficient algo-
rithms for generating TIP simulations. They noted, firstly,
after each invasion event only a small local change is
made in the interface; implementing the global Hoshen—
Kopelman search is unnecessary. Secondly, it is wasteful to
traverse the entire lattice at each time step to find the most
favorable site (bond) on the interface since the interface is
largely static. The first problem is tackled by searching the
neighbors of each newly invaded site (bond) to check for
trapping. This is ruled out in almost all instances. If trap-
ping is possible, then several simultaneous breadth first
“forest-fire” searches are used to update the cluster label-
ing as necessary [4]. This restricts the changes to the most
local region possible. Since each site (bond) can be invaded
or trapped at most once during an invasion, this part of
the algorithm scales as O(N). The second problem (identi-
fying the sites for invasion) was solved by storing the sites
(bonds) on the fluid-fluid interface in a list, sorted accord-
ing to the capillary pressure threshold (or size) needed to
invade them. This list is implemented via a balanced bi-
nary search tree, so that insertion and deletion operations
on the list can be performed in log(n) time, where 7 is the
list size. The sites (bonds) that are designated as trapped
using the procedures described above are removed from
the invasion list. Each site (bond) is added and removed
from the interface list at most once, limiting the cost of
this part of the algorithm to O[N log(n)]. Thus, the execu-
tion time for N sites (bonds) is dominated (for large N) by
list manipulation and scales at most as O[N log(N)]. This
allowed multiple simulations of TIP at scales of 40002 in
2D and 5007 in 3D.

Universality Class of TIP

TIP describes waterflooding processes in secondary oil re-
covery. If differences in the topology of the transport path-
ways for the bond based TIP (drainage) and site-based TIP
(imbibition) exist, this has a profound effect on the con-
ductivity of the invading phase at the breakthrough point
where a sample spanning cluster first forms (water breaks
through during recovery). Differences have been noted in
experimental measurements on rocks under different wet-
tability conditions. Probing this question required simu-
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lating TIP processes on very large lattices. This allows one
to obtain precise estimates for the fractal dimensions of the
sample spanning cluster, backbone and minimal path.

In two dimensions it was found that these fractal di-
mensions are non-universal and vary with the coordina-
tion number Z of the lattices [53,54]. The fractal dimen-
sion of the sample spanning cluster (SSC) of lattices with
low Z exhibited the standard value of Dy = 1.82, the frac-
tal dimension crosses over to the value given by OP for
large Z (> 6). Values for the triangular lattice (Z = 6)
seemed to give an intermediate value close to the predic-
tion for OP. The same trends were seen with the value
of the backbone and minimal path dimensions (Table 1).
These results showed that the scaling properties of TIP in
2D are lattice dependent and hence non-universal.

It was initially thought that site- and bond-based IP
were identical; results on large lattices showed distinct dif-
ferences in the scaling properties of site-based and bond-
based TIP. Results in 3D showed that site and bond TIP
were in two distinct universality classes [54]. Site TIP had
the same scaling behavior as NTIP and OP. A second uni-
versality class was observed for bond TIP.

Overall the results show that while ordinary perco-
lation, a static process, is described by a unique univer-
sality class, TIP, a dynamic phenomena does not possess
a unique universality class. The difference in the topology
of site-based and bond-based TIP can assist in the inter-
pretation of experimental measurements of waterflooded
rock under different wettability conditions; for an oil wet
rock the conductivity of the water channels can be sev-

Invasion Percolation, Table 1

The most accurate estimates of various fractal dimensions for IP
in 2D and 3D, and their comparison with those of random perco-
lation (OP) [52]

Model D¢ Dmin Dy

2D

NTIP 1.8959 [ 1.1293 | 1.6422
SiteTIP(Z < 6) |[1.825 |1.203 |1.217
SiteTIP(Z=6) [1.890 |1.132 |1.616
SiteTIP(Z >6) [1.895 |1.136 |1.642
Bond TIP(Z < 6) [ 1.822 [1.214 |1.214
Bond TIP (Z = 6) | 1.823 [1.215 |1.215
Bond TIP (Z > 6) | 1.895 [1.221 |1.221
oP 1.895 |[1.1307 | 1.6432
3D

Site NTIP 2.524 |1.3697 | 1.868
Site TIP 2.524 |1.3697 | 1.861
Bond TIP 2.524 | 1.458 |[1.458
oP 2524 |1.374 (1.87

eral orders of magnitude smaller at breakthrough than for
a comparable water wet rock; this difference is consistent
with the different topology of the flow paths for site vs
bond based TIP.

Trapping Thresholds for TIP

As the TIP cluster is a fractal at breakthrough, the initially
spanning cluster has essentially zero density. However
a percolation threshold can be defined for TIP; this oc-
curs beyond the percolation point, and is associated with
the disconnection of the defending phase. This second per-
colation threshold is reached when the defender phase no
longer percolates through the system and consists only of
isolated clusters. At this point the TIP process ends. In two
dimensions this second threshold corresponds to the in-
vading phase breaking through. In three dimensions the
trapping does not occur until the invader has occupied
a significant fraction of the pore space. In a porous rock
with two immiscible fluids this second threshold is asso-
ciated with the residual saturation of the defending phase;
no more defending fluid can be displaced from the sam-
ple without increasing the flow rate and introducing vis-
cous forces into the displacement process. The value of
the threshold is therefore of important practical interest.
Numerical estimates of the trapping threshold for TIP on
a cubic lattice were given by [71] as 0.66. Percolation and
trapping thresholds have been related to the mean coor-
dination number of the lattice [23]. Simulations of or-
dinary percolation on a range of simple lattices has led
to the approximate relationships that p®°"¢ = 1.5 / Z and
pscite = 2/Z [52]. Galam and Mauger [19] expanded on
this idea and proposed a universal formula which in 3D is
given by p, = po(Z — 1) where py and a are constants
which depend on the type of percolation considered. Per-
colation threshold for OP and OP with trapping followed
this relationship [47]. In a set of simulations on lattices of
varying coordination number it was shown that the for-
mula of [19] matches the TIP threshold of the lattices with
Z > 6. However values of the threshold for coordination
numbers Z < 5 [50] diverged from the prediction of [19].
The results are significant because of the application to the
prediction of residual phase saturations in multiphase flow
through porous media.

Modifications to Invasion Percolation

The invasion percolation model was originally developed
to model two-phase displacements in porous media, with
obvious application to oil recovery. However, even the
early researchers in the field were aware that to be of prac-
tical significance and have utility the invasion percolation
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model would need to be extended to include gravity, vis-
cosity, and other effects.

Introduction of Gravity

Gravity was first introduced into the invasion percolation
algorithm by Wilkinson [69] through the application of
a simple linear weighting on the invasion thresholds in the
direction of buoyancy.

An important application of invasion percolation with
buoyancy is to the secondary migration of oil. Secondary
migration is the slow process occurring over geological
timescales where oil migrates from the source rocks where
it is formed into structural or stratigraphic traps. It is in
these traps where oil is found and produced, so a knowl-
edge of secondary migration can be a key input into oil
exploration. Secondary migration is a very slow process
dominated by capillary and buoyancy forces, so invasion
percolation is well suited to modeling this process as vis-
cous forces can be safely ignored.

In a series of paper, researchers at the University of
Oslo have explored invasion percolation as a model for
secondary migration [42,43,64,66,67]. In particular they
have studied the structure formed when the non-wetting
fluid disintegrated into fragments [41]. They performed
extensive two- and three-dimensional computer simula-
tions and found that with a destabilizing external field
on invasion percolation that displacement patterns were
dominated by the growth of a single branch. This branch
could be described in terms of a connected string of blobs
of size &,,, which form a directed random walk along the
direction of the field. On length scales smaller than &,,, the
displacement patterns had the structure of invasion per-
colation clusters without a destabilizing field. They found
that dependence of the correlation length £,, on the mag-
nitude of the field gradient g is given by £, ~ |g|7V/("+1
(where v is the ordinary percolation correlation length
exponent) in accord with the theoretical arguments of
Wilkinson [69,70].

A fundamental difference between invasion percola-
tion and ordinary percolation is that invasion percolation
generates a spanning cluster for lesser numbers of invaded
sites, and this fraction of invaded sites tends toward zero
as the network size increases. This is consistent with field
observations; it can be very hard to detect secondary mi-
gration pathways that are only a thin filament occupying
only an infinitesimal proportion of the exploration vol-
ume. Experiments conducted by Hirsch and Thompson
on sandstone samples of different sizes found saturations
consistent with these predictions from invasion percola-
tion. Heterogeneity does however create local pools along

the migration path, so there are occasions where parts of
the path can be detected.

Pore-network simulations and concepts from invasion
percolation in a gradient have been used to study the ef-
fect of gravity on the critical gas saturation in a porous
medium. Critical gas saturation denotes the volume frac-
tion of the gas phase at the onset of bulk gas flow during
the depressurization of a supersaturated liquid in a porous
medium. Tsimpanogiannis and Yortsos [63] found that
the critical gas saturation approaches two plateau values
at low and high Bond numbers B. In the intermediate re-

gion it scales as a power law of B, which for a 2D lattice is
091

Introduction of Viscous Forces

Invasion percolation corresponds to very slow displace-
ments where viscous forces can be ignored. However,
commercial extraction of oil is often at rates where vis-
cous forces cannot be ignored hence there is incentive to
expand the model to incorporate viscous forces. Wilkin-
son [69] was the first to suggest how percolation may
be extended to include viscous forces through the use of
a mean field description of the fluid flow. His ideas were
developed further by Xu et al. [72] in the limits of high
and low viscosity ratios. For small viscosity ratios, they de-
termined that displacement could be modeled by a form
of gradient percolation in a stabilizing gradient, involving
a particular percolation probability profile. In the opposite
case, the displacement can be described by gradient perco-
lation in a destabilizing gradient and this leads to capillary-
viscous fingering.

Introduction of Wetting

Invasion percolation was originally formulated with very
simple concepts of solid surfaces with uniformly wetting
and non-wetting fluids. Wetting refers to the fluid that
preferentially contacts the solid surface. Experiments in
sedimentary rocks over time necessarily led to the devel-
opment of models involving additional mechanism such
as snap-off and film flow, extending basic invasion and
ordinary percolation models [7]. Further work on wetta-
bility showed that many rocks exhibit mixed-wettability,
with the contact angle between the fluids varying with the
diverse rock mineralogy [6]. This has led to more compli-
cated network flow models that increasingly depart from
the simple original invasion percolation model [8].

Effect of Pore Scale Structure on IP

In this section we consider the application of IP to the de-
scription of multiphase fluid flow in porous media at the
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pore scale. In order to produce realistic descriptions of the
multiphase flow behavior of real porous materials requires
one to obtain an accurate description of the morphology of
the porous material. In this section we consider the impor-
tance of sizes and shapes of pores and throats and the pres-
ence of pore to throat correlations to IP. Equally important
are the connection patterns of the pores and throats or
the topology of the real porous network. Network topol-
ogy is defined by parameters which include mean connec-
tivity, coordination number distributions and numbers of
isolated clusters. In this section we describe the topologi-
cal and geometric properties of a range of porous materi-
als obtained from 3D images and compare them to classi-
cal lattices. Calculation of IP properties illustrates the im-
portance of accurately reproducing the topology of real
porous samples.

Measurement of Pore Scale Topology and Geometry

Direct Analysis of Pore Geometry and Topology Most
studies of IP in 3D before 1995 were limited to regular cu-
bic lattices. In recent years there has been mounting evi-
dence that real rock topologies exhibit much lower coor-
dination numbers. Ioannidis et al. [25] measured the aver-
age coordination number Z from serial sections of a sand-
stone core and found Z = 4.1. Bakke and @ren [5,45] de-
veloped a process-based reconstruction procedure which
incorporates grain size distribution and other petrograph-
ical data obtained from 2D thin sections to build net-
work models that are analogues of real sandstones. The
average coordination number Z of the resultant pore net-
works was significantly less than Z = 6. Recently, direct
measurement of a 3D pore structure has become more
readily available via synchrotron X-ray computed micro-
tomography (micro-CT) [15,16,57], conventional micro
X-ray CT [2] and laser confocal scanning microscopy [18].
Coupled with skeletonization algorithms [5,36,45,62] one
can extract microstructural parameters for the direct in-
put into network models. Lindquist et al. [37] origi-
nally made measurement of the pore coordination num-
ber in equivalent network models derived from a suite
of Fontainebleau sandstone samples with porosity varying
from 7.5% to 22%. The average coordination number var-
ied from Z = 3.37 at ¢ = 7.5% to Z = 3.75 at ¢ = 22%.
Moreover, the coordination number of the pores within
each sample exhibited a broad distribution; the majority of
pores were 3-connected, however some pores with Z > 20
were observed.

Extensive topological analysis of rock core mate-
rial [55] from a range of geological settings (sandstones,
carbonates) has shown that the mean coordination num-

ber Z is usually Z < 6. In Fig. 2a-c we show a slice of
a sand pack, the partitioning of the subvolumes into over
300,000 individual pores and throats and the resultant
pore network structure. The coordination number or the
pore space is found to be Z = 5.4. The full coordination
number distribution is shown in Fig. 2d. Some pores ex-
hibit coordination numbers > 20. From the partitioning
one can also directly define the pore size, throat or con-
striction size, shapes and tortuosity of the pore structure in
3D. Examples of distributions of these properties are given
in Fig. 2e-f.

In Fig. 3 and Table 2 we illustrate and quantify the
pore structure and resultant pore topologies of three other
granular systems and rocks. The samples include a con-
solidated sandstone, an idealized multiscale material and
an outcrop limestone. In Fig. 3 we show the images of
network subsets. The networks in Fig. 3 contain a small
subset (< 10%) of the full image volume obtained from
the tomogram. However the information obtained is very
rich in detail. The difference in the network structure for
these four samples is visually dramatic. The more com-
plex samples (bidisperse and limestone) can exhibit pores
of extremely high coordination (Z > 100) and large vol-
ume weighted coordination numbers Z > 30 reflecting
the high connectivity of the larger pores. Clearly the use
of a simple cubic lattice gives a poor topological descrip-
tion of these systems.

Implication of Pore Topology to IP Properties As dis-
cussed in Sect. “Trapping Thresholds for TIP”, percolation
and trapping thresholds have been related to the mean co-
ordination number of the lattice [23]. Simulations of or-
dinary percolation on a range of simple lattices has led
to the approximate relationships that p®nd = 1.5 /Z and
pite =2/7[52] and p. = po(Z — 1)~ Results on regu-
lar lattices [50] showed that these predictions however did
not give good correlations for Z < 6. As extensive topo-

logical analysis of rock core material from a range of ge-

Invasion Percolation, Table 2

Details of the network structure for the three samples shown in
Fig. 3. Z,, gives the mean coordination number, Z,, the volume
weighted mean and Z,.x the maximal pore coordination num-

R . R
ber. The mean (R—’:)m and volume weighted (R—’:)W pore to throat
aspect ratios are also given

sample  Zm Zuw  Zmax (Im (P
Bead Pack |5.1(7.2 [19 |23 35
Sandstone [5.4(9.0 (49 |29 4.0
BiDisperse 3.6 | 31.4|227 |3.0 30.3
Limestone 5.6 | 30.4 | 372 | 6.5 20.3
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of the pores and throats reflects their actual size in the partitioning of the 3D image. The variation in structure across the 3 samples

is dramatic
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ological settings has shown that the mean coordination
number Z is often Z < 6 and this is of importance in the
prediction of residual phase saturations in porous rocks.
Moreover, given the broad distributions in Z observed in
real rock materials, is the mean coordination number suf-
ficient to predict the trapping threshold on real pore net-
work topologies? These questions have been explored re-
cently by a number of researchers.

Mean Coordination Number Suding and Ziff [61] first
showed the importance of lattice topology other than
mean coordination number on percolation thresholds of
OP in two dimensions. They considered 11 Archimedian
lattices with identical mean coordination numbers. They
showed that the mean coordination number alone was not
sufficient to predict p,. Predictions for p. on these lattices
varied from 0.55-0.80. Stochastic networks of rock mate-
rial had previously [25] been generated to solely match the
coordination number of rocks by diluting sites on a reg-
ular cubic lattice until the remaining connected compo-
nent had the desired mean coordination number. Analy-
sis of the trapping threshold on a diluted cubic network
and Fontainebleau sandstone however gave very differ-
ent thresholds. There was clearly a need to compare net-
works in 3D with precisely controlled topology. Shep-
pard developed a 4 part algorithm to generate a network
with a specified coordination number distribution [56].
Use of this algorithm allowed one to generate stochastic
networks with matching of mean coordination and the
coordination number distribution. Sok et al. [56] gener-
ated an ordered (diamond) network (Z = 4) and a range
of stochastic networks with an identical mean coordina-
tion number Z = 4 and different standard deviations in Z;
0(Z) = 0.0001, 1.0, 2.0. The trapping threshold for TIP
on the lattices differed strongly from the diamond network
(see Table 3). The bond TIP threshold for the diamond
network and the stochastic network with o(Z) = 0.001
varied strongly, while the site TIP threshold varied. Varia-
tion of the coordination number distribution led to strong
differences in the resultant TIP thresholds. These results
showed that thresholds cannot be correlated solely to di-
mension and coordination number of the network.

Invasion Percolation, Table 3
Threshold values for the four coordinated lattices

Regular Lattice 0.290 | 0.417
Stochastic:o = 0.001 | 0.298 | 0.426
Stochastic:o = 1.0 0.328 | 0.429
Stochastic:o = 2.0 0.375|0.437

Coordination Number Distribution and Higher Order Mea-
sures Rock networks display a broad distribution of co-
ordination number and the presence of long range topo-
logical bonds. Recent results have shown [32,56] that hon-
oring the full coordination number distribution does lead
to better prediction of the trapping IP thresholds than
matching the coordination number alone. However dif-
ferences have still been noted. This result shows that
one might require a complete description of the network
topology to accurately predict trapping thresholds. One
study [56] introduced higher order topological quanti-
ties; ring size, coordination sequence and topological bond
length as measures of relevance to the prediction of trap-
ping thresholds. Comparison of these topological prop-
erties between rock networks and stochastic networks
showed clear differences. A second study [32] showed that
rock networks exhibited a large proportion of topological
long bonds; bonds connecting two pores which are not
nearest neighbors. A procedure to add topological long
bonds was then developed. The introduction of topolog-
ical long bonds led to a better match to the higher order
measures and a marked effect on the prediction of trap-
ping thresholds. Overall the results illustrate the impor-
tance of network topology on the accurate prediction of
trapping phase thresholds.

Influence of Pore Geometry on IP Properties The re-
sultant percolation saturations in IP are strongly depen-
dent on the geometric properties of rock, in particular the
distributions of sizes and shapes of pores [30,31,71]. For
an uncorrelated system in which random numbers are as-
signed to each site/bond, we would expect for IP that most
small/large random numbers are accepted as part of the
invading cluster, while the large/small numbers remain
part of the defending phase at the final saturation. Unlike
OP, where one observes a sharp acceptance profile, in TIP
there is a transition region [71]. From the acceptance pro-
file and the distribution of pore volumes one can estimate
the trapped saturation for various pore size distributions.

Influence of Pore Scale Geometric Correlations on IP Prop-
erties  One can further illustrate the effect of local pore
geometry/correlation in real rock structures by randomly
rearranging pore volumes on the rock network structure.
By doing this one is preserving the topology of the net-
work; only considering the effect of randomizing the pore
bodies. The effect of this rearrangement was illustrated for
a set of Fontainebleau sandstone samples in [56]. The site-
based trapping thresholds were STIP < 0.25 for the actual
rock samples, while the rearranged sample exhibited trap-
ping thresholds STIP > 0.45. These differences are con-
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sistent with the presence of local correlated heterogeneity
in the pore network at the smallest scales. A method to
measure and introduce the spatial heterogeneity observed
in the rock structure at a pore scale is lacking; at present
the best representations of rock microstructure would be
based on true 3D realizations; either from reconstruction
method [5] or from direct measurement of 3D structure
via X-ray computed tomography [15,16,57].

Effect of Correlated Heterogeneity on IP

In this section we consider the application of IP to the
description of multiphase fluid flow in porous media at
scales larger than individual pores. Early work with net-
work models and invasion percolation concentrated on
macroscopically homogeneous porous media built using
independently generated random numbers to assign pore
and throat sizes. Correspondingly most of the testing of
the models was conducted on laboratory porous media
made from relatively uniform glass spheres or from uni-
formly etched glass plates. However it became apparent
when strategies for improved oil recovery were attempted
in the field that recoveries did not match expectations,
largely because of heterogeneity at all scales. This led to
studies of heterogeneity and evidence that long-range cor-
relations in properties down to the centimeter [46] and the
pore scale [26,73] exist in many, if not most, porous sedi-
mentary rocks.

Measurement of Heterogeneity

The earliest work that considered correlated substrates
used two-dimensional multifractal lattices as a means of
incorporating heterogeneity [39,40].

Subsequently there have been many studies that have
have improved understanding of the long-range correla-
tions in rock properties that exist from the pore scale to the
kilometer scale. To describe these correlations, fractional
Brownian motion (fBm) is one of the models that has been
used as a model for the underlying reservoir heterogene-
ity [44]. Fractional Brownian motion is straightforward to
generate, hence it has been an obvious candidate for stud-
ies of percolation in correlated property maps [3,13,14,48].

Invasion percolation with trapping on substrates with
a spatially correlated threshold distribution resulting from
the mapping of a self-affine surface has also been studied
by Wagner et al. [67].

Analysis of sandstones [27] on rock samples of a few
centimeters in extent suggests that correlated heterogene-
ity exists down to the pore scale and that at this scale corre-
lations persist at scales up to several pore lengths. For rock
samples at these scales a more appropriate model of corre-

lated heterogeneity is one which introduces a cutoft length
scale below which correlations persist and above which the
system behaves like a random material.

Effect of Heterogeneity on IP

Fractal Dimension The effect of the correlated het-
erogeneity measured in naturally occurring sedimentary
rocks on IP was first studied in 2D [40,48,67]; the fluid
displacement patterns for lattices with long range corre-
lations based on multifractal, fBm and fLm models were
compared to uncorrelated networks. The cluster fractal di-
mension for NTIP was found to be compact for almost
all systems exhibiting correlated heterogeneity while TIP
exhibited fractal saturation patterns for multifractal sys-
tems and fBm models with a Hurst exponent H < 0.5. In
all studies with fBm model correlations the cluster frac-
tal dimension was observed to increase with H < 0.5; for
H > 0.5 all clusters were compact. This result was verified
later [28] on large lattices for fBm correlated lattices. Sim-
ilar results were obtained on 3D lattices [28]. Other frac-
tal dimensions were also studied; for H < 0.5 the fractal
dimensions of the hull, minimal path, backbone and in-
vasion front are all fractal with dimensions that depend
on H [3,28,40].

The effect of correlated heterogeneity with a finite cut-
off length scale for the extent of correlations (correlated
heterogeneity at a smaller scale and uncorrelated above
some cutoff length scale) has also been considered [28]. In
these cases clusters were fractal at length scale above the
cutoff length with fractal dimensions that are the same as
those in normal IP models. For smaller length scales the
clusters’ structures are similar to those observed for fully
correlated lattices.

Thresholds
the effect of correlated heterogeneity on breakthrough
saturations [3,14,40] - results on finite lattices showed
that correlation has a significant effect on the percola-
tion threshold and that the threshold is no longer unique
but depends on the spanning rule employed [38]. Resid-
ual saturations S, in 3D systems found that the introduc-
tion of correlation leads to a large reduction in residual
saturation with increasing H [29]. For uncorrelated cu-
bic lattices S, = 0.34, while S, = 0.25,0.22 and 0.18 for
fBm correlated lattices with H = 0.2, 0.5 and 0.8 respec-
tively. Correlations with a finite cutoff also led to changes
in S;; in particular the residual saturation was found to ex-
hibit a minimal value for finite cutoff lengths; the increase
in saturations at large cutoff length scales was due to the
possibility of trapping very large regions of the defend-

Studies in two dimensions have considered



Invasion Percolation

4957

ing fluid at larger cutoffs. Small scale correlations there-
fore have a profound effect on resultant residuals, even at
large scales. Analysis of the scaling behavior of the variance
of residual saturations shows that the measurements of S,
must be made on samples that are at least ten times larger
than the extent of correlated heterogeneity. Measurements
on porous rock samples with extensive correlations would
lead to a wide variety of S, being measured. This has been
observed experimentally [49].

Trapped Cluster Distribution Introduction of corre-
lated heterogeneity has a strong effect on the resultant dis-
tribution of clusters of the trapped defending fluid [29].
For small-scale correlations one observes the presence of
larger clusters of trapped phase. For large scale correla-
tions one or two trapped clusters can account for much of
the trapped defending phase saturation. This has impor-
tant implications to recovery of fluids from rocks under
tertiary displacements where a third phase is injected to
further reduce the saturation of the defending fluid. The
presence of larger residual clusters may make it easier to
reconnect and recover the trapped phase.

Stratification and Relative Permeability Extending the
work on substrates generated from fractional Brownian
motion, Paterson et al. [49] simulated invasion percola-
tion with anisotropic correlations that were introduced
to simulate the stratification often apparent in sedimen-

Invasion Percolation, Algorithm 1

tary rocks. The anisotropy was created by compressing
the property maps in one direction and then deleting lay-
ers so the the grid spacing in each direction is equal. In
their study invasion percolation was being used as a step
to calculate relative permeability in porous media. The
anisotropic heterogeneity led to different sets of relative
permeability curves parallel and perpendicular to the bed-
ding direction. This was consistent with experimental ob-
servations that relative permeability at a given saturation
is greater for flow parallel to the bedding when compared
with flow perpendicular to the bedding.

IP in Fractured Systems

Fractured systems differ from granular porous media in
that representation by a network of pores (sites) connected
via throats (bonds) disappears. Instead a fracture can be
represented by a single aperture of varying thickness. Nev-
ertheless, surface roughness within the fracture creates
variable capillary pressure in two-phase flow, so it is still
possible to apply the invasion percolation concept.

To model flow in fractal fractures, Wagner et al. [65,
68] used invasion percolation with trapping on two-di-
mensional substrates with a correlated distribution of in-
vasion thresholds. Hence their simulations are essentially
two-dimensional porous-media flow with heterogeneity.
They simulated displacement in the void space between
one fBm surface and one plane surface, and studied how

Mathematica algorithm for generating invasion perlocation clusters from a single starting cell. Code is from [20]. In Mathematica
version 6 Table [Random[], {4} ] can be replaced with RandomReal [{0,1},4]
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Mathematica code that can be used to plot clusters generated from the invasion[] function

fractal scaling behavior depends on the surface roughness.
Simulations on fractures consisting of a fBm surface and
its displaced replica displayed a cross-over phenomenon.
For displacements longer than the correlation length the
flow patterns were found to have the properties of ordi-
nary IP clusters grown on uncorrelated substrates.

In a separate line of investigation, Glass et al. [21] used
invasion percolation to model experiments in a synthetic
horizontal fracture made from two plates of roughened
glass in contact. The aperture field for this fracture was
measured using a light absorption technique. To apply in-
vasion percolation they analyzed the correct curvature to
use for the fluid invasion steps. A subsequent study by
Glass et al. [22] developed simulations for a fracture pat-
terned on measured data from a block of welded tuff.

Invasion percolation simulations were also matched to
experiments by Amundsen et al. [1]. Their experiments in-
volved two different rough bottom plates with a smooth
planar top plate. One of the bottom plates was plastic
milled to a self-affine surface with a Hurst exponent of 0.8.
The other bottom plate was textured glass measured using
a light absorption technique like Glass et al. [21].

Future Directions

The simple invasion percolation model provides a very re-
alistic simulation of the slow fluid-fluid displacement pro-
cesses within porous materials. The utility of the model
and its variants to important applications are numerous.
They include the understanding of contaminant migra-
tion in soils crucial to the successful implementation of
groundwater remediation strategies. The ability to predict
the transport of contaminants in soils will impact on the
understanding of water quality issues. After primary oil
recovery, more than 50% of the original oil in place re-
mains unrecovered; a significant volume fraction of the
pore space occupied by oil and gas is unrecovered because
it is bypassed in the rock by the combined effects of the
natural water drive mechanism, capillary forces and rock

heterogeneity. Realistic estimation of recoveries is a cen-
tral problem in the development of new fields and in the
development of improved oil recovery methods in exist-
ing fields. The further development of the invasion perco-
lation model and its variants coupled with a more realistic
structural characterization of the pore structure of porous
materials will play a crucial role in the development of an
understanding of these important problems.
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Glossary

AKNS method A method introduced by Ablowitz, Kaup,
Newell, and Segur in 1973 that identifies the nonlinear
partial differential equation (NPDE) associated with
a given first-order system of linear ordinary differen-
tial equations (LODEs) so that the initial value prob-
lem (IVP) for that NPDE can be solved by the inverse
scattering transform (IST) method.

Direct scattering problem The problem of determining
the scattering data corresponding to a given potential
in a differential equation.

Integrability A NPDE is said to be integrable if its IVP
can be solved via an IST.

Inverse scattering problem The problem of determining
the potential that corresponds to a given set of scatter-
ing data in a differential equation.

Inverse scattering transform A method introduced in
1967 by Gardner, Greene, Kruskal, and Miura that
yields a solution to the IVP for a NPDE with the help of
the solutions to the direct and inverse scattering prob-
lems for an associated LODE.

Lax method A method introduced by Lax in 1968 that de-
termines the integrable NPDE associated with a given
LODE so that the IVP for that NPDE can be solved
with the help of an IST.

Scattering data The scattering data associated with
a LODE usually consists of a reflection coefficient
which is a function of the spectral parameter A, a finite
number of constants A; that correspond to the poles
of the transmission coefficient in the upper half com-
plex plane, and the bound-state norming constants
whose number for each bound-state pole A; is the
same as the order of that pole. It is desirable that the
potential in the LODE is uniquely determined by the
corresponding scattering data and vice versa.
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Soliton The part of a solution to an integrable NPDE due
to a pole of the transmission coeflicient in the upper
half complex plane. The term soliton was introduced
by Zabusky and Kruskal in 1965 to denote a solitary
wave pulse with a particle-like behavior in the solution
to the Korteweg-de Vries (KdV) equation.

Time evolution of the scattering data The evolvement
of the scattering data from its initial value S(A,0) at
t = 0 to its value S(A, t) at a later time ¢.

Definition of the Subject

A general theory to solve NPDEs does not seem to exist.
However, there are certain NPDEs, usually first order in
time, for which the corresponding IVPs can be solved by
the IST method. Such NPDEs are sometimes referred to
as integrable evolution equations. Some exact solutions to
such equations may be available in terms of elementary
functions, and such solutions are important to understand
nonlinearity better and they may also be useful in testing
accuracy of numerical methods to solve such NPDEs.

Certain special solutions to some of such NPDEs ex-
hibit particle-like behaviors. A single-soliton solution is
usually a localized disturbance that retains its shape but
only changes its location in time. A multi-soliton solution
consists of several solitons that interact nonlinearly when
they are close to each other but come out of such interac-
tions unchanged in shape except for a phase shift.

Integrable NPDEs have important physical applica-
tions. For example, the KdV equation is used to de-
scribe [14,23] surface water waves in long, narrow, shal-
low canals; it also arises [23] in the description of hydro-
magnetic waves in a cold plasma, and ion-acoustic waves
in anharmonic crystals. The nonlinear Schrédinger (NLS)
equation arises in modeling [24] electromagnetic waves in
optical fibers as well as surface waves in deep waters. The
sine-Gordon equation is helpful [1] in analyzing the mag-
netic field in a Josephson junction (gap between two su-
perconductors).

Introduction

The first observation of a soliton was made in 1834 by the
Scottish engineer John Scott Russell at the Union Canal
between Edinburgh and Glasgow. Russell reported [21]
his observation to the British Association of the Advance-
ment of Science in September 1844, but he did not seem
to be successful in convincing the scientific community.
For example, his contemporary George Airy, the influen-
tial mathematician of the time, did not believe in the exis-
tence of solitary water waves [1].

The Dutch mathematician Korteweg and his doctoral
student de Vries published [14] a paper in 1895 based
on de Vries’ Ph.D. dissertation, in which surface waves
in shallow, narrow canals were modeled by what is now
known as the KdV equation. The importance of this paper
was not understood until 1965 even though it contained
as a special solution what is now known as the one-soliton
solution.

Enrico Fermi in his summer visits to the Los Alamos
National Laboratory, together with J. Pasta and S. Ulam,
used the computer named Maniac I to computationally
analyze a one-dimensional dynamical system of 64 par-
ticles in which adjacent particles were joined by springs
where the forces also included some nonlinear terms.
Their main goal was to determine the rate of approach
to the equipartition of energy among different modes of
the system. Contrary to their expectations there was lit-
tle tendency towards the equipartition of energy but in-
stead the almost ongoing recurrence to the initial state,
which was puzzling. After Fermi died in November 1954,
Pasta and Ulam completed their last few computational
examples and finished writing a preprint [11], which was
never published as a journal article. This preprint appears
in Fermi’s Collected Papers [10] and is also available on
the internet [25].

In 1965 Zabusky and Kruskal explained [23] the
Fermi-Pasta-Ulam puzzle in terms of solitary wave solu-
tions to the KdV equation. In their numerical analysis they
observed “solitary-wave pulses”, named such pulses “soli-
tons” because of their particle-like behavior, and noted
that such pulses interact with each other nonlinearly but
come out of interactions unaffected in size or shape except
for some phase shifts. Such unusual interactions among
solitons generated a lot of excitement, but at that time no
one knew how to solve the IVP for the KdV equation, ex-
cept numerically. In 1967 Gardner, Greene, Kruskal, and
Miura presented [12] a method, now known as the IST, to
solve that IVP, assuming that the initial profile u(x, 0) de-
cays to zero sufficiently rapidly as x — £o00. They showed
that the integrable NPDE, i. e. the KdV equation,

Uy — 6uly + txxx =0, (1)

is associated with a LODE, i. e. the 1-D Schrédinger equa-
tion

d*y

Codx?

+ulx, )y =Ky, )

and that the solution u(x, t) to (1) can be recovered from
the initial profile u(x, 0) as explained in the diagram given
in Sect. “Inverse Scattering Transform”. They also ex-
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plained that soliton solutions to the KdV equation cor-
respond to a zero reflection coeflicient in the associated
scattering data. Note that the subscripts x and ¢ in (1) and
throughout denote the partial derivatives with respect to
those variables.

In 1972 Zakharov and Shabat showed [24] that the IST
method is applicable also to the IVP for the NLS equation

iup + e + 2ulul? =0, (3)

where i denotes the imaginary number +/—1. They proved
that the associated LODE is the first-order linear system

j— =—iAE+ulx,t)n,

d" (4)
a_ iAn—u(x, )€,

dx

where A is the spectral parameter and an overline denotes
complex conjugation. The system in (4) is now known as
the Zakharov-Shabat system.

Soon afterwards, again in 1972 Wadati showed in
a one-page publication [22] that the IVP for the modified
Korteweg-de Vries (mKdV) equation

Uy + 61l + tiggxe =0, (5)

can be solved with the help of the inverse scattering prob-
lem for the linear system

ﬁ =—iAE+ulx,t)n,
dx

ﬁ = iAn—u(x, €.
X

(6)

Next, in 1973 Ablowitz, Kaup, Newell, and Segur
showed [2,3] that the IVP for the sine-Gordon equation

Uyy = sinu ,

can be solved in the same way by exploiting the inverse
scattering problem associated with the linear system

d 1

£ = ik~ uele 0.
d 1

d—z = i+ S (e D

Since then, many other NPDEs have been discovered to be
solvable by the IST method.

Our review is organized as follows. In the next sec-
tion we explain the idea behind the IST. Given a LODE
known to be associated with an integrable NPDE, there
are two primary methods enabling us to determine the

corresponding NPDE. We review those two methods,
the Lax method and the AKNS method, in Sect. “The
Lax Method” and in Sect. “The AKNS Method”, respec-
tively. In Sect. “Direct Scattering” we introduce the scat-
tering data associated with a LODE containing a spec-
tral parameter and a potential, and we illustrate it for the
Schrodinger equation and for the Zakharov-Shabat sys-
tem. In Sect. “Time Evolution of the Scattering Data” we
explain the time evolution of the scattering data and in-
dicate how the scattering data sets evolve for those two
LODEs. In Sect. “Inverse Scatering Problem” we summa-
rize the Marchenko method to solve the inverse scatter-
ing problem for the Schrédinger equation and that for the
Zakharov-Shabat system, and we outline how the solu-
tions to the IVPs for the KdV equation and the NLS equa-
tion are obtained with the help of the IST. In Sect. “Soli-
tons” we present soliton solutions to the KdV and NLS
equations. A brief conclusion is provided in Sect. “Future
Directions”.

Inverse Scattering Transform

Certain NPDE:s are classified as integrable in the sense that
their corresponding IVPs can be solved with the help of an
IST. The idea behind the IST method is as follows: Each in-
tegrable NPDE is associated with a LODE (or a system of
LODEs) containing a parameter A (usually known as the
spectral parameter), and the solution u(x, t) to the NPDE
appears as a coefficient (usually known as the potential)
in the corresponding LODE. In the NPDE the quantities x
and f appear as independent variables (usually known as
the spatial and temporal coordinates, respectively), and in
the LODE x is an independent variable and A and t appear
as parameters. It is usually the case that u(x, t) vanishes at
each fixed t as x becomes infinite so that a scattering sce-
nario can be created for the related LODE, in which the
potential u(x, t) can uniquely be associated with some scat-
tering data S(A, t). The problem of determining S(A, t) for
all A values from u(x, t) given for all x values is known as
the direct scattering problem for the LODE. On the other
hand, the problem of determining u(x, t) from S(A, ) is
known as the inverse scattering problem for that LODE.

The IST method for an integrable NPDE can be ex-
plained with the help of Diagram 1.

In order to solve the IVP for the NPDE, i. e. in order to
determine u(x, t) from u(x, 0), one needs to perform the
following three steps:

(i) Solve the corresponding direct scattering problem for
the associated LODE at t = 0, i. e. determine the ini-
tial scattering data S(A,0) from the initial potential
u(x,0).
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direct scattering for LODE at t=0

u(x,0)

solution to NPDEJ,

S(2,0)

Jvtime evolution of scattering data

u(x, t)

S(A, 1)

inverse scattering for LODE at time ¢

Inverse Scattering Transform and the Theory of Solitons, Diagram 1

The method of inverse scattering transform

(ii) Time evolve the scattering data from its initial value
S(A,0) to its value S(A, t) at time ¢. Such an evolu-
tion is usually a simple one and is particular to each
integrable NPDE.

(iii) Solve the corresponding inverse scattering problem
for the associated LODE at fixed t, i. e. determine the
potential u(x, t) from the scattering data S(A, ).

It is amazing that the resulting u(x, t) satisfies the inte-
grable NPDE and that the limiting value of u(x, t) ast — 0
agrees with the initial profile u(x, 0).

The Lax Method

In 1968 Peter Lax introduced [15] a method yielding an in-
tegrable NPDE corresponding to a given LODE. The basic
idea behind the Lax method is the following. Given a lin-
ear differential operator £ appearing in the spectral prob-
lem £ = Ay, find an operator A (the operators A and
L are said to form a Lax pair) such that:

(i) Thespectral parameter A does not change in time, i. .
A =0.

(ii) The quantity ¥, — Ay remains a solution to the
same linear problem Ly = Ay.

(iii) The quantity £, + LA — AL is a multiplication op-
erator, i. e. it is not a differential operator.

From condition (ii) we get

LW —AY) =AY — AY) . (7)

and with the help of LY = Ay and A; = 0, from (7) we
obtain

Ly — LAY = My — AAY) = 0: (M) — ALY
=0 (LY)— ALY =Ly + LYy — ALY, (8)

where d; denotes the partial differential operator with re-
spect to t. After canceling the term £, on the left and
right hand sides of (8), we get

(Li+ LA—AL)Y =0,

which, because of (iii), yields
Li+LA—-AL=0. &)

Note that (9) is an evolution equation containing a first-
order time derivative, and it is the desired integrable
NPDE. The equation in (9) is often called a compatibility
condition.

Having outlined the Lax method, let us now illustrate
it to derive the KdV equation in (1) from the Schrédinger
equation in (2). For this purpose, we write the Schrodinger
equation as L1 = Ay with A := k? and

L= -3 +u(x,t), (10)

where the notation := is used to indicate a definition so
that the quantity on the left should be understood as the
quantity on the right hand side. Given the linear differen-
tial operator £ defined as in (10), let us try to determine the
associated operator A by assuming that it has the form

ﬂ=a33i+dzai+0{1ax + o, (11)

where the coeflicients o jwith j = 0,1, 2,3 may depend on
x and ¢, but not on the spectral parameter A. Note that
L; = uy. Using (10) and (11) in (9), we obtain

08 + Oy + 03 + 007 + 03 + () =0, (12)

where, because of (iii), each coeflicient denoted by () must
vanish. The coefficient of 3> vanishes automatically. Set-
ting the coefficients of 9. to zero for j = 4,3,2,1, we ob-
tain

a3 = 1,

Q@) =0, 0O =0 — ECW,

Oy = C4 — chux — Cu,

with ¢y, ¢, ¢3, and ¢4 denoting arbitrary constants. Choos-
ing ¢; = —4 and ¢3 = 0 in the last coefficient in (12) and
setting that coeflicient to zero, we get the KdV equation
in (1). Moreover, by letting ¢; = ¢4 = 0, we obtain the op-
erator A as

A = —40] + 6udy + 3u, . (13)
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For the Zakharov-Shabat system in (4), we proceed in
a similar way. Let us write it as L = A, where the linear
differential operator £ is defined via

[1 0 } { 0 u(x, t)]
L= 0y — i .
0 -1 u(x, t) 0

Then, the operator A is obtained as

1 0 0 u —|ul*
A =2i 92 —2i Dp—i ,
0 -1 7 0 o |uf

(14)
and the compatibility condition (9) gives us the NLS equa-
tion in (3).

For the first-order system (6), by writing it as
Ly = Ay, where the linear operator £ is defined by

1 0 0 u(x, t)
L= 0y — i )
0 -1 u(x, t) 0
we obtain the corresponding operator A as
1 0 u? —Uy 6uUty  —3Uyxyx
A=—4 326 dx— ,
0 1 Uy u? 3uyy 6uLy

and the compatibility condition (9) yields the mKdV equa-
tion in (5).

The AKNS Method

In 1973 Ablowitz, Kaup, Newell, and Segur intro-
duced [2,3] another method to determine an integrable
NPDE corresponding to a LODE. This method is now
known as the AKNS method, and the basic idea behind
it is the following. Given a linear operator X associated
with the first-order system v, = Xv, we are interested in
finding an operator T (the operators 7 and X are said to
form an AKNS pair) such that:

(i) The spectral parameter A does not change in time, i. e.
A =0.

(ii) The quantity v; — T v is also a solution to v, = X,
i.e.we have (vi — Tv)y = X(v; — T V).

(iii) The quantity X; — Ty + X7 — T X is a (matrix)
multiplication operator, i. e. it is not a differential op-
erator.

From condition (ii) we get

Vix =Ty —Tvy=Xvi—XTv
=Xv);—Xv—XTv
=Wy)r = Xiv—=XTv

=V —Xiv—XTv. (15)

Using vy = vy and replacing 7 v, by T Xv on the left
side and equating the left and right hand sides in (15), we
obtain

Xi—Tx+XT —TX)v=0,
which in turn, because of (iii), implies

Xie—Tx+XT -TX=0. (16)
We can view (16) as an integrable NPDE solvable with
the help of the solutions to the direct and inverse scat-
tering problems for the linear system v, = Xv. Like (9),
the compatibility condition (16) yields a nonlinear evo-
lution equation containing a first-order time derivative.
Note that X contains the spectral parameter A, and hence
T also depends on A as well. This is in contrast with the
Lax method in the sense that the operator A does not con-
tain A.

Let us illustrate the AKNS method by deriving the KdV
equation in (1) from the Schrodinger equation in (2). For
this purpose we write the Schrédinger equation, by replac-
ing the spectral parameter k* with A, as a first-order linear
system v, = X'v, where we have defined

|:1//x:| |:0 u(x,t) — /\:|
V= , X := .
v 1 0

Let us look for T in the form

a B
T = ,
p o
where the entries o, 8, p, and 0 may depend on x, t, and
A. The compatibility condition (16) yields

—le—ﬁ‘l‘/o(u—l) ut_,Bx —I—O(u—/\)—a(u—/\)
—pxta—o —0x + B —plu—2A)

0 0
o ol
(17)

The (1, 1), (2, 1), and (2, 2)-entries in the matrix equation
in (17) imply

ﬂ = —le'i‘(U—A)P, 0O =Q—Px, Ox = 0. (18)

Then from the (1, 2)-entry in (17) we obtain

U+ 3 Pxxx — Usp — 2px(u— 1) = 0. (19)
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Assuming a linear dependence of p on the spectral param-
eter and hence letting p = A{ + p in (19), we get

zé—xkz + (%;xxx - zé-xu + 2y — uxé—) A
+ (“f + %Mxxx —2uyu — “x:u) =0.

Equating the coeflicients of each power of A to zero, we
have

1

{=a, pu=j3au+c,

3 1
Uy — 301Ul — Cly + 7C1Uxxx = 0, (20)

with ¢; and ¢, denoting arbitrary constants. Choosing
c1 = 4and ¢; = 0, from (20) we obtain the KdV equation
given in (1). Moreover, with the help of (18) we get

o =ux +c3,
B = —4A% 4+ 2Au + 2u® — Uy
0 =4\ 4+ 2u, 0 = c3 — Uy,

where ¢ is an arbitrary constant. Choosing c; = 0, we find

Uy
T =
4A + 2u
As for the Zakharov-Shabat system in (4), writing it as
vy = Xv, where we have defined

—4A% 4 20 u + 2u? — uxx]

—Uy

—il u(x, t)
X = )
|:—u(x, 1) iA :|

we obtain the matrix operator T as

—2AU + iUy

—2iA% + i|ul?
2iA% — i|ul?

20u + iuy ]

and the compatibility condition (16) yields the NLS equa-
tion in (3).

As for the first-order linear system (6), by writing it as
vy = Xv, where

|: —ik u(x, t)i|
X = ,
—u(x,t) i

we obtain the matrix operator 7 as

T:

[ —4iA3 4 2iAu? AN+ 20y — Uy —

—4A 2y 4 20y F ey + 205 4iA3 —2idu?

2u3]

and the compatibility condition (16) yields the mKdV
equation in (5).
As for the first-order system v, = Xv, where

1
—i) -5 uc(x, t)
X = ] R
—ux(x, A
2u (x, 1) i

we obtain the matrix operator 7 as

i |cosu  sinu
T =— .
4A | sinu  —cosu
Then, the compatibility condition (16) gives us the sine-
Gordon equation

Uyy = Sinu .

Direct Scattering Problem

The direct scattering problem consists of determining the
scattering data when the potential is known. This prob-
lem is usually solved by obtaining certain specific solu-
tions, known as the Jost solutions, to the relevant LODE.
The appropriate scattering data can be constructed with
the help of spatial asymptotics of the Jost solutions at in-
finity or from certain Wronskian relations among the Jost
solutions. In this section we review the scattering data cor-
responding to the Schrédinger equation in (2) and to the
Zakharov-Shabat system in (4). The scattering data sets
for other LODESs can similarly be obtained.

Consider (2) at fixed ¢ by assuming that the poten-
tial u(x,t) belongs to the Faddeev class, i.e. u(x,t) is
real valued and ffgo dx (1 + |x]) |u(x, t)| is finite. The
Schrodinger equation has two types of solutions; namely,
scattering solutions and bound-state solutions. The scat-
tering solutions are those that consist of linear combina-
tions of e and e~™** as x — 00, and they occur for
k € R\ {0}, i. e. for real nonzero values of k. Two linearly
independent scattering solutions f; and f;, known as the
Jost solution from the left and from the right, respectively,
are those solutions to (2) satisfying the respective asymp-
totic conditions

fitk, x., t) = e'** 4 o(1),

flk,x, t) = ike’™ +0(1), x— 400, (21)
fill,x, t) = 7% 1 0(1),
fllk,x, ) = —ike ™ £ 0(1), x — —o0,
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where the notation o(1) indicates the quantities that van-
ish. Writing their remaining spatial asymptotics in the
form

eikx L(k, t) e—ikx

Ak x ) = 20 T oW
x — —o0, (22)
B e—ikx R(k, t) eikx
filk,x,t) = Tk D + Tk.D) + o(1),
X — 400,

we obtain the scattering coefficients; namely, the transmis-
sion coefficient T and the reflection coefficients L and R,
from the left and right, respectively.

Let CT denote the upper half complex plane. A bound-
state solution to (2) is a solution that belongs to L*(R) in
the x variable. Note that L?(R) denotes the set of complex-
valued functions whose absolute squares are integrable on
the real line R. When u(x, t) is in the Faddeev class, it
is known [5,7,8,9,16,17,18,19] that the number of bound
states is finite, the multiplicity of each bound state is
one, and the bound-state solutions can occur only at cer-
tain k-values on the imaginary axis in C*. Let us use
N to denote the number of bound states, and suppose
that the bound states occur at k = ix; with the order-
ing 0 < k; < --- < kn. Each bound state corresponds to
a pole of T in C*. Any bound-state solution at k = i«
is a constant multiple of fi(ikj, x, t). The left and right
bound-state norming constants c¢;(t) and ¢j(t), respec-
tively, can be defined as

[’} —1/2
aj(t) == |:f dx fiixj, x, t)z] ,

[’} —1/2
i(B) = [/_ dx fili;. x, t)z} ,

and they are related to each other through the residues of
T via

er(t)z
yi(t)

Res (T, ikj) = iq;(t) yj(t) = i (23)

where the y;(t) are the dependency constants defined as

P fl(in,x, f)
e T

The sign of y;(¢) is the same as that of (=1)N=J, and hence
arj(t) = (=DNTyi(D) a(D) -

The scattering matrix associated with (2) consists of
the transmission coefficient T and the two reflection co-
efficients R and L, and it can be constructed from {k j}ﬁ.\lzl

(249)

and one of the reflection coeflicients. For example, if we
start with the right reflection coefficient R(k, t) for k € R,
we get

N .
k + ik
Tk.ty =[] —
j=1k—uc]
1 (% log(1—|R(s,t)?)
— ds ————— 27} |
XeXp(zni/_oos s—k—i0t
ke CTUR,

where the quantity i0" indicates that the value for k € R
must be obtained as a limit from C. Then, the left reflec-
tion coeflicient L(k, t) can be constructed via

R(k, t) T(k, t)

M=

We will see in the next section that T(k,t) = T(k,O0),
[R(k, )] = |R(k,0)|, and [L(k, )| = |L(k,0)].

For a detailed study of the direct scattering problem
for the 1-D Schrodinger equation, we refer the reader
to [5,7,8,9,16,17,18,19]. It is important to remember that
u(x, t) for x € Rateach fixed t is uniquely determined [5,7,
8,9,16,17,18] by the scattering data {R, {k;}, {cj(¢)}} or
one of its equivalents. Letting c;(t) := q]-(t)z, we will
work with one such data set, namely {R, {«;}, {c;(t)}},
in Sect. “Time Evolution of the Scattering Data” and
Sect. “Inverse Scattering Problem”.

Having described the scattering data associated with
the Schrodinger equation, let us briefly describe the scat-
tering data associated with the Zakharov-Shabat system
in (4). Assuming that u(x, t) for each ¢ is integrable in x on
R, the two Jost solutions ¥ (A, x, t) and ¢ (A, x, t), from
the left and from the right, respectively, are those unique
solutions to (4) satisfying the respective asymptotic condi-
tions

0

elA.X

1//()L,x,t):|: ]+0(1), x — 400,
(25)

e—i/\x
¢(A,x,t)=|: ]+0(1), X — —00.
0

The transmission coeflicient T, the left reflection coeffi-
cient L, and the right reflection coeflicient R are obtained
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via the asymptotics

[L(A, f) e iAx
T(A, 1)
ei)Lx
T(A,t)
e—i)ux
T(A, 1)
R(A, t) el**
L T, 1)

YA, x, t) = +o(l), x— —00,

oA, x,t) = +0(1), x— +o00.

(26)

The bound-state solutions to (4) occur at those A values
corresponding to the poles of T'in C*. Let us use {1 j}j\jzl
to denote the set of such poles. It should be noted that
such poles are not necessarily located on the positive imag-
inary axis. Furthermore, unlike the Schrodinger equation,
the multiplicities of such poles may be greater than one.
Let us assume that the pole A; has multiplicity ;. Cor-
responding to the pole A ;, one associates [4,20] #; bound-
state norming constants cjs(t) fors=0,1,..., nj—1.We
assume that, for each fixed ¢, the potential u(x, t) in the
Zakharov-Shabat system is uniquely determined by the
scattering data {R, {A;}, {cjs(¢)}} and vice versa.

Time Evolution of the Scattering Data

As the initial profile u(x, 0) evolves to u(x, t) while satis-
fying the NPDE, the corresponding initial scattering data
S(A,0) evolves to S(A, t). Since the scattering data can be
obtained from the Jost solutions to the associated LODE,
in order to determine the time evolution of the scatter-
ing data, we can analyze the time evolution of the Jost
solutions with the help of the Lax method or the AKNS
method.

Let us illustrate how to determine the time evolution
of the scattering data in the Schrédinger equation with the
help of the Lax method. As indicated in Sect. “The Lax
Method”, the spectral parameter k and hence also the val-
ues k; related to the bound states remain unchanged in
time. Let us obtain the time evolution of fj(k, x, t), the Jost
solution from the left. From condition (ii) in Sect. “The
Lax Method”, we see that the quantity d; f{ — A f; remains
a solution to (2) and hence we can write it as a linear com-
bination of the two linearly independent Jost solutions fj
and f; as

d¢filk, x, £)— (—43i + 6ud, + 3ux) Silk, x, t)
= p(k, t) filk,x, t) + q(k, t) fr(k, x, 1),
(27)

where the coefficients p(k, t) and q(k, t) are yet to be de-
termined and A is the operator in (13). For each fixed t,
assuming u(x, t) = o(1) and u,(x, t) = o(1) as x — 400
and using (21) and (22) in (27) as x — +00, we get

ateikx + 43ieikx — p(k7 t) eikx

1 _; R(k,t)
k.t ikx ikx 1).
*al )[T(k,t)e T(k,£) ¢ ]J”’()
(28)
Comparing the coefficients of ¢** and ¢ on the two

sides of (28), we obtain

gk, t)y =0, p(k,t) = —4ik>.

Thus, fi(k, x, t) evolves in time by obeying the linear third-
order PDE

i fi— Afy = —4ik’f;. (29)
Proceeding in a similar manner, we find that f.(k, x, t)
evolves in time according to

A fy — Afy = 4ik’ f; . (30)
Notice that the time evolution of each Jost solution is fairly
complicated. We will see, however, that the time evolution
of the scattering data is very simple. Letting x — —o0 in
(29), using (22) and u(x, t) = o(1) and u,(x, t) = o(1) as

x — —o0, and comparing the coefficients of e'kx and e~ikx
on both sides, we obtain
3:T(k,t) =0, 0:L(k,t) = —8ik’L(k, 1),
yielding
T(k,t) = T(k,0), L(k,t) = L(k,0)e 5kt
In a similar way, from (30) as x — +o00, we get
R(k, ) = R(k,0)'*"" . (31)

Thus, the transmission coeflicient remains unchanged and
only the phases of the reflection coefficients change as time
progresses.

Let us also evaluate the time evolution of the depen-
dency constants y;(t) defined in (24). Evaluating (29) at
k = ik; and replacing fi(ix;, x, t) by y;(t) f(ik;, x, 1), we
get

Selirj, x, £) 3,y;() + (1) 04 fr (i, x, t)
—7i(OAfilij, x, 1) = —4icdy;(0) filikj, x, 1) . (32)
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On the other hand, evaluating (30) at k = ik, we obtain

]/](t) 3tfr(ina X, t) - )/](t) ./’Zlfr(l.l(j, X, t)
= 4Kfyj(t)fr(i/(j,x, t). (33)

Comparing (32) and (33) we see that d,y;(t) = —SK;)/j(t),
or equivalently

yi(h) = y;(0) e ¥ (34)

Then, with the help of (23) and (34), we determine the time
evolutions of the norming constants as

3 A3
aj(0) = a0 ™I, (1) = ay(0)e "

The norming constants cj(t) appearing in the Marchenko
kernel (38) are related to cj;(t) as c;(t) := clj(t)z, and
hence their time evolution is described as

3
SK/-t.

cj(t) = ¢j(0)e (35)

As for the NLS equation and other integrable NPDEs, the
time evolution of the related scattering data sets can be
obtained in a similar way. For the former, in terms of
the operator A in (14), the Jost solutions ¥ (A, x, t) and
¢ (A, x, t) appearing in (25) evolve according to the respec-
tive linear PDEs

Vi — AY = =2id%Y

The scattering coefficients appearing in (26) evolve ac-
cording to

T(A,t) = T(A,0),
R(A, t) = R(A, 0) At
LA, £) = L(A, 0) e 4iA°t

b — AP =2i\%¢ .

(36)

Associated with the bound-state pole A; of T, we have
the bound-state norming constants c;s(t) appearing in the
Marchenko kernel §2(y, t) given in (41). Their time evolu-
tion is governed [4] by

[¢jtn—1)(®) €t~ (8) cjo()]
—4iA§,r

cjo(0)] e :
(37)

= [¢jtn;~1)(0)  €j(n;—2)(0)

where the n; x n; matrix A; appearing in the exponent is
defined as

[—id; -1 0 ... 0 0 7
0 =—idj -1 ... 0 0
0 0 —ilj 0 0
Aji= : : :
0 0 0 —id; -1
L 0 0 0 0 —ilj

Inverse Scattering Problem

In Sect. “Direct Scattering Problem” we have seen how
the initial scattering data S(A, 0) can be constructed from
the initial profile u(x,0) of the potential by solving the
direct scattering problem for the relevant LODE. Then,
in Sect. “Time Evolution of the Scattering Data” we have
seen how to obtain the time-evolved scattering data S(A, t)
from the initial scattering data S(A,0). As the final step
in the IST, in this section we outline how to obtain
u(x, t) from S(A, t) by solving the relevant inverse scat-
tering problem. Such an inverse scattering problem may
be solved by the Marchenko method [5,7,8,9,16,17,18,19].
Unfortunately, in the literature many researchers refer
to this method as the Gel'fand-Levitan method or the
Gel’fand-Levitan-Marchenko method, both of which are
misnomers. The Gel'fand-Levitan method [5,7,16,17,19]
is a different method to solve the inverse scattering prob-
lem, and the corresponding Gel'fand-Levitan integral
equation involves an integration on the finite interval
(0, x) and its kernel is related to the Fourier transform of
the spectral measure associated with the LODE. On the
other hand, the Marchenko integral equation involves an
integration on the semi-infinite interval (x, 4+00), and its
kernel is related to the Fourier transform of the scattering
data.

In this section we first outline the recovery of the so-
lution u(x, t) to the KdV equation from the correspond-
ing time-evolved scattering data {R, {x;}, {c;(¢)}} appear-
ingin (31) and (35). Later, we will also outline the recovery
of the solution u(x, t) to the NLS equation from the cor-
responding time-evolved scattering data {R, {1}, {c;s(£)}}
appearing in (36) and (37).

The solution u(x, t) to the KdV equation in (1) can be
obtained from the time-evolved scattering data by using
the Marchenko method as follows:

(a) From the scattering data {R(k,1),{x;},{c;j(¥)}} ap-
pearing in (31) and (35), form the Marchenko kernel
§2 defined via

1 00 N
— ik () e—Ki
Wy, t):= 2n/_ dkR(k,t)e y+j§:161(t)e i,
(38)

(b) Solve the corresponding Marchenko integral equation
K(x,y. t) + 2(x + y. 1)
o0
+ / dzK(x,z,t)2(z+ y,t) =0,

X <y<+4oo, (39)

and obtain its solution K(x, y, f).
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(c) Recover u(x, t) by using
) 0K(x, x,t)
0x

The solution u(x, t) to the NLS equation in (3) can be
obtained from the time-evolved scattering data by using
the Marchenko method as follows:

u(x,t) = — . (40)

(i) From the scattering data {R(A, 1), {A;}, {cjs(£)}} ap-
pearing in (36) and (37), form the Marchenko kernel
$2 as

o

1
Q(y, t) = E/
—0o0
N nj—1

+y > st(t)Z—: ety

j=1 s=0

dAR(L, ) el

(41)

(ii) Solve the Marchenko integral equation
- o0
K(x,y,t) — 2(x + y, t)+/ dz

OO —
x/ dsK(x,s,t)R2(s +z,t) 2z + y,t) =0,

x<y<+4o00,

and obtain its solution K(x, y, ).
(iii) Recover u(x,t) from the solution K(x,y,t) to the
Marchenko equation via

u(x, t) = —2K(x, x,t).

(iv) Having determined K(x, y, t), one can alternatively
get |u(x, t)|? from

0G(x, x, t)
0x ’

where we have defined

|u(x, t)|2 =2

o0
G(x,y,t):= —/ dzK(x,z,t) 2(z+ y,t).

Solitons

A soliton solution to an integrable NPDE is a solution
u(x,t) for which the reflection coeflicient in the corre-
sponding scattering data is zero. In other words, a soli-
ton solution u(x, t) to an integrable NPDE is nothing but
a reflectionless potential in the associated LODE. When
the reflection coefficient is zero, the kernel of the relevant
Marchenko integral equation becomes separable. An inte-
gral equation with a separable kernel can be solved explic-
itly by transforming that linear equation into a system of
linear algebraic equations. In that case, we get exact solu-
tions to the integrable NPDE, which are known as soliton
solutions.

For the KdV equation the N-soliton solution is ob-
tained by using R(k, t) = 0 in (38). In that case, letting

X(x) := [e_"“‘ e fax e_"N"] ,
c1(t)e kv
o (t)e
Y(y.t):= ) .
cn(t) e Ny

we get 2(x + y,t) = X(x) Y(y, t). As a result of this sep-
arability the Marchenko integral equation can be solved
algebraically and the solution has the form K(x, y,t) =
H(x,t) Y(y,t), where H(x,t) is a row vector with N en-
tries that are functions of x and . A substitution in (39)
yields

K(x,y,t) = —X(x) ['(x, 1) Y(y, ), (42)
where the N x N matrix I"(x, t) is given by
oo
I'x,t): =1+ f dz Y(z, t) X(2), (43)

with I denoting the or N x N identity matrix. Equiva-
lently, the (j, )-entry of I" is given by
¢ (0) e—ZK]-x+8K]3.t

ry =3
jl ]l+ K]'+Kl

with § 1 denoting the Kronecker delta. Using (42) in (40)
we obtain

u(x,t) =2 % [X(x) I'x, )" 'Y(x, t)]
_ 9 -1
—2tr£ [Y(x, ) X(x) T (x,)7"] .

where tr denotes the matrix trace (the sum of diago-
nal entries in a square matrix). From (43) we see that
—Y(x, t) X(x) is equal to the x-derivative of I"(x, t) and
hence the N-soliton solution can also be written as

u(x, ) = —2tr - [M rx. t)—l}
0x 0x

3 [% det I'(x, t)]

x| detI'(x,t) (“44)

where det denotes the matrix determinant. When N = 1,
we can express the one-soliton solution u(x, t) to the KdV
equation in the equivalent form

u(x, t) = =27 sech’ (k1x — 4kt + 0)

with 6 := log +/2k1/¢1(0) .
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Let us mention that, using matrix exponentials, we can
express [6] the N-soliton solution appearing in (44) in var-
ious other equivalent forms such as

u(x, t) = —4Ce A8 P ) "LA (x, £) " le 4B,
where

JKNT
BY:=[1 1 ... 1],
C:=[c1(0) ¢(0)

A = diag{k), k2, . ..
(45)
CN(O)] .

Note that a dagger is used for the matrix adjoint (trans-
pose and complex conjugate), and B has N entries. In this
notation we can express (43) as

o0
— — 3
dze #ABCe 7484

I'x,t) =1+ f
X

As for the NLS equation, the well-known N-soliton
solution (with simple bound-state poles) is obtained by
choosing R(A,t) = 0 and n; = 1in (41). Proceeding as in
the KdV case, we obtain the N-soliton solution in terms of
the triplet A, B, C with

A:= diag{—ikl, —Z‘Az, e

,—iAN}, (46)

where the complex constants A; are the distinct poles of
the transmission coefficient in C*, B and C are as in (45)
except for the fact that the constants ¢;(0) are now allowed
to be nonzero complex numbers. In terms of the matrices
P(x, t), M, and Q defined as

P(x,t):=
diag{ezihxﬂz‘)@t, e2i/\zx+4i/l%t’ L eZiXNx+4i)L§Vt}’
M i Q —iE]'CI
jli= = 1= = .
Aj — A Aj — A

we construct the N-soliton solution u(x,t) to the NLS
equation as

u(x, t) = —2BT [+ P(x, T QP(x, ) M7 P(x, )T CT,
(47)

or equivalently as
u(x, t) = —2BTe ™A 5 [ (x, )y lem AR AT O (48
where we have defined

o0
Fx,t)y:=1+ |:/ ds (Ce—As—4iA2t)T(Ce_AS_4iA2t)i|

x [ / > dz(e_AZB)(e_AzB)T] . (49)

Using (45) and (46) in (49), we get the (j, [)-entry of I" (x, t)
as

iQAm—A—A))x+4i(A2, —X;)t

N —

cicre
I =38;— ! — —
e mZ:l o — 21) s — 1)

Note that the absolute square of u(x, t) is given by

a0 10 (x, 1)
tr [ﬁ (F(X, t) T)]

D L det I'(x. 1)
T ox | detl'(x,t) |-

lu(x, )|

For the NLS equation, when N = 1, from (47) or (48) we
obtain the single-soliton solution

—8¢, (Im[/ll])z e—2i11x—4i(xl)2t
u(x, t) = n ¥
4(Im[A])? + |Cl|2e—4x(1m[ 1)—8t(Im[A7])

’

where Im denotes the imaginary part.

Future Directions

There are many issues related to the IST and solitons that
cannot be discussed in such a short review. We will briefly
mention only a few.

Can we characterize integrable NPDEs? In other
words, can we find a set of necessary and sufficient con-
ditions that guarantee that an IVP for a NPDE is solvable
via an IST? Integrable NPDEs seem to have some common
characteristic features [1] such as possessing Lax pairs,
AKNS pairs, soliton solutions, infinite number of con-
served quantities, a Hamiltonian formalism, the Painlevé
property, and the Bicklund transformation. Yet, there
does not seem to be a satisfactory solution to their char-
acterization problem.

Another interesting question is the determination of
the LODE associated with an IST. In other words, given
an integrable NPDE, can we determine the corresponding
LODE? There does not yet seem to be a completely satis-
factory answer to this question.

When the initial scattering coefficients are rational
functions of the spectral parameter, representing the time-
evolved scattering data in terms of matrix exponentials re-
sults in the separability of the kernel of the Marchenko in-
tegral equation. In that case, one obtains explicit formu-
las [4,6] for exact solutions to some integrable NPDEs and
such solutions are constructed in terms of a triplet of con-
stant matrices A, B, C whose sizes are p x p, p x 1, and
1 x p, respectively, for any positive integer p. Some special
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cases of such solutions have been mentioned in Sect. “Soli-
tons”, and it would be interesting to determine if such ex-
act solutions can be constructed also when p becomes in-
finite.
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Glossary

Decision making A human cognitive process which leads
to a course of action among a set of choices.

Rational expectations Expectations that give the best
guess of the future (the optimal forecast) using all
available information.

Behavioral finance A research field that applies human
and social cognitive and emotional biases to under-
standing how decision making affects market prices,
returns and allocation of resources.

Definition of the Subject

A general definition of “decision making” is that it is a hu-
man cognitive process which leads to a course of action
among a set of choices. A decision process gives rise to
a choice which can be an action or an opinion. In the con-
text of modeling investment decision making in finance,
by far the majority of models assume that decision making
is a reasoning process which is rational. Classic examples
of rational decision models in finance describe how risk-
willing investors should react to ensure a certain return,
and have been formalized in models such as the Markovitz
mean-variance formulation [26], the Capital Asset Price
Model [24,34] as well as the Arbitrage Pricing Theory (all
defined in this article). Rational decision making is at the
cornerstone of the foundation for modern financial think-
ing. Nonetheless, over the last two decades or so, models
of irrational reasoning have led to the appearance of a new
field in finance called “Behavioral Finance” (also defined in
this article). More recently, decision making in a complex
environment has been a very active research field, notably
in interdisciplinary approaches drawing on both physics
and finance.

Introduction

Historically, rational decision making has been at the very
core of financial models describing how one should deal
with a variety of problems in finance such as, for example,
portfolio allocation [26], pricing of financial assets [24,34],
valuation of firms and of capital costs [27], pricing of op-
tions [8] and even (somewhat less intuitively) the creation
of financial bubbles [39]. The aforementioned examples
all led to Nobel prizes in economy: in 1985 (valuation of
firms), in 1990 (portfolio theory and asset pricing), in 1997
(new method to price derivatives) and in 2002 (for labora-
tory experiments as a tool in empirical economic analysis).

The biggest advantage about the assumption of ratio-
nal expectations is clearly that it allows one to progress and
actually do some calculations on how to do investment de-

cision making in finance, as illustrated by the mentioned
Nobel prizes in economy. The disadvantage is, however,
that it is not clear at all whether one thereby has ob-
tained a framework that to any degree describes the real-
ity of financial markets. As will be seen Sect. “Critiques of
Markovitz Portfolio Theory and the CAPM?, the strongest
objection against rational expectations is the assumption
that all market participants, if given access to a complete
information set, would come to same conclusion with re-
gard to price.

Questions about the validity of the assumption of ra-
tional expectations in decision making and the theories
based upon it, had already surfaced in the 1980s. Crit-
icism was notably raised by a succession of discoveries
of anomalies, particularly the evidence of excess volatility
of returns [36]. Since the reported excess volatility raised
some of the very first empirically founded questions re-
lated to the efficient market theory, it became the subject
of harsh academic disputes. Following the problems made
clear by the puzzle of “excess volatility”, competing the-
ories of rational decision making and the efficient market
surfaced in the 1990s, most notably in the field now known
as behavioral finance. The emerging field of behavioral fi-
nance in turn lead to more recent theories which view fi-
nancial markets as a complex system composed of many
actors with different goals and often lead by irrational de-
cision making.

Rational Decision Making

In the following, the concept of rational expectations in
finance will be defined in terms of how one should deter-
mine the price of one single asset, depending on the money
one is going to receive in the future for holding that asset.
As will be seen, in order to know today’s price of an asset,
the money that one is going to receive in one year’s time,
two year’s time etc. (called the future cash flow) has to be
expressed in the present time value of money, that is, it has
to be discounted. After the introduction of the concept of
rational expectations has been applied to one single asset,
the concept will be generalized to also take into account
decision making based on risk, encountered in a situation
in which one has to deal with a portfolio of assets.

Rational Expectations

According to the efficient market theory, the price of an
asset at time t, P, should equal the expectation value con-
ditioned on all available information, I;, at time ¢ of all fu-
ture cash flows (coming from the asset) discounted to the
present time value of money. If we call P} the sum over all
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future discounted cash flows, one has:
P = Et(Pt*Ut) (1)

with E; denoting the expectation value. Rational expecta-
tions theory, therefore, defines the price as being identical
to the best guess of the future (the optimal forecast) that
uses all available information. This amounts to assuming
that people do not make systematic errors when predict-
ing the future, and that deviations from perfect foresight
are only random. One should notice that P* is not known
at time t, but has to be forecast in order to assign a value to
the price of the asset at time t, P;. Note that (1) dictates that
all movements in the stock market must have their origin
in some new information about the fundamental value P},
one of the facts of the efficient market theory that seems
hard to believe in practice.
Equivalently one can write (1) as

o0

>

T=t+1

D(z) 5
(1 + ()= @
where D(7) is the cash flow (dividends) at time 7, the
factor (1 + r())*™" is the discount factor transform-
ing money at time 7 into present value money at time ¢,
and r(t) is the interest rate. That is, (2) says that the
price of an asset today should be calculated from the sum
over all future cash flows discounted to the present day
value of money. One should notice that despite an appar-
ently elegant and appealing explanation offered by (1),(2),
the equations have profound implications that one has
to counterbalance against a more realistic description of
facts.

In fact, under strict assumptions of efficiency, the fi-
nancial markets would be “dead” without any trades oc-
curring. As seen from (2) the price of an asset should
change only with the arrival of new information of ei-
ther future dividends or interest rates. One way out of this
apparent paradox is to notice that risk is not taken into
account in the derivation above. Informationally efficient
markets are an impossibility, because if markets are per-
fectly efficient, the return of gathering information would
be nil. Therefore the degree of market inefficiency could
be seen as due to the cost of gathering information as well
as due to investors being risk-loving or risk-averse.

The strongest objection against rational expectations
theory is, however, the assumption that all market partici-
pants, if given access to a complete information set, would
come to same conclusion with regard to price as, e. g., il-
lustrated by (2). This seems very far from reality, to say
the least. For more detail on this discussion see Sect. “Cri-
tiques of Markovitz Portfolio Theory and the CAPM”.

The remarkable fact is that rational expectations theory
is the key building block, the very foundation that under-
pins modern portfolio and pricing theories like the CAPM,
APT and versions thereof. Thinking that most risk man-
agement theories use rational expectations at their core
seems somehow a paradox in that it amounts to making
a very risky ansatz at the very foundation!

As noted in [30,33], since rational expectations have to
be unchanged in all futures (it is without cost to change
an expectation therefore if an expectation is expected to
change in the future, rationality will require a revision
now) rationality requires that forany 0 < j < n:

E{[Et+j(Prtu)] = E¢(Pryn) - (3)

Ex post (3) takes the following form for the special case
j=1

Eiy1 = E; + €141 4)

where €, has mean zero and covariance cov(e;+ j, €;) =
0 for j # 0. When the process € is independent and iden-
tically distributed, (4) describes a random walk which is
non-stationary. Therefore non-stationarity can be seen as
a direct consequence of rationality [30].

Markovitz Portfolio Theory
and the Capital Asset Price Model (CAPM)

One of the most fundamental tenets of economic the-
ory and practice is that returns above the so-called risk-
less rate come with increased risks. This is the basis of
Markovitz’s portfolio theory [26] and of the Capital As-
set Pricing Model (CAPM) [24,34]. Reciprocally, investors
want to be compensated for taking risk, that is, they want
to earn a return high enough to make them comfortable
with the level of risk they are assuming.

Markovitz’s portfolio theory considers investments
over one time period, i. e., an investor selects a portfolio at
time ¢ that produces a return at time ¢ + 1. It is implicitly
assumed that the probability distribution function of the
returns of the assets in the portfolio do not change between
time ¢ and ¢ + 1. In Markovitz’s model, investors are risk-
averse, and when choosing among portfolios they take into
account only the return of the portfolio (the mean) and the
risk (estimated by the variance) of their one-period invest-
ment. To illustrate in practice how Markovitz’s method
works, imagine for a moment the decision an investor
faces by investing a fixed amount of money in, say, the 40
assets of the French CAC40 index. One investment deci-
sion could be to put 1% of the fixed investment amount
into asset 1, 3% into asset 2, ..., 4% into asset 40. Calcu-
lating the return and risk over one time period (say a year)
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Risk versus return of a portfolio

for this specific choice of portfolio would give one point,
say the point d, within the parabola bounded by “a-b-¢”
in Fig. 1. Another decision choice would, of course, give
rise to a different point within this risk-return diagram,
and so by probing all possible decision choices one probes
the area of the parabola bounded by “a-b-c”. Now assum-
ing all investors are rational, they all see the same optimal
choice of investment, namely the so called “efficient fron-
tier”, which consists of the part a-b on the parabola. The
part a-b on the parabola corresponds to all those portfo-
lios which, for a given fixed value of risk, give the largest
return or, equivalently, for a given fixed value of return
(mean) have the smallest amount of risk (variance). There-
fore, the Markovitz approach is often called the standard
“mean-variance” approach.

Sharpe and Lintner added a key assumption to the
work of Markovitz by assuming borrowing and lending at
a risk free rate which is the same for all investors and does
not depend on the amount borrowed or lent. The intro-
duction of borrowing/lending at a risk free rate by Lintner
and Sharpe turns the efficient set into a straight line [16].
If all funds are invested in the risk free asset, i. e., all funds
are lent at the risk free rate R, one gets a portfolio at the
point R, in Fig. 1, i.e., a portfolio with zero variance and
a risk free rate of return R,. Instead, progressively invest-
ing a percentage 1 — x of all funds into the risky assets, one
would follow the line R, — d with the point d correspond-
ing to being invested 100% in a portfolio of risky assets.
Points to the right of d correspond to investing more than
100% by borrowing at the risk free rate. Formally this can
be written:

R, = xR + (1 —x)Ry )

E(Rp) = xRy + (1 — x)E(Ry) (6)

o(Ry) = (1 = x)o(Ry) (7)

with R, denoting the return of the portfolio, E the expec-
tation value and o the standard deviation. But the portfo-
lio d in Fig. 1 is not mean-variance-efficient. In order to get
a mean-variance-efficient portfolio with the largest return
per unit of risk free borrowed money (the largest slope of
the line), one swings the line from R, up and to the left as
far as possible, which gives the tangency portfolio M. Since
all investors agree completely about the distribution of re-
turns, they all see the same optimal solution and combine
the same risky tangency portfolio M with risk free lend-
ing/borrowing. Because all investors have the same port-
folio M, this has to be the value weighted market portfo-
lio, that is, each asset’s weight in the market portfolio M
must be given by the total market value of all outstanding
units of the asset divided by the total market value of all
risky assets. This, then, in turn gives a benchmark for the
returns of each individual asset, since an asset which has
the same time series of returns as the market portfolio M
should give exactly the same return as the market. Stated
in another way:

E(R;) = E(R)+[E(Ry)—E(R)]Bi, i=1,...,N (8)
_ cov(R;, Ry)
b= o ®

where cov(R;, Ry) is the covariance of the return of asset i
with the market return, and o (Rjy) is the variance of the
market return. Eq. (9) is the famous CAPM relation, which
allows us to price an asset, E(R;), from the knowledge of
a certain “market portfolio” and the risk free return R,.
The “market portfolio” should, in principle, include not
only all traded financial assets, but also consumer durables,
real estate and human capital, a task impossible to estimate
in practice. Even a more limited view of the “market port-
folio” as consisting only of financial assets would still mean
including all quoted assets worldwide, an exercise hardly
manageable in practice. Instead, a typical choice in the fi-
nancial literature is to take U.S. common stocks, but this
is, strictly speaking, not a “market portfolio” in the CAPM
sense.

Finally, we should mention another influential asset
pricing theory that also uses the assumption of rational
expectations. The Arbitrage Pricing Theory (APT) was in-
troduced by the economist Stephen Ross in 1976 [31], and
can be seen as an extension of the CAPM, since the price
of an asset is given by a number of economical factors (in
contrast to one factor in the CAPM given by the market).
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Specifically, the APT assumes that the returns of
a given asset are determined by a number of macroeco-
nomic factors F; (assumed to be random variables with
Zero mean)

ERR;) =R+ Y _Bi ;P (10)

j=1

R; ZE(Ri)-i-Zﬂi,ij-i-fi (11)

j=1

with P; the risk premium of factor j, 8;,; the sensitivity of
asset i to factor j and €; an idiosyncratic noise term with
mean zero. (11) says that the uncertainty of the return of
asset i is given by a linear combination of # economic fac-
tors. In the APT, the portfolio choice is no longer unique,
since different investors will hold portfolios with specific
choices of B; ;. In this sense, the assumptions of the APT
are closer to real investment strategies, but like the CAPM
it also suffers from the crucial claim of rational expecta-
tions, see the discussion in Sect. “Critiques of Markovitz
Portfolio Theory and the CAPM”.

Critiques of Markovitz Portfolio Theory and the CAPM

One problem within the framework of CAPM and of
Markovitz’s portfolio theory is the notion of risk, which is
described by the standard deviation of the return. This is
a one dimensional measure, whereas the fundamental de-
cision problem in principle has an infinite number of di-
mensions, given only by full knowledge of the probability
distribution of the portfolio returns.

In order to illustrate this point, consider Fig. 2 which
illustrates a portfolio of just two assets. The topmost plot
correspond to a portfolio chosen according to Markovitz’s
theory, whereas the plot in the middle row shows a portfo-
lio which has been chosen so that it does not correspond to
minimum variance, but rather to the minimum of higher
order moments (for a detailed description see [2]). Com-
paring the two plots, it is clear by simple visual inspection
that the Markovitz portfolio does a good job most of the
time in ensuring that only small risks (i. e., fluctuations of
the portfolio) are taken. Similarly, choosing the weights in
the portfolio by minimizing higher order moments, it is
clear that one opens oneself up for taking more small and
intermediate size risks (seen by, in average, larger fluctua-
tions compared to the Markovitz solution). However, and
this is the important point, by minimizing the higher or-
der moments of the portfolio distribution, one minimizes
large events that takes place in the tail of the distribution.
So by accepting more small and intermediate risks com-
pared to the Markovitz solution, one avoids taking the big

risks. Specifically, this can be seen by the band contained
by the dotted lines, which are the same in the topmost
and middle plots. Even though the portfolio showing the
Markovitz solution is constructed so that small and in-
termediate risks are contained most of the time, it actu-
ally gives a false impression of control, since one thereby
becomes susceptible to the big risks seen by the events
that exceed the bounds of the dotted lines in the topmost
plot. On the contrary, accepting more small and interme-
diate risks, as for the portfolio seen in the middle plot, one
steers free of the same big risks that were encountered in
Markovitz’s solution. It is remarkable that, by decreasing
large risks, one can, at the same time, profit from such
a choice of portfolio. This is seen in the lower plot of Fig. 2,
where a fourfold gain in comparison with the Markovitz
solution is obtained for the portfolio that limits large risks.
The strongest objection against the CAPM and the
Markovitz solution, however, lies in its foundation, since
it is assumed that all market participants if given access
to a complete information set would come to the same
conclusion with regard to price. That is, there is complete
agreement among investors about the joint distribution of
asset returns from ¢ to t + 1. In physics, such an assump-
tion goes under the name of a “mean-field” theory, a some-
what surprising application for a system (the financial
market) whose complexity by far exceeds the most com-
plex system encountered in the realm of physics. The fact
that the hypothesis of rational expectations, with its im-
plication of “complete agreement among investors”, lays
the groundwork for much of the modern work done in the
theory of finance, seems problematic. A recent and very
clear criticism of this point is illustrated by the following
excerpts from an article by Phillip Ball (editor of Nature)
published in Financial Times, 29th of October 2006:

It is easy to mock economic theory. Any fool can see
that the world of neoclassical economics, which domi-
nates the academic field today, is a gross caricature in
which every trader or company acts in the same self-
interested way rational, cool, omniscient. The theory
has not foreseen a single stock market crash and has
evidently failed to make the world any fairer or more
pleasant.

The usual defense is that you have to start some-
where. But mainstream economists no longer con-
sider their core theory to be a start. The tenets are
so firmly embedded that economists who think it is
time to move beyond them are cold-shouldered. It is
a rigid dogma. To challenge these ideas is to invite
blank stares of incomprehension you might as well be
telling a physicist that gravity does not exist.
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Daily returns and cumulative wealth (in percentage) for a portfolio composed of two assets, Chevron stock (with weight w,) and
Malaysian ringgit (with weight 1 — w,). The topmost plot shows daily return for a Markovitz mean-variance portfolio (w; = 0.095),
whereas the second plot shows returns for a portfolio that minimizes higher order moments (for a detailed explanation see [2]).
Cumulative wealth for both choices of portfolio is shown in the bottom plot

That is disturbing because these things matter. Neo-
classical idiocies persuaded many economists that
market forces would create a robust post-Soviet econ-
omy in Russia (corrupt gangster economies do not ex-
ist in neoclassical theory). Neoclassical ideas favour-
ing unfettered market forces may determine whether
Britain adopts the euro, how we run our schools, hos-
pitals and welfare system. If mainstream economic
theory is fundamentally flawed, we are no better than
doctors diagnosing with astrology . ..

Paul Ormerod, author of The Death of Economics,
argues that one of the most limiting assumptions of
neoclassical theory is that agent behavior is fixed:
people in markets pursue a single goal regardless of
what others do. The only way one person can influ-
ence another’s choices is via the indirect effect of trad-
ing on prices. Yet it is abundantly clear that herd-
ing — irrational, copycat buying and selling - pro-
vokes market fluctuations.

1 1 1
4000 5000 6000 7000

There are ways of dealing with the variety and irra-
tionality of real agents in economic theory. But not in
mainstream economics journals, because the models
defy neoclassical assumptions.

There is no other “science” in such a peculiar state.
A demonstrably false conceptual core is sustained
by inertia alone. This core, “the Citadel”, remains
impregnable while its adherents fashion an increas-
ingly baroque fantasy. As Alan Kirman, a progressive
economist, said: “No amount of attention to the walls
will prevent the Citadel from being empty.”

Irrational Decision Making

Whereas rational decision making, especially with the idea
of the efficient market theory, was well established in the
academic world of finance in the 1970s, questions about
the validity of the theory surfaced in the 1980s, prompted
by a succession of discoveries of anomalies, notably the
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evidence of excess volatility of returns [36]. Since the re-
ported excess volatility raised some of the very first em-
pirically founded questions related to the efficient mar-
ket theory, it became the subject of harsh academic dis-
putes. The idea behind it will be explained in detail in this
section. Following the problems made clear by the puzzle
of “excess volatility”, competing theories to rational deci-
sion making and the efficient market theory surfaced in the
1990s, most notably by the field now known as behavioral
finance. The emerging field of behavioral finance, in turn,
led to more recent theories such as feedback and herding,
as well as models of interaction between smart money and
ordinary investors.

“Excess Volatility”
Created by Irrational Decision Making

To illustrate the problem of so-called “excess volatility”,
notice that it follows from (1) that P} = P; 4+ U, where U;
is a forecast error. In this equation P; is known at time ¢,
whereas Uy, P} are not known. When making a forecast
at time ¢, one is assumed to have access to all available
information. Since the forecast is assumed to be optimal,
Uy therefore has to be uncorrelated with any information
variable at time t. P;, however, is itself known informa-
tion at time ¢, so P; and U; must be uncorrelated. But this
means that

a*(Py) = a*(P) + 0*(Uy) (12)
where o2 denotes the variance (the standard deviation
squared) of a variable. Since the variance of a variable is
always positive, this means that:

o2(PF) > o*(Py). (13)
(13) gives a “handle” to test the efficient market theory.
We can use historical price data to construct P} from the
actual dividend paid from time ¢ till the present time, dis-
counted by the actual interest rates, and then compare the
variance of P} to the variance of the price P; over the
same time period. In ([37]), historical data was analyzed
in this manner from year t = 1871 till year 2002 of the
Standard & Poor’s Composite Stock Price Index. Clear ev-
idence showed that (13) was violated, thus giving rise to
a remarkable amount of controversy within the academic
community. This so called “excess volatility” is still one
of the often debated “puzzles” in finance, and gave one of
the first clear empirical demonstrations that one must go
beyond the rational decision making framework to gain
a proper understanding of financial data.

Example of a Model
That Can Not Be Solved Using Rational Expectations

It should be noted that even within a theoretical frame-
work, some problems are simply not solvable using ratio-
nal expectations. This was pointed out by B. Arthur [5] in
what has been coined “the El Farol bar problem”. The El
Farol bar problem is a game in which N people must de-
cide independently each week whether to show up (or not)
at their favorite bar, with the constraint that the bar has
only L < N/2 chairs. Since each person will only be happy
when seated, people use last week’s attendance to predict
future attendance. If a person predicts that the number of
people that will attend the bar is larger than L, that per-
son will stay home. It is important to notice that the game
describes adaptive behavior, as the people adapt their be-
havior to prior attendance. Also, it gives a clear illustration
of a case where rational expectations cannot be used to find
a solution. This can be seen as follows: suppose that a ra-
tional expectation prediction machine existed and that all
agents possessed a copy of it. If, in the example given, the
machine predicts that a number larger than L will attend
the bar, nobody will show up, thereby negating the predic-
tion of the prediction machine. The El Farol bar problem,
in turn, led to a new parsimonious formulation of financial
markets seen as a complex system and now known under
the name “the Minority Game”, see Sect. “Investment De-
cision Making in a Complex Environment.

Behavioral Finance

Decision making became a research topic in the field of
psychology in the 1950s in the work of Edwards [15] as
well as that of H. A. Simon, who introduced the concept
of decision making based on bounded rationality [38]. It
was, however, not until the work of Daniel Kahneman and
Amos Tversky (deceased in 1996) that results from cog-
nitive psychology found their way into economy and fi-
nance.

Prospect Theory Prospect theory, introduced by Kah-
neman and Tversky [22] (and for which Kahneman re-
ceived the Nobel prize in 2002), takes into account the
fact that people in general are unable to fully analyze
situations that involve economic and probabilistic judg-
ments. Specifically, prospect theory makes three assump-
tions which deviate from the standard neoclassical frame-
work of economic rational decision making:

e When investing, people are often sensitive to some ref-
erence level. Say an investment decision is likely to be
influenced by the absolute wealth possessed by an in-
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vestor. The satisfaction/dissatisfaction by a gain/loss of
an investor is related to the wealth of an investor and
not just the absolute amount gained/lost.

e A rational person would act symmetrically with respect
to gains versus losses of same size, that is, a rational per-
son would be equally pleased/annoyed. People, how-
ever, appear to be more averse to losses than attracted
by gains of the same size. This appears to be especially
true for small losses/gains: even the slightest loss is con-
ceived as very bad, whereas a small gain is not consid-
ered equally satisfying.

e People have the tendency to overweigh events that oc-
cur very rarely and to underweigh events which occur
with large probabilities. E.g., people keep on buying lot-
tery tickets despite the fact that their chance of winning
is almost nil!

Anchoring and Other Irrational Beliefs Used in Deci-
sion Making Anchoring is a term used in psychology
to describe the case in which human decision making re-
lies (anchors) on just one piece of (often irrelevant) in-
formation. One of the first observations of anchoring was
reported in an experiment by Tversky and Kahneman.
In [41], two groups of test persons were shown to give dif-
ferent mean estimates of the percentage of African nations
in the United Nations, depending on the specific anchor
of percentage suggested by the experimenters to the two
groups. Evidence for human anchoring has since been re-
ported in many completely different domains such ase. g.,
customer inertia in brand switching [44] (old brand price
acting as an anchor), whereas other evidence comes from
studies on on-line auctions [13] (people bid more for an
item the higher the “buy-now” price) and anchoring in real
estate prices [28] (subjects” appraisal values depend on an
arbitrary posted listing price of the house). In the context
of financial markets, anchoring has been observed via the
so called “disposition effect” [35], [21], which is the ten-
dency for people to sell assets that have gained value and
keep assets that have lost value. As noted in [43], conclu-
sive tests using real market data are usually difficult be-
cause the investors’ expectations, as well as individual de-
cisions, cannot be controlled or easily observed. In exper-
imental security trading, however, subjects were observed
to sell winners and keep losers [43].

In [1], another method was analyzed which rigorously
tests for anchoring in the decision making of humans
when they trade in the stock market. The test, heavily in-
spired by interdisciplinary approaches, was introduced in
a trading algorithm by L. Gil [20], which was inspired
by the way biological motors work by exploiting favor-

able Brownian fluctuations to generate directed forces and
move!. In [1], weekly data of the CAC40 and the Dow
Jones index were analyzed to test for the claim that market
participants, by actively following the price, thereby cre-
ate a subjective reference (anchor) and memory of when
an asset is “cheap” or “expensive”. Several studies on the
persistence of human memory have reported that sleep, as
well as post-training wakefulness before sleep, play an im-
portant role in the offline processing and consolidation of
memory [29]. It therefore makes sense to think that con-
scious as well as unconscious mental processes influence
the judgments of people who specialize in active trading
on a day-to-day basis. The out-of-sample profit from the
market-neutral trading algorithm (with transaction costs
taking into account) on the CAC40 index as well on the
Dow Jones index, gives evidence that anchoring does, in-
deed, play a dominant role on the weekly pricing of the
Dow Jones and CAC40 stock markets.

Examples of other human beliefs that can lead to ir-
rational decision making are (see e.g., ([7]) for a longer
discussion)

e Overconfidence. People are overconfident when it
comes to decision making. A typical bias is that peo-
ple have the tendency to ascribe any good outcomes to
their own talents, while blaming bad outcomes on ex-
ternal circumstances.

o Hindsight bias. The tendency to think one predicted
what had happened, whereas in reality it was only real-
ized after the fact.

e Framing. Refers to the case where the exact same prob-
lem has different outcomes in decision making, de-
pending on how the problem is described.

e Confirmation bias. The tendency to search for or in-
terpret information in a way that confirms one’s pre-
conceptions.

o Wishful Thinking. Most people display unrealistically
high self-esteem. Typically 90% of all car drivers con-
sider themselves above average, whereas only 50%
should think so.

Investment Decision Making
in a Complex Environment

Decision making in a complex environment refers to the
case in which the decision of an investor is directly in-
fluenced by the outcome of actions taken by other deci-
sion makers. A day trader in a stock market is one such

ISimilar ideas were also introduced in [40] where it was shown
how increments of uncorrelated time series can be predicted with
a universal 75% probability of success.
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example, since the decision of when to enter/exit a po-
sition depends on price trajectories created by other day
traders. The El Farol bar game mentioned in Sect. “Exam-
ple of a Model that can not be Solved Using Rational Ex-
pectations” is another example, since a person will use the
prior attendance of other people in the decision making on
whether or not to go to the bar.

Some of the first approaches by economists to model
decision making in a complex environment were put forth
by A. S. Kyle [23], J. A. Frankel and K. A. Froot [17]
and J. Bradford de Long, A. Schleifer, L. H. Summers and
R.J. Waldmann [10]. Kyle studied how quickly private in-
formation of a given commodity is incorporated into mar-
ket prices via a dynamic model with three types of traders:
insider trader, noise traders and market makers. Frankel
and Froot introduced a model of the currency markets
with three types of actors: fundamentalists, chartists and
portfolio managers. As noted in their abstract, their moti-
vation to go beyond the standard rational expectation the-
ory was that “... the proportion of exchange rate move-
ments that can be explained even after the fact, using con-
temporaneous macroeconomic variables, is disturbingly
low”. Bradford de long et al. came to the conclusion, in
a model of rational and noise traders, that noise traders in
fact can survive and dominate the market in the long run.

More recently, models of decision making in complex
environments has become a major research field for peo-
ple working, notably, in statistical physics. Some of the
first work that sparked a lot of interest in this field was
e.g. [11,25], which viewed the marketplace as a self-orga-
nizing complex system. Later work [12] extended the El
Farol game to study adaptive behavior in financial mar-
kets. The Minority Game (MG) was introduced by two
physicists, Y.C. Zhang and D. Challet (1997) as a “mini-
mal” model for financial markets (it now has its own web-
site: www.unifr.ch/econophysics [12]).

The MG describes a model in which some agents
(market participants) trade in a given market by placing
buy/sell orders. A decision is made to enter a position in
the market based on the last m price directions of the mar-
ket. As in the El Farol game, adaptation is a part of the
game, since the agents always choose the best perform-
ing strategy (defined below) among a pool of strategies.
As the market changes, the strategies used by the agents
will change. This, in turn, will lead to new changes of the
market, illustrating feedback which is thought to be an im-
portant part in real market price dynamics. The main idea
behind the MG is to introduce as parsimonious a model
of financial market dynamics as possible, while sorting out
the most important aspects of price formation in a market.
Three parameters were suggested in such a description:

N Number of agents (market participants). This param-
eter takes into account the assumption that in order
to get a proper description of a market, one need only
know the price impact of the most important players,
such as, e. g., major banks, hedge funds, pension funds,
brokerage houses, etc.

m “Memory” of the strategies (assumed in the simplest
version of the MG to be the same for all strategies) used
by the agents. The idea is that decision making is based
on strategies that use the last m price movements.
This corresponds to agents using technical analysis. In
its simplest version the MG, therefore, considers only
short time scales, where the impact of changes in the
fundamental price can be ignored.

si Number of strategies held by agent i. Market partici-
pants try out different strategies in order to perform
optimally. As the market changes, the strategy which
is optimal will eventually also change.

The strategies in the MG describe how an investment de-
cision is made depending on the way the market has per-
formed over the last m time steps. E.g., if m = 3, so that
only the last three time steps (say days) are used in de-
cision making, a strategy will tell what to do in all possi-
ble cases of how the market performed. Formally, one can
represent the performance of the market by assigning, say
0 to a down movement of the market, and 1 if the mar-
ket moved up. So if the market went down, down, down
over the last three time days, then this can be represented
by a binary string (000). If, on the other hand, the mar-
ket first went up, then down and then up, one can for-
mally represent this by the binary string (101). Using such
a representation, one has 2" different price histories (i. e.,
2™ different ways to describe how the market performed
over the last m time steps). A strategy, then, is defined in
terms of how to make a decision for each of the 2 pos-
sible ways the market can have gone over the last m time
steps. Specifically a strategy might look like:

Investment Decision Making in Finance, Models of, Table 1

Price history Decision

000 1
001
010
011
100
101
110
111

o|=|O|O|=|O|OC
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This specific strategy tells you to buy if the market over
the last m time steps went down, down, down, to sell if the
market over the last three time steps went down, down, up,
etc. However, since each price history must give a decision
whether to buy or sell (i. e., 0/1) the total number of such
strategies is therefore given by S = 22", This is a very big
number even for a moderate number of time steps that one
might use in the decision process. E.g., using daily market
data, and considering an investment decision of whether
to enter/exit (i. e., buy/sell) the market over two weeks (i. e.
m = 10 days), the total number of possible strategies (i. e.,
decisions) goes like 22 ~ 102 which by far exceeds the
total number (&~ 10%°) of elementary particles (i.e, quarks
(the constituents of neutrons/protons), leptons, bosons)
thought to exist in the whole universe! Despite the highly
simplified framework of technical analysis, this huge num-
ber still gives you a hint as to the tremendous complexity
a financial investment decision exhibit, and foretells some
of the difficulties to be encountered when analyzing the
model.

The market mechanism introduced in the MG is a mi-
nority game: strategies which took the minority action
were rewarded, whereas the majority of optimal strategies
that were actually used by the agents lose. At every time
step, each agent uses his most successful (among the s)
strategies. If one calls the decision at time ¢ of the jth strat-
egy of agent i for a’ and the optimal strategy at time ¢ of
agent i for a}, then the payoff function of any given strat-
egy is taken as:

ul(t) = —al(DA(r),  A(t) =) ai(r). (14)

The price dynamics, p(t), is then expressed in terms of the
excess demand:

log p(t + 1) = log p(r) + A(2)/A (15)

with A the “depth” (or liquidity) of the market. The MG
captures some behavioral phenomena that are thought to
be of importance in financial markets, such as:

e competition
e frustration
o adaptability

and
e evolution.

Since the introduction of the Minority Game many exten-
sions have been suggested (the history of the work done
on this model can be found at the website in [12]). E.g.,
it seems natural to model the case with agents trying to

profit from market movements instead of striving always
be in the minority. To do so, they will take a position at
time f at, say, price p(t), but will know only at time ¢ + 1
whether that decision meant a profit or a loss [3,19]. From
(15), the return is proportional to A(t), so the payoff func-
tion (14) in that case becomes uf(t) = a{(t —1DA(), i.e,
the payoft function changes sign and is evaluated over two
time steps. It turns out that the solution in that case can be
solved using rational expectations [32], in contrast to the
MG where no such solution is available. Without any con-
straint in buying power, it becomes rational for the agents
to try to figure out what the other agents will do, i. e. the so-
lution reflects Keynes’s beauty queen contest. Interestingly
bubbles in this case are created spontaneously, something
missing in the MG.

Future Directions

Beyond doubt, any proper description of how decision
making in finance really takes place will have to involve as-
pects from all three of the above-mentioned decision mak-
ing contexts, that is, rational decision making, irrational
decision making, and decision making in a complex envi-
ronment. Also, a multi disciplinary effort seems to be an
absolute necessity. Financial markets are made up of hu-
mans, not robots with perfect insight, and with the com-
plexity and psychology often involved in human decision
making, we face an enormous challenge in the develop-
ment of new tools to do proper risk management.

Behavioral finance laid the first bricks for interdis-
ciplinary approaches between psychology and finance.
Econophysics has made attempts to further bridge finance
with new research methods found in another field. Such
approaches, where new ideas come across to an already
established field, however, do not always happen without
resistance from researchers using conventional methods.
For the time being, the relevance of econophysics is un-
der debate (see e.g. [6,14,18]) just as behavioral finance
was when it first appeared. Whereas criticism is good and
constructive, exclusion is bad. As mentioned in a dis-
cussion about econophysics by the progressive economist
B. Arthur in [6]: “They tried to publish in mainstream
economics journals, but were rebutted. It’s a shame and
a scandal that the journals haven’t opened their pages to
them”. Talking about future directions, this does not seem
like the path to take.

In general, it would be very interesting to gain firmer
understanding of how aggregation of individual behavior
can give rise to measurable effects in a population in gen-
eral, and in financial markets in particular. It would also
be interesting to model specific human traits on a micro
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scale and study the emergence of a dynamics with ob-
servable or even predictable effects on a macro scale. The
hope would be to reproduce in models many of the mech-
anisms reported at work in behavioral finance. One step
in this direction was made in [4], where it was shown how
consensus (called “decoupling” in [4]), and thereby pre-
dictability, could emerge due to mutual influence of the
price in a commonly traded asset, among a group of agents
who had initially different opinions. In [42], a very original
study was done on self-referential behavior and the impact
it had on overreaction and conventions in financial mar-
kets.

From the point of view of a financial market as a com-
plex system, it would be interesting to sort out some of the
important factors where new ways of investment decisions
could have determining impact on the price dynamics of
the market. In [45], it was suggested that the exponential
growth of hedge funds which has happened since the start
of the twenty-first century could have a catastrophic im-
pact on the long term trends of financial markets. The ex-

planation for this is the role of traditional market players
of long-only mutual funds versus hedge funds which take
both short and long positions. In [45], it was argued that
financial markets since their very origin, and only till very
recently, have been in a state of “broken symmetry” which
favored long term growth instead of contraction. The rea-
son for this “broken symmetry” into a long term “bull
phase” is the historical, almost complete, dominance by
long-only players in financial markets. Dangers connected
to short trading can be seen in Fig. 3, which shows sim-
ulations of a financial market with varying percentages of
market participants taking short positions. As illustrated
in the figure, two predictions come out concerning the im-
pact of the new hedge fund players in the markets: over
long time horizons, one should see an increase in volatility
and, more importantly, an increase in the probability for
periods with “bear” markets. If, as is often speculated, one
has a spillover from the financial markets into the econ-
omy (through the so called “wealth effect”), the introduc-
tion of hedge funds that accelerated from the beginning
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Fat solid line: price P(t) generated from an agent based model (see [45] for a definition of the model) Thin dotted lines represent the
5%, 50% and 95% quantiles (from bottom to top) respectively, i. e., at every time t, out of the 1000 different initial configurations,
only 50 got below the 5% quantile line, and similarly for the other quantile lines. a The fraction of agents allowed to take short

positions, p =0,bp =0.2andcp = 0.4
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of this century could have dire consequences. This mes-
sage, however, is something which is difficult to commu-
nicate to researchers solidly implanted in rational expecta-
tion theory.

Bibliography

Primary Literature

1.

Andersen JV (2007) Detecting anchoring in financial markets.
Submitted to: Quant Financ. The article can be retrieved from
the site: http://arXiv.org/abs/0705.3319. Accessed 2007

. Andersen JV, Sornette D (2001) Have your cake and eat it too:

increasing returns while lowering large risks! J Risk Rinance,
p 70; Sornette D, Andersen JV, Simonetti P (2000) Minimizing
volatility increases large risks. Int J Theor Appl Financ 3(3):523-
535; Sornette D, Simonetti P, Andersen JV (2000) ¢9-field the-
ory for portfolio optimization: fat tails and nonlinear correla-
tions. Phys Rep 335:19-92

. Andersen JV, Sornette D (2003) The $-game. Eur Phys J B

31:141

. Andersen JV, Sornette D (2006) A Mechanism for Pockets of

Predictability in Complex Adaptive Systems. Europhys Lett
70:697; The findings of the article is described in: Buchanan M
(2005) Too much information. New Sci 85:32-35

. Arthur B (1994) Bounded rationality and inductive behavior.

Am Econ Rev, Papers and Proceedings 84:406

. Ball P (2006) Culture Crash. Nature 441:686-688
. Barberis N, Thaler R (2003) A Survey of Behavioral Finance.

Handbook of the Economics of Finance. North Holland, Ams-
terdam, pp 1053-1128

. Black F, Scholes M (1973) The pricing of options and corpo-

rate liabilities. J Political Econ 81:637-654; Black F (1989) How
we came up with the option formula. J Portf Manag 15:4-8;
Merton RC (1973) Theory of rational option pricing. Bell J Econ
Manag Sci 4:141-183

. Bofinger P, Schmidt R (2004) Should One Rely on Professional

Exchange Rate Forecasts? An Empirical Analysis of Professional
Forecasts for the €/US $-Rate. Discussion Paper Series - Centre
For Economic Policy Research London, ISSU 4235

. Bradford de Long J, Schleifer A, Summers LH, Waldmann RJ

(1990) The survival of noise traders in financial markets. J Bus
64(1):1-19

. Caldarelli G, Marsili M, Zhang YC (1997) A prototype model of

stock exchange. Europhys Lett 40:479-484

. Challet D, Zhang Y-C (1997) Emergence of cooperation and or-

ganization in an evolutionary game. Physica A 246:407-418;
To follow the literature of the MG see e.g. the special web-
site. www.unifr.ch/econophysics/minority/minority.html, and
the recent book: Challet D, Marsili M, Zhang Y-C (2004) Minor-
ity Games: Interacting Agents In Financial Markets. Oxford Uni-
versity Press, Oxford

. Dodonova A, Khoroshilov Y (2004) Anchoring and transaction

utility: evidence from on-line auctions. Appl Econ Lett 11:307

. Durlauf SN (2005) Complexity and empirical economics. Econ

J115:F225-F243

. Edwards W (1954) Behavioral decision theory. Annu Rev Psy-

chol 12:473-98

. Fama EF, French KR (2004) The capital asset pricing model: the-

ory and evidence. J Econ Perspect 18(3):25-46

—_

7

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Frankel JA, Froot KA (1990) Chartists, fundamentalists and the
demand for dollars. In: Courakis AS, Taylor MP (eds) Private Be-
havior and Government Policy in Interdependent Economies.
Oxford University press, Oxford, pp 73-126

. Gallegatti M, Ken S, Lux T, Ormerod P (2006) Worrying trends

in econophysics. Physica A 370:1-6

. Giardina |, Bouchaud J-P (2003) Bubbles, crashes and intermit-

tency in agent based models. Eur Phys J B 31:421-437

Gil L (2007) A simple algorithm based on fluctuations to play
the market. arXiv:0705.2097

Heilmann K, Laeger V, Oehler A (2000) The Disposition Effect:
Evidence about the Investors Aversion to Realize Losses. In:
Proceedings of the 25th Annual Colloquium, Baden/Vienna,
12-16 July 2000. IAREP, Wien

Kahneman D, Tversky A (1979) Prospect theory: An analysis of
decision under risk. Econometrica 47:263-291; Kahneman D,
Tversky A (1972) Subjective probability: A judgement of rep-
resentativeness. Cogn Psychol 3:430-454; Kahneman D, Tver-
sky A (1973) On the psychology of prediction. Psychol Rev
80:237-251

Kyle AS (1985) Continours auctions and insider trading. Econo-
metrica 53(6):1315-1336

Lintner J (1965) The valuation of risk assets and selection of
risky investments in stock portfolios and capital budgets. Rev
Econ Stat 47(1):13-37

Lux T, Marchesi M (1999) Scaling and criticality in a stochastic
multi-agent model of a financial market. Nature 397:498-500
Markovitz H (1959) Portfolio selection: Efficient diversification
of investments. John Wiley and Sons, New York

Modigliani F, Miller MH (1958) The cost of capital, corpora-
tion finance and the theory of investment. Am Econ Rev
48:261-297

Northcraft GB, Neale MA (1987) Experts, amateurs, and real es-
tate: an anchoring and adjustment perspective on property
pricing decisions. Organ Behav Hum Decis Process 39:84
Peigneux P, Orban P, Balteau E, Degueldre C, Luxen A (2006)
Offline Persistence of Memory-Related Cerebral Activity dur-
ing Active Wakefulness. PLoS Biology 4(4):e100 doi:10.1371/
journal.pbio.0040100

Roll R (2002) Rational infinitely lived asset prices must be non-
stationary. J Bank Financ 26(6):1093-1097

Ross S (1976) The arbitrage theory of capital asset pricing.
JEcon Theory 13(3):341-360

Roszczynska M, Nowak A, Kamieniarz D, Solomon S, Ander-
sen JV (2008) Detecting speculative bubbles created in ex-
periments via decoupling in agent based models. Available at
http://arxiv.org/abs/0806.2124

Samuelson PA (1965) Proff that properly anticipated prices
fluctuate randomly. Ind Manag Rev 6:41-49

Sharpe WF (1964) Capital asset prices: a theory of market equi-
librium under conditions of risk. J Financ 19(3):425-442
Shefrin HM, Statman M (1985) The disposition to sell winners
too early and rise losers too long. J Financ 40:777

Shiller R (1981) Do Stock Prices Move Too much to be Jus-
tified by Subsequent Changes in Dividends? Am Econ Rev
71:421-426

Shiller RJ (2003) From Efficient Market Theory to Behavioral Fi-
nance. J Econ Perspect, Am Econ Assoc 17(1):83-104. http://
papers.ssrn.com/abstract_id=349660

Simon HA (1955) A behavioral model of rational choice.


http://arXiv.org/abs/0705.3319
http://www.unifr.ch/econophysics/minority/minority.html
http://dx.doi.org/10.1371/journal.pbio.0040100
http://dx.doi.org/10.1371/journal.pbio.0040100
http://arxiv.org/abs/0806.2124
http://papers.ssrn.com/abstract_id=349660
http://papers.ssrn.com/abstract_id=349660

Isomorphism Theory in Ergodic Theory

4983

Q J Econ 69(1):99-118; Simon HA (1956) Rational choice and
the structure of the environment. Psychol Rev 63:129-138

39. Smith VL (1962) An experimental study of competitive market
behavior. J Political Econ 70:111-137; Smith VL (1965) Exper-
imental auction markets and the Walrasian hypothesis. J Po-
litical Econ 73:387-393; Smith VL (1976) Experimental eco-
nomics: Induced value theory. Am Econ Rev, Papers and Pro-
ceedings, pp 274-279; Plott C, Smith VL (1978) An experimen-
tal examination of two exchange institutions. Rev Econ Stud
45:133-153

40. Sornette D, Andersen JV (2000) Increments of uncorrelated
time series can be predicted with a universal 75% probability
of success. Int J Mod Phys C 11:713

41. Tversky A, Kahneman D (1974) Judgment under uncertainty:
Heuristics and biases. Science 185:1124

42. Wyart M, Bouchaud J-P (2007) Self-referential behavior, overre-
action and conventions in financial markets. J Econ Behav Or-
gan 63:1-24

43. Weber M, Camerer CF (1998) The disposition effect in securities
trading: An experimental analysis. J Econ Behav Organ 33:167

44. Ye G (2004) Inertia Equity: The impact of anchoring price in
brand switching. SSRN-id548862

45. Andersen JV (2005) Could Short Selling Make Financial Markets
Tumble? Int J Theor App Fin 8(4):509-521

Books and Reviews

Bouchaud JP, Potters M (2000) Theory of Financial Risks. Cambridge
University Press, Cambridge

Johnson NF, Jefferies P, Hui PM (2003) Financial Market Complexity.
Oxford University Press, Oxford

Mantegna RN, Stanley HE (2000) An Introduction to Econophysics:
Correlations and Complexity in Finance. Cambridge University
Press, Cambridge

McCauley JL (2004) Dynamics of Markets: Econophysics and Fi-
nance. Cambridge University Press, Cambridge

Roehner BM (2002) Patterns of Speculation: A Study in Observa-
tional Econophysics. Cambridge University Press, Cambridge

Sornette D (2003) Why Stock Markets Crash (Critical Events in Com-
plex Financial Systems). Princeton University Press, Princeton

|
Isomorphism Theory

in Ergodic Theory

CHRISTOPHER HOFFMAN
Department of Mathematics, University of Washington,
Seattle, USA

Article Outline

Glossary

Definition of the Subject
Introduction

Basic Transformations

Basic Isomorphism Invariants
Basic Tools

Isomorphism of Bernoulli Shifts

Transformations Isomorphic to Bernoulli Shifts
Transformations not Isomorphic to Bernoulli Shifts
Classifying the Invariant Measures of Algebraic Actions
Finitary Isomorphisms

Flows

Other Equivalence Relations

Non-invertible Transformations

Factors of a Transformation

Actions of Amenable Groups

Future Directions

Bibliography

Glossary

Almost everywhere A property is said to hold almost ev-
erywhere (a.e.) if the set on which the property does
not hold has measure 0.

Bernoulli shift A Bernoulli shift is a stochastic process
such that all outputs of the process are independent.

Conditional measure For any measure space (X, B, 1)
and o-algebra C C B the conditional measure is a C-
measurable function g such that 1(C) = [ gdu for
allC e C.

Coupling of two measure spaces A coupling of two mea-
sure spaces (X, i, B) and (Y, v, C) is a measure y on
X x Y such that y(B x Y) = u(B) for all B € B and
y(X x C) =v(C) forall C € C.

Ergodic measure preserving transformation A measure
preserving transformation is ergodic if the only invari-
ant sets (W(AAT™'(A)) = 0) have measure 0 or 1.

Ergodic theorem The pointwise ergodic theorem says
that for any measure preserving transformation
(X, B, ) and T and any L! function f the time average

converges a.e. If the transformation is ergodic then the
limit is the space average, [ f du a.e.

Geodesic A geodesic on a Riemannian manifold is a dis-
tance minimizing path between points.

Horocycle A horocycle is a circle in the hyperbolic disk
which intersects the boundary of the disk in exactly
one point.

Invariant measure Likewise a measure pu is said to
be invariant with respect to (X, T) provided that
(T~ (A)) = ju(A) for all measurable A € ‘B.

Joining of two measure preserving transformations
A joining of two measure preserving transformations
(X, T) and (Y, S) is a coupling of X and Y which is
invariant under T x S.
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Markov shift A Markov shift is a stochastic process such
that the conditional distribution of the future outputs
({xn }n>0) of the process conditioned on the last output
(xg) is the same as the distribution conditioned on all
of the past outputs of the process ({x, }n<0)-

Measure preserving transformation A measure preserv-
ing transformation consists of a probability space
(X, T) and a measurable function T: X — X such that
W(T71(A) = u(A) forall A € B.

Measure theoretic entropy A numerical invariant of
measure preserving transformations that measures
the growth in complexity of measurable partitions
refined under the iteration of the transformation.

Probability space A probability space X = (X, , B) is
a measure space such that u(B) = 1.

Rational function, rational map A rational
f(2) = g(2)/h(z) is the quotient of two polynomi-
als. The degree of f(z) is the maximum of the degrees
of g(z) and h(z). The corresponding rational maps
Tr:z — f(2) on the Riemann sphere C are a main
object of study in complex dynamics.

Stochastic process A stochastic process is a sequence of
measurable functions {x, },ez (or outputs) defined on
the same measure space, X. We refer to the value of the
functions as outputs.

function

Definition of the Subject

Our main goal in this article is to consider when two mea-
sure preserving transformations are in some sense differ-
ent presentations of the same underlying object. To make
this precise we say two measure preserving maps (X, T)
and (Y, S) are isomorphic if there exists a measurable map
¢: X — Y such that

(1) ¢ is measure preserving,
(2) ¢ is invertible almost everywhere and
(3) ¢(T(x)) = S(¢(x)) for almost every x.

The main goal of the subject is to construct a collection of
invariants of a transformation such that a necessary con-
dition for two transformations to be isomorphic is that
the invariant be the same for both transformations. An-
other goal of the subject is to solve the much more difficult
problem of constructing invariants such that the invari-
ants being the same for two transformations is a sufficient
condition for the transformation to be isomorphic. Finally
we apply these invariants to many natural classes of trans-
formation to see which of them are (or are not) isomor-
phic.

Introduction

In this article we look at the problem of determining of
which measure preserving transformations are isomor-
phic. We look at a number of isomorphism invariants,
the most important of which is the Kolmogorov-Sinai en-
tropy. The central theorem in this field is Ornstein’s proof
that any two Bernoulli shifts of the same entropy are iso-
morphic. We also discuss some of the consequences of
this theorem, which transformations are isomorphic to
Bernoulli shifts as well as generalizations of Ornstein’s the-
ory.

Basic Transformations

In this section we list some of the basic classes of measure
preserving transformations that we study in this article.

Bernoulli shifts Some of the most fundamental transfor-
mations are the Bernoulli shifts. A probability vec-
tor is a vector {p;}”_, such that Y [, p; =1 and
pi > 0forall i Let p = {p;}"_, be a probability vec-
tor. The Bernoulli shift corresponding to p has state
space {1,2,..., n}Z, the shift operator T(x); = x;41.
To specify the measure we only need to specify it on
cylinder sets

A={xeX:x;=a;Vie{m,... k}}

for some m < k € Z and a sequence dg,...,ai €
{1,..., n}. The measure on cylinder sets is defined by

;L{xeX:xi=ai L
for all i suchthatm < i < k} = HPaw

For any d e N if p=(1/d,...,1/d) we refer to
Bernoulli, as the Bernoulli d shift.

Markov shifts A Markov shift on state #n symbols is de-
fined by an n x n matrix, M, such that {M(i, j)};‘=1
is a probability vector for each i. The Markov shift is
a measure preserving transformation with state space
{1,2,..., n}Z, transformation T(x); = x;41

uixr = a1 | xo = ao} = u{x; = a1 |

Xo = a9, X—] = a—1,X— =d—3,...}

for all choices of a;, i < 1.Letm = {m(i)}_, beavec-
tor such that Mm = m. Then an invariant measure is
defined by setting the measure on cylinder sets to be
A={x:x0=ay,x; =ay,...,x, = a,} is given by
w(A) = m(ao) [T/=, M(ai—1, a;).
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Shift maps More generally the shift map o is the map
0: NZ 5 NZ where o(x); = xi41 for all x € NZ
and i € Z. We also let o designate the shift map
on NN, For each measure that is invariant under the
shift map there is a corresponding measure defined
on NN that is invariant under the shift map. Let u
be an invariant measure under the shift map. For any
measurable set of A € NN we define A on NZ by

A= {...,X_l,XO,Xl,... R oy T o T GA} .

Then it is easy to check that /i defined by A(A) = u(A)
is invariant. If the original transformation was
a Markov or Bernoulli shift then refer to the resulting
transformations as a one sided Markov shifts or one
sided Bernoulli shift respectively.

Rational maps of the Riemann sphere We say that f(z)
= g(z)/h(z) is a rational function of degree d
> 2 if both g(z) and h(z) are polynomials with
max(deg(g(z)), deg(h(z))) = d. Then f induces a nat-
ural action on the Riemann sphere Ty:z — f(z)
which is a d to one map (counting with multiplicity).
In Subsect. “Rational Maps” we shall see that for ev-
ery rational function f there is a canonical measure
such that Ty is a measure preserving transformation.

Horocycle flows The horocycle flow acts on SL(2,R)/I
where I" is a discrete subgroup of SL(2,R) such
that SL(2,R)/I" has finite Haar measure. For any
g € SL(2,R) and t € R we define the horocycle flow
by

ht(I“g)ZFg( - ) .

Matrix actions Another natural class of actions is given
by the action of matrices on tori. Let M be an in-
vertible n X n integer valued matrix. We define T);:
[0, 1)" — [0,1)" by Tsm(x); = M(x); mod 1 for all i,
1 <i < n.Itis easy to check that if M is surjective
then Lebesgue measure is invariant under T Ty is
a |det(M)| to one map. If n = 1 then M is an integer
and we refer to the map as times M.

The [T, T~!] transformations Let (X, T') be any invert-
ible measure preserving transformation. Let o be the
shift operator on Y = {—1,1}%. The space Y comes
equipped with the Bernoulli (1/2,1/2) product mea-
sure V.

The [T, T™!] transformation is a map on Y x X which
preserves v X (. It is defined by

T, T (y,x) = (S(y), T (x)) .

Induced transformations Let (X, T) be a measure pre-
serving transformation and let A C X with 0 < u(A)
< 1. The transformation induced by A, (A, T4, j14),
is defined as follows. For any x € A

Ta(x) = T"¥)(x)

where n(x) = inf{m > 0: T"(x) € A}. Forany BC A
we have that 4 (B) = w(B)/(A).

Basic Isomorphism Invariants

The main purpose of isomorphism theory is to classify
which pairs of measure preserving transformation are iso-
morphic and which are not isomorphic. One of the main
ways that we can show that two measure preserving trans-
formation are not isomorphic is using isomorphism in-
variants. An isomorphism invariant is a function f de-
fined on measure preserving transformations such that if
(X, T) is isomorphic to (Y, S) then f((X, T)) = f((Y,S)).

A measure preserving action is said to be ergodic if
M(A) = 0 or 1 for every A with

w(AATH(A)) =0.

A measure preserving action is said to be weak mixing if
for every measurable A and B

S [ (AN TB) — p(A(B)] = 0.
n=1

A measure preserving action is said to be mixing if for ev-
ery measurable A and B

Jim 1 (ANT™"(B)) = p(A)u(B) .

It is easy to show that all three of these properties are iso-
morphism invariants and that

(X, T) is mixing = (X, T) is weak mixing
= (X, T) is ergodic.

We include one more definition before introduc-
ing an even stronger isomorphism invariant. The action
of a group (or a semigroup) G on a probability space
(X, u,B) is a family of measure preserving transforma-
tions {fg}gec such that for any g, h € G we have that
Fe(fu(x)) = fg+n(x) for almost every x € X. Thus any in-
vertible measure preserving transformation (X, T) induces
a Z action by f,,(x) = T"(x).

We say that a group action (X, T,) is mixing of all
orders if for every n € N and every collection of set
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Aq,...,A, € Bthen
[L(Al n ng (Az) N Tg2+g3 (A3) e

n
N Toytgstngn(An) = [ [ 1140
i=1
as the g; go to infinity.

Basic Tools

Birkhoff’s ergodic theorem states that for every measure
preserving action the limits

joo = jm, 131 (1)

exists for almost every x and if (X, T) is ergodic then the
limitis f = [ fdp [2].

A partition P of X is a measurable function defined
on X. (For simplicity we often assume that a partition
is a function to Z or some subset of Z.) We write P;
for P7(i). For any partition P of (X, T) define the par-
tition T'P by P o T'. Thus for invertible T this is given
by T*P(x) = P(T~'(x)). Then define (P)r = \/;c, T'P.
Thus (P)r is the smallest o -algebra which contains Ti(Pj)
for all i € Z and j € N. We say that (P)r is the o-alge-
bra generated by P. A partition P is a generator of (X, T)
if (P)r = B. Many measure preserving transformations
come equipped with a natural partition.

Rokhlin’s theorem For any measure preserving trans-
formation (X, T), any € > 0 and any n € N there
exists A C X such that T7/(A) N T7/(A) for all
0<i<j<nand p(U'_,T'(A) > 1— €. Moreover
for any finite partition P of X we can choose A such
that w(P; N A) = w(A)u(P;) forall i € N [63].

Shannon-McMillan-Breiman theorem [3,57] For any
measure preserving system (X, T) and any € > 0 there
exists n € N and a set G with u(G) > 1 — € with the
following property. For any sequence gi,...g, € N
let g =(/_, P(T'(x)) = gi. Then if u(g N G) >0
then

11(g) € (zh«x,T))—e, 2h(<x,T))+e) )

Krieger generator theorem If H((X, T)) < oo then there
exists a finite partition P such that (P)r = B. Thus ev-
ery measure preserving transformation with finite en-
tropy is isomorphic to a shift map on finitely many
symbols [33].

Measure-theoretic entropy Entropy was introduced in
physics by Rudolph Clausius in 1854. In 1948 Claude

Shannon introduced the concept to information the-
ory. Consider a process that generates a string of data
of length n. The entropy of the process is the small-
est number h such that you can condense the data
to a string of zeroes and one of length hn and with
high probability you can reconstruct the original data
from the string of zeroes and ones. Thus the entropy of
a process is the average amount of information trans-
mitted per symbol of the process.

Kolmogorov and Sinai introduced the concept of en-
tropy to ergodic theory in the following way [31,32].
They defined the entropy of a partition Q is defined to
be

k
H(Q) = — ) j1(Qi)log 1(Qy) .
i=1
The measure-theoretic entropy of a dynamical system
(X, T) with respect to a partition Q: X — {1,...,k}
is then defined as

N
o1 —n
hX,T,Q) = lim — H(ﬂ\z/1 T Q) :
Finally, the measure-theoretic entropy of a dynamical
system (X, T) is defined as

(X, T)) =suph(X,T,Q)
Q

where the supremum is taken over all finite measur-
able partitions. A theorem of Sinai showed that if Q is
a generator of (X, T) then h(T) = h(T, Q) [73].

This shows that for every measure preserving function
(X, T) there is an associated entropy h(T) € [0, oco]. It
is easy to show from the definition that entropy is an
isomorphism invariant.

We say that (Y, S) is a factor of (X, T) if there exists
amap ¢: X — Y such that

(1) ¢ is measure preserving and
(2) ¢(T(x)) = S(¢(x)) for almost every x.

Each factor (Y,S) can be associated with ¢~'(C),
which is an invariant sub o-algebra of B. We say that
(Y, S) is trivial if Y consists of only one point. We say
that a transformation (X, T) has completely positive
entropy if every non-trivial factor of (X, T) has posi-
tive entropy.

Isomorphism of Bernoulli Shifts
Kolmogorov-Sinai

A long standing open question was for which p and q are
Bernoulli, and Bernoulliy isomorphic. In particular are the
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Bernoulli 2 shift and the Bernoulli 3 shift isomorphic. Both
of these transformations have completely positive entropy
and all other isomorphism invariants which were known at
the time are the same for the two transformations. The first
application of the Kolmogorov-Sinai entropy was to show
that the answer to this question is no.

Fix a probability vector p. The transformation
Bernoulli, has Qp: x — xo as a generating partition. By
Sinai’s theorem

H(Bernoulli,) = H(Qp) = Z_Pi log, (p:) .

i=1

Thus the Bernoulli 2 shift (with entropy 1) is not isomor-
phic to the Bernoulli 3 shift (with entropy log, (3)).

Sinai also made significant progress toward showing
that Bernoulli shifts with the same entropy are isomorphic
by proving the following theorem.

Theorem 1 [72] If (X, T) is a measure preserving system
of entropy h and (Y, S) is a Bernoulli shift of entropy ' < h
then (Y, S) is a factor of (X, T).

This theorem implies that if p and q are probability vectors
and H(p) = H(q) then Bernoulli, is a factor in Bernoulli,
and Bernoulliy is a factor in Bernoulli,. Thus we say that
Bernoulli, and Bernoulli; are weakly isomorphic.

Explicit Isomorphisms

The other early progress on proving that Bernoulli shifts
with the same entropy are isomorphic came from Me-
shalkin. He considered pairs of probability vectors p and q
with H(p) = H(q) and all of the p; and g; are related by
some algebraic relations. For many such pairs he was able
to prove that the two Bernoulli shifts are isomorphic. In par-
ticular he proved the following theorem.

Theorem 2 [40] Let p = (1/4,1/4,1/4,1/4) and q =
(1/2,1/8,1/8,1/8,1/8). Then Bernoulli, and Bernoulli, are
isomorphic.

Ornstein

The central theorem in the study of isomorphisms of
measure preserving transformations is Ornstein’s isomor-
phism theorem.

Theorem 3 [46] If p and q are probability vectors
and H(p) = H(q) then the Bernoulli shifts Bernoulli, and
Bernoulliy are isomorphic.

To see how central this is to the field most of the rest of
this article is a summary of:

(1) The proof of Ornstein’s theorem,

(2) The consequences of Ornstein’s theorem,

(3) The generalizations of Ornstein’s theorem, and

(4) How the properties that Ornstein’s theorem implies
that Bernoulli shifts must have differ from the proper-
ties of every other class of transformations.

The key to Ornstein’s proof was the introduction of the
finitely determined property. To explain the finitely deter-
mined property we first define the Hamming distance of
length 1 between sequences x, y € NZ by

_|{ke{1,...,n}:xk:yk}|
" .

d,,(x,y) =1

Let (X, T) and (Y, S) be a measure preserving trans-
formation and let P and Q be finite partitions of X and Y
respectively.

We say that (X, T) and P and (Y, S) and Q are within §
in n distributions if

2

(a1ye..,an)EL"
—v ({y: Q (Ti(y)) =aq; Vi= 1,...,n})

A process (X, T) and P are finitely determined if for ev-
ery ¢ there exist n and § such that if (Y, S) and Q are such
that

n({rP(T'w) =avi=1.....n})

<4.

(1) (X, T) and P and Yand Q are within § in #n distribu-
tions and
(2) [H(X,P)—H(Y,Q)| <§

then there exists a joining y of X and Y such that for all m
f dp(x, y)dy(x,y) <e.
%y

A transformation (X, T) is finitely determined if it is
finitely determined for every finite partition P.

It is fairly straightforward to show that Bernoulli shifts
are finitely determined. Ornstein used this fact along with
the Rokhlin lemma and the Shannon-McMillan-Breiman
theorem to prove a more robust version of Theorem 1.

To describe Ornstein’s proof we use the a description
due to Rothstein. We say that for a joining y of (X, ) and
(Y,v) that P Ce,, C if there exists a partition P of C such
that

Sy (Pab) <e.

i



4988

Isomorphism Theory in Ergodic Theory

If P Ce,y C for all € > 0 then it is possible to show that
there exists a partition P of C such that

Z Y (P,Ap,) =0
1
and we write P C), C. If P C,, C then (X, T) is a fac-
tor of (Y,S) by the map ¢ that sends y — x where
P(Tix) = P(Siy) for all 4.

In this language Ornstein proved that if (X, T) is
finitely determined, P is a generating partition of X and
h((Y,S)) > h((X, T)) then for every € > 0 the set of join-
ings y such that P Cy ¢ C is an open and dense set. Thus
by the Baire category theorem there exists y such that
P C, C.This reproves Theorem 1.

Moreover if (X, T) and (Y, S) are finitely determined,
h((X, T)) = h((Y,S)) and P and Q are generating parti-
tion of X and Y then by the Baire category theorem there
exists y such that P C;, C and Q C, B. Then the map ¢
that sends y — x where P(T'x) = P(Siy) for all 7 is an
isomorphism.

Properties of Bernoullis

Now we define the very weak Bernoulli property which
is the most effective property for showing that a measure
preserving transformation is isomorphic to a Bernoulli
shift.

Given X and a partition P define the past of x by

Boas () = 3" TP () = TP(x) Vi € N}

and denote the measure u conditioned on Pps(x) by
W] Ppoge(x)- Define

s = it [ d (5.5) dy (2.4

where the inf is taken over all y which are couplings of
W] Ppoge(x) and 1. Also define

d-”stasts(XaT) = fdnaxsﬂ dl’(’ .

We say that (X, T) and P are very weak Bernoulli if for ev-
ery € > 0 there exists # such that d-n,ppasu(x”r) < €. We say
that (X, T) is very weakly Bernoulli if there exists a gen-
erating partition P such that (X, T) and P are very weak
Bernoulli.

Ornstein and Weiss were able to show that the very
weak Bernoulli property is both necessary and sufficient to
be isomorphic to a Bernoulli shift.

Theorem 4 [45,53] For transformations (X, T) the follow-
ing conditions are equivalent:

(1) (X, T) is finitely determined,
(2) (X, T) is very weak Bernoulli and
(3) (X, T) is isomorphic to a Bernoulli shift.

Using the fact that a transformation is finitely determined
or very weak Bernoulli is equivalent to it being isomorphic
to a Bernoulli shift we can prove the following theorem.

Theorem 5 [44]

(1) If (X, T") is isomorphic to a Bernoulli shift then (X, T)
is isomorphic to a Bernoulli shift.

(2) If (X, T) is a factor of a Bernoulli shift then (X, T) is
isomorphic to a Bernoulli shift.

(3) If (X, T) is isomorphic to a Bernoulli shift then there
exists a measure preserving transformation (Y, S) such
that (Y, §") is isomorphic to (X, T).

Rudolph Structure Theorem

An important application of the very weak Bernoulli con-
dition is the following theorem of Rudolph.

Theorem 6 [67] Let (X, T) be isomorphic to a Bernoulli
shift, G be a compact Abelian group with Haar mea-
sure g and o: X — G be a measurable map. Then let
S: X x G — X x G be defined by

S(x,g) = (T(x), g+ 0(x)).

Then (X x G, S, u X pug) is isomorphic to a Bernoulli shift.

Transformations Isomorphic to Bernoulli Shifts

One of the most important features of Ornstein’s iso-
morphism theory is that it can be used to check whether
specific transformations (or families of transformations)
are isomorphic to Bernoulli shifts. The finitely deter-
mined property is the key to the proof of Ornstein’s the-
orem and the proof of many of the consequences listed
in Subsect. “Properties of Bernoullis”. However if one
wants to show a particular transformation is isomorphic
to a Bernoulli shift then the very weak Bernoulli property
is more useful. There have been many classes of trans-
formations that have been proven to be isomorphic to
a Bernoulli shift. Here we mention two.

The first class are the Markov chains. Friedman and
Ornstein proved that if a Markov chain is mixing then it
is isomorphic to a Bernoulli shift [9]. The second are au-
tomorphisms of [0,1)"”. Let M be any #n x n matrix with
integer coeflicients and |det(M)| = 1. If none of the eigen-
values {A;}"_, of M are roots of unity then Katznelson
proved that T is isomorphic to the Bernoulli shift with
entropy Y —; max(0, log(4;)) [29].
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Transformations not Isomorphic to Bernoulli Shifts

Recall that a measure preserving transformation (X, T)
has completely positive entropy if for every nontriv-
ial (Y,S) which is a factor of (X,T) we have that
H((Y, S)) > 0. It is easy to check that Bernoulli shifts have
completely positive entropy. It is natural to ask if the con-
verse true? We shall see that the answer is an emphatic no.
While the isomorphism class of Bernoulli shifts is given by
just one number, the situation for transformations of com-
pletely positive entropy is infinitely more complicated.

Ornstein constructed the first example of a transfor-
mation with completely positive entropy which is not iso-
morphic to a Bernoulli shift [47]. Ornstein and Shields
built upon this construction to prove the following the-
orem.

Theorem 7 [50] For every h > 0 there is an uncountable
family of completely positive entropy transformations which
all have entropy h but no two distinct members of the family
are isomorphic.

Now that we see there are many isomorphic transforma-
tions that have completely positive entropy it is natural to
ask if (X, T) is not isomorphic to a Bernoulli shift then is
there any reasonable condition we can put on (Y, S) that
implies the two transformations are isomorphic. For ex-
ample if (X, T?) and (Y, §?) are completely positive en-
tropy transformations which are isomorphic does that
necessarily imply that (X, T) and (Y, S) are isomorphic?
The answer turns out to be no [66]. We could also ask if
(X, T) and (Y, S) are completely positive entropy trans-
formations which are weakly isomorphic does that imply
that (X, T') and (Y, S) are isomorphic? Again the answer is
no [17]. The key insight to answering questions like this is
due to Rudolph who showed that such questions about the
isomorphism of transformations can be reduced to ques-
tions about conjugacy of permutations.

Rudolph’s Counterexample Machine

Given any transformation (X,7T) and any permuta-
tion 7 in S, (or Sy) we can define the transformation
(X", Ty, ", B) by

., Xn)
= (T (%21) T (xx@) -+ T (¥r(m))

Ty (x1. %2, . .

where (" is the direct product of n copies of p. Rudolph
introduced the concept of a transformation having min-
imal self joinings. If a transformation has minimal self

joinings then for every 7 it is possible to list all of the mea-
sures on X" which are invariant under Ty.

If there exists an isomorphism ¢ between T and (Y, S)
then there is a corresponding measure on X x Y which
is supported on points of the form (x,¢(x)) and has
marginals ¢ and v. Thus if we know all of the measures
on X x Y which are invariant under T' x S then we know
all of the isomorphisms between (X, T) and (Y, S). Using
this we get the following theorem.

Theorem 8 [65] There exists a nontrivial transformation
with minimal self joinings. For any transformation (X, T)
with minimal self joinings the corresponding transforma-
tion Ty, is isomorphic to Ty, if and only if the permuta-
tions wy and 7w, are conjugate.

There are two permutations on two elements, the flip
m; = (12) and the identity m, = (1)(2). For both permu-
tations, the square of the permutation is the identity. Thus
there are two distinct permutations whose square is the
same. Rudolph showed that this fact can be used to gen-
erate two transformations which are mixing that are not
isomorphic but their squares are isomorphic. The follow-
ing theorem gives more examples of the power of this tech-
nique.

Theorem 9 [65]

(1) There exists measure preserving transformations (X, T)
and (Y, S) which are weakly isomorphic but not iso-
morphic.

(2) There exists measure preserving transformations (X, T)
and (Y, S) which are not isomorphic but (X, Tk, W) is
isomorphic to (Y, Sk, v) for every k > 1, and

(3) There exists a mixing transformation with no non triv-
ial factors.

If (X, T) has minimal self joinings then it has zero en-
tropy. However Hoffman constructed a transformation
with completely positive entropy that shares many of the
properties of transformations with minimal self joinings
listed above.

Theorem 10 [17]

(1) There exist measure preserving transformations (X, T)
and (Y, S) which both have completely positive entropy
and are weakly isomorphic but not isomorphic.

(2) There exist measure preserving transformations (X, T)
and (Y, S) which both have completely positive entropy
and are not isomorphic but (X, T*, 1) is isomorphic to
(Y, Sk, v) for every k > 1.
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T, T Inverse

All of the transformations that have completely positive
entropy but are not isomorphic to a Bernoulli shift de-
scribed above are constructed by a process called cut-
ting and stacking. These transformations have little in-
herent interest outside of their ergodic theory properties.
This led many people to search for a “natural” example of
such a transformation. The most natural examples are the
[T, T~'] transformation and many other transformations
derived from it. It is easy to show that the [T, T71] trans-
formation has completely positive entropy [39]. Kalikow
proved that for many T the corresponding [T, T~!] trans-
formation is not isomorphic to a Bernoulli shift.

Theorem 11 [24] If h(T) > O then the [T, T transfor-
mation is not isomorphic to a Bernoulli shift.

The basic idea of Kalikow’s proof has been used by many
others. Katok and Rudolph used the proof to construct
smooth measure preserving transformations on infinite
differentiable manifolds which have completely positive
entropy but are not isomorphic to Bernoulli shifts [27,68].
Den Hollander and Steif did a thorough study of the
ergodic theory properties of [T, T™!] transformations
where T is simple random walk on a wide family of
graphs [4].

Classifying the Invariant Measures
of Algebraic Actions

This problem of classifying all of the invariant measures
like Rudolph did with his transformation with minimal
self joinings comes up in a number of other settings. Rat-
ner characterized the invariant measures for the horocycle
flow and thus characterized the possible isomorphisms be-
tween a large family of transformations generated by the
horocycle flow [59,60,61]. This work has powerful appli-
cations to number theory.

There has also been much interest in classifying the
measures on [0, 1) that are invariant under both times 2
and times 3. Furstenberg proved that the only closed infi-
nite set on the circle which is invariant under times 2 and
times 3 is [0, 1) itself and made the following measure the-
oretic conjecture.

Conjecture 1 [10] The only nonatomic measure on [0, 1)
which is invariant under times 2 and times 3 is Lebesgue
measure.

Rudolph improved on the work of Lyons [36] to provide
the following partial answer to this conjecture.

Theorem 12 [69] The only measure on [0, 1) which is in-
variant under multiplication by 2 and by 3 and has positive
entropy under multiplication by 2 is Lebesgue measure.

Johnson then proved that for all relatively prime p and ¢
that p and g can be substituted for 2 and 3 in the theorem
above.

This problem can be generalized to higher dimen-
sions by studying the actions of commuting integer ma-
trices of determinant greater than one on tori. Katok and
Spatzier [28] and Einsiedler and Lindenstrauss [5] ob-
tained results similar to Rudolph’s for actions of commut-
ing matrices.

Finitary Isomorphisms

By Ornstein’s theorem we know that there exists an iso-
morphism between any two Bernoulli shifts (or mixing
Markov shifts) of the same entropy. There has been much
interest in studying how “nice” the isomorphism can
be. By this we mean can ¢ be chosen so that the map
x — (¢(x))o is continuous and if so what is its best pos-
sible modulus of continuity?

We say that a map ¢ from NZ to NZ is finitary if in
order to determine (¢(x))o we only need to know finitely
many coordinates of x. More precisely if for almost every x
there exists m(x) such that

,u({x/: xi = x; for all |i| < m(x)
and  (¢(x')), # #(x)o}) = 0.

We say that m(x) has finite tth moment if f m(x)' du< oo
and that ¢ has finite expected coding length if the first
moment of m(x) is finite.

Keane and Smorodinsky proved the following
strengthening of Ornstein’s isomorphism theorem.

Theorem 13 [30] If p and q are probability vectors
with H(p) = H(q) then the Bernoulli shifts Bernoulli,
and Bernoulliy are isomorphic and there exists an isomor-
phism ¢ such that ¢ and ¢! are both finitary.

The nicest that we could hope ¢ to be is if both ¢ and
¢! are finitary and have finite expected coding length.
Schmidt proved that this happens only in the trivial case
that p and q are rearrangements of each other.

Theorem 14 [70] If p and q are probability vectors and
the Bernoulli shifts Bernoulli, and Bernoulli, are isomor-
phic and there exists an isomorphism ¢ such that ¢ and
¢~ are both finitary and have finite expected coding time
then p is a rearrangement of q.
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The best known result about this problem is the following
theorem of Harvey and Peres.

Theorem 15 [14] If p and q are probability vectors with
H(p) = H(q) then 3=, (pi)*log(pi) = 3;(q:)*log(q;) if
and only if the Bernoulli shifts Bernoulli, and Bernoulliy are
isomorphic and there exists an isomorphism ¢ such that ¢
and ¢! are both finitary and have finite one half moment.

Flows

A flow is a measure preserving action of the group R on
a measure space (X, T). A cross section is any measurable
setin C C X such that for almost every x

0 < inf{t: Ty(x) € C} < 00.

For any flow (X, T) and {T};};er and any cross sec-
tion C we define the return time map for CR: C — C
as follows. For any x € C define

t(x) = inf{¢: Ty(x) € C}

then set R(x) = Ty)(x). There is a standard method to
project the probability measure p on X to an invariant
probability measure pc on C as well as the o-algebra B
on X to a o-algebra B¢ on C such that (C, ¢, B¢c) and R
is a measure preserving transformation.

First we show that there is a natural analog of Bernoulli
shifts for flows.

Theorem 16 [45] There exists a flow (X, T) and {Tt}ier
such that for every t > 0 the map (X, T) and T} is isomor-
phic to a Bernoulli shift. Moreover for any h € (0, 0o] there
exists (X, T) and {T;};er such that h(Ty) = h.

We say that such a flow (X, {f¢};er. it, B) is a Bernoulli
flow.

This next version of Ornstein’s isomorphism theorem
shows that up to isomorphism and a change in time (con-
sidering the flow X and {T,;} instead of X and {T}}) there
are only two Bernoulli flows, one with positive but finite
entropy and one with infinite entropy.

Theorem 17 [45] If (X, T) and {Ti};er and (Y,S)
{St}ier are Bernoulli flows and h(T,) = h(S;) then they
are isomorphic.

As in the case of actions of Z there are many natural ex-
amples of flows that are isomorphic to the Bernoulli flow.
The first is for geodesic flows. In the 1930s Hopf proved
that geodesic flows on compact surfaces of constant neg-
ative curvature are ergodic [22]. Ornstein and Weiss ex-
tended Hopf’s proof to show that the geodesic flow is also
Bernoulli [52].

The second class of flows comes from billiards on
a square table with one circular bumper. The state space X
consists of all positions and velocities for a fixed speed.
The flow T; is frictionless movement for time ¢ with elas-
tic collisions. This flow is also isomorphic to the Bernoulli
flow [11].

Other Equivalence Relations

In this section we will discuss a number of equivalence re-
lations between transformations that are weaker than iso-
morphism. All of these equivalence relations have a theory
that is parallel to Ornstein’s theory.

Kakutani Equivalence

We say that two transformations (X, T) and (Y, S) are
Kakutani equivalent if there exist subsets A C X and
B C Y such that (T4, A, ia) and (Sg, B, vg) are isomor-
phic. This is equivalent to the existence of a flow (X, T)
and {T;};er with cross sections C and C’ such that the re-
turn time maps of C and C’ are isomorphic to (X, T) and
(Y, S) respectively.

Using the properties of entropy of the induced map we
have that if (X, T) and (Y, S) are Kakutani equivalent then
either h((X, T)) = h((Y,S)) = 0,0 < h((X, T)), h((Y, S))
<ooorh((X,T)) = h((Y, S)) = oc.

In general the answer to the question of which pairs
of measure preserving transformations are isomorphic is
quite poorly understood. But if one of the transformations
is a Bernoulli shift then Ornstein’s theory gives a fairly
complete answer to the question. A similar situation ex-
ists for Kakutani equivalence. In general the answer to the
question of which pairs of measure preserving transforma-
tion are Kakutani equivalent is also quite poorly under-
stood. But the more specialized question of which trans-
formations are isomorphic to a Bernoulli shift has a more
satisfactory answer.

Feldman constructed a transformation (X, T) which
has completely positive entropy but (X, T') is not Kaku-
tani equivalent to a Bernoulli shift. Ornstein, Rudolph and
Weiss extended Feldman’s work to construct a complete
theory of the transformations that are Kakutani equiva-
lent to a Bernoulli shift [49] for positive entropy trans-
formations and a theory of the transformations that are
Kakutani equivalent to an irrational rotation [49] for zero
entropy transformations. (The zero entropy version of this
theorem had been developed independently (and earlier)
by Katok [26].)

They defined two class of transformations called
loosely Bernoulli and finitely fixed. The definitions of
these properties are the same as the definitions of very
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weak Bernoulli and finitely determined except that the d
metric is replaced by the f metric. For x, y € NZ we de-
fine

- k
fn(x,y)zl—;

where k is the largest number such that sequences 1 < i;
<ip<--<ip<mandl <j; <j, <--+ < jr < nsuch
that x;; = yj, for all j, 1 < j < k. (In computer science
this metric is commonly referred to as the edit distance.)
Note that d,, (x, y) > fu(x, y).

They proved the following analog of Theorem 5.

Theorem 18 For transformations (X, T) with h((X, T))
> 0 the following conditions are equivalent:

(1) (X, T) is finitely fixed,

(2) (X, T) is loosely Bernoulli,

(3) (X, T) is Kakutani equivalent to a Bernoulli shift and

(4) There exists a Bernoulli flow Y and {F;},cr and a cross
section C such that the return time map for C is isomor-
phic to (X, T).

Restricted Orbit Equivalence

Using the d metric we got a theory of which transforma-
tions are isomorphic to a Bernoulli shift. Using the f met-
ric we got a strikingly similar theory of which transforma-
tions are Kakutani equivalent to a Bernoulli shift. Rudolph
showed that it is possible to replace the d metric (or the f
metric) with a wide number of other metrics and produce
parallel theories for other equivalence relations. For in-
stance, for each of these theories we get a version of The-
orem 5. This collection of theories is called restricted orbit
equivalence [64].

Non-invertible Transformations

The question of which noninvertible measure preserving
transformations are isomorphic turns out to be quite dif-
ferent from the same question for invertible transforma-
tions. In one sense it is easier because of an additional iso-
morphism invariant.

For any measure preserving transformation (X, T') the
probability measure jt|7—1(,) on T~'(x) is defined for al-
most every x € X. (If (X, T) is invertible then this measure
is trivial as [{T7'(x)}| = 1 and p|7-1(H(T"'(x)) = 1 for
almost every x.) It is easy to check that if ¢ is an isomor-
phism from (X, T) to (Y, S) then for almost every x and
x’ € T~ (x) we have

=100 () = v [s=1600) (¢ ()

From this we can easily see that if p = {p;}7_, and
q = {gi}/L, are probability vectors then the correspond-
ing one sided Bernoulli shifts are isomorphic only if
m = n and there is a permutation 7 € S, such that
Pr(iy = qi for all i. (In this case we say p is a rearrange-
ment of q.) If p is a rearrangement of q then it is easy
to construct an isomorphism between the corresponding
Bernoulli shifts. Thus the analog of Ornstein’s theorem for
Bernoulli endomorphisms is trivial. However we will see
that there still is an analogous theory classifying the class
of endomorphism that are isomorphic to Bernoulli endo-
morphisms.

We say that an endomorphism is uniformly d to
1 if for almost every x we have that [{T7!(x)}| =d
and pt|p-1(,)(y) = 1/d for all y € T~ (x). Hoffman and
Rudolph defined two classes of noninvertible transforma-
tions called tree very week Bernoulli and tree finitely de-
termined and proved the following theorem.

Theorem 19 The following three conditions are equivalent
for uniformly d to 1 endomorphisms.

(1) (X, T) is tree very weak Bernoulli,
(2) (X, T) is tree finitely determined, and
(3) (X, T) is isomorphic to the one sided Bernoulli d shift.

Jong extended this theorem to say that if there exists
a probability vector p such that for almost every x the dis-
tribution of w|7—1(x) is the same as the distribution of p
then (X, T) is isomorphic to the one sided Bernoulli d shift
ifand only if it is tree finitely determined and if and only if
it is tree very weak Bernoulli [23].

Markov Shifts

We saw that mixing Markov chains are isomorphic if they
have the same entropy. As we have seen there are ad-
ditional isomorphism invariants for noninvertible trans-
formations. Ashley, Marcus and Tuncel managed to clas-
sify all one sided mixing Markov chains up to isomor-
phism [1].

Rational Maps

Rational maps are the main object of study in complex dy-
namics. For every rational function f(z) = p(z)/q(z) there
is a nonempty compact set J; which is called the Julia set.
Roughly speaking this is the set of points for which every
neighborhood acts “chaotically” under repeated iterations
of f.

In order to consider rational maps as measure preserv-
ing transformations we need to specify an invariant mea-
sure. The following theorem of Gromov shows that for ev-
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ery rational map there is one canonical measure to con-
sider.

Theorem 20 [12] For every f rational function of degree d
there exists a unique invariant measure Wy of maximal en-
tropy. We have that h(uy) = log, d and juz(J5) = 1.

The properties of this measure were studied by Freire,
Lopes and Mané [8]. Mané that analysis to prove the fol-
lowing theorem.

Theorem 21 [38] For every rational function f of degree d
there exists n such that (C, f", uys) (where f"(z) = f(f(
f...(2))) is composition) is isomorphic to the one sided
Bernoulli d” shift.

Heicklen and Hoffman used the tree very weak Bernoulli
condition to show that we can always take # to be one.

Theorem 22 [16] For every rational function f of degree
d > 2 the corresponding map ((C, s, B), Ty) is isomor-
phic to the one sided Bernoulli d shift.

Differences with Ornstein’s Theory

Unlike Kakutani equivalence and restricted orbit equiva-
lence which are very close parallels to Ornstein’s theory,
the theory of which endomorphisms are isomorphic to
a Bernoulli endomorphism contains some significant dif-
ferences. One of the principal results of Ornstein’s isomor-
phism theory is that if (X, T) is an invertible transforma-
tion and (X, T?) is isomorphic to a Bernoulli shift then
(X, T) is also isomorphic to a Bernoulli shift. There is no
corresponding result for noninvertible transformations.

Theorem 23 [19] There is a uniformly two to one endo-
morphism (X, T) which is not isomorphic to the one sided
Bernoulli 2 shift but (X, T?) is isomorphic to the one sided
Bernoulli 4 shift.

Factors of a Transformation

In this section we study the relationship between a trans-
formation and its factors. There is a natural way to asso-
ciate a factor of (X, T') with a sub o-algebra of B. Let (Y, S)
be a factor of (X, T) with factor map ¢: X — Y. Then
the o-algebra associated with (Y, §) is By = ¢~ 1(C). Thus
the study of factors of a transformation is the study of its
sub o -algebras.

Almost every property that we have discussed above
has an analog in the study of factors of a transformation.
We give three such examples. We say that two factors C
and D of (X, T) are relatively isomorphic if there exists
an isomorphism ¥ : X — X of (X, T) with itself such that
Y (C) = D. We say that (X, T) has relatively completely

positive entropy with respect to C if every factor D which
contains D has h(D) > h(C). We say that C is relatively
Bernoulli if there exists a second factor D which is inde-
pendentof Dand B = CV D.

Thouvenot defined properties of factors called rela-
tively very weak Bernoulli and relatively finitely deter-
mined. Then he proved an analog of Theorem 3. This says
that a factor being relatively Bernoulli is equivalent to it
being relatively finitely determined (and also equivalent to
it being relatively very weak Bernoulli).

The Pinsker algebra is the maximal o-algebra P such
that h(P) = 0. The Pinsker conjecture was that for ev-
ery measure preserving transformation (X, T') there exists
a factor C such that

(1) Cisindependent of the Pinsker algebra 7
(2) B=CvVvPand
(3) (X, C) has completely positive entropy.

Ornstein found a counterexample to the Pinsker conjec-
ture [48]. After Thouvenot developed the relative isomor-
phism theory he came up with the following question
which is referred to as the weak Pinsker conjecture.

Conjecture 2 For every measure preserving transforma-
tion (X, T) and every € > 0 there exist invariant o -algebras
C,D C B such that

(1) C is independent of D

(2) B=CVvD

(3) (X, T, u, D) is isomorphic to a Bernoulli shift
(4) h((X,T,u,C)) <e€.

There is a wide class of transformations which have been
proven to satisfy the weak Pinsker conjecture. This class
includes almost all measure preserving transformations
which have been extensively studied.

Actions of Amenable Groups

All of the discussion above has been about the action
of a single invertible measure preserving transformation
(actions of N and Z) or flows (actions of R). We now
consider more general group actions. If we have two ac-
tions S and T on a measure space (X, ;) which commute
(S(T(x)) = T(S(x)) for almost every x) then there is an
action of Z? on (X, j1) given by Son,my)(x) = S"(T™ (x)).
A natural question to ask is do there exist a version of en-
tropy theory and Ornstein’s isomorphism theory for ac-
tions of two commuting automorphisms. More generally
for each of the results discussed above we can ask what is
the largest class of groups such that an analogous result is
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true. It turns out that for most of the properties described
above the right class of groups is discrete amenable groups.

A Folner sequence F, in a group G is a sequence
of subsets F,, of G such that for all g € G we have that
lim,— o0 |g(Fu)|/|Fu|. A countable group is amenable if
and only if it has a Felner sequence.

For nonamenable groups it is much more difficult
to generalize Birkhoff’s ergodic theorem [41,42]. Linden-
strauss proved that for every discrete amenable group
there is an analog of the ergodic theorem [35]. For ev-
ery amenable group G and every probability vector p
we can define a Bernoulli action of G. There are also
analogs of Rokhlin’s lemma and the Shannon-McMillan-
Breiman theorem for actions of all discrete amenable
groups [33,51,54]. Thus we have all of the ingredients to
prove a version of Ornstein’s isomorphism theorem.

Theorem 24 If p and q are probability vectors and
H(p) = H(q) then the Bernoulli actions of G correspond-
ing to p and q are isomorphic.

Also all of the aspects of Rudolph’s theory of restricted or-
bit equivalence can be carried out for actions of amenable
groups [25].

Differences Between Actions of Z and Actions
of Other Groups

Although generalizations of Ornstein theory and restricted
orbit equivalence carry over well to the actions of discrete
amenable groups there do turn out to be some significant
differences between the possible actions of Z and those of
other discrete amenable groups.

Many of these have to do with the generalization of
Markov shifts. For actions of Z? these are called Markov
random fields. By the result of Friedman and Ornstein if
a Markov chain is mixing then it has completely positive
entropy and it is isomorphic to a Bernoulli shift. Mixing
Markov random fields can have very different properties.
Ledrappier constructed a Z? action which is a Markov ran-
dom field and is mixing but has zero entropy [34]. Even
more surprising even though it is mixing it is not mixing
of all orders. The existence of a Z action which is mixing
but not mixing of all orders is one of the longest standing
open questions in ergodic theory [13].

Even if we try to strengthen the hypothesis of Fried-
man and Ornstein’s theorem to assume that the Markov
random field has completely positive entropy we will not
succeed as there exists a Markov random field which
has completely positive entropy but is not isomorphic to
a Bernoulli shift [18].

Future Directions

In the future we can expect to see progress of isomorphism
theory in a variety of different directions. One possible di-
rection for future research is better understand the prop-
erties of finitary isomorphisms between various transfor-
mations and Bernoulli shifts described in Sect. “Finitary
Isomorphisms”. Another possible direction would be to
find a theory of equivalence relations for Bernoulli endo-
morphisms analogous to the one for invertible Bernoulli
transformations described in Sect. “Other Equivalence Re-
lations”.

As the subject matures the focus of research in isomor-
phism theory will likely shift to connections to other fields.
Already there are deep connections between isomorphism
theory and both number theory and statistical physics. Fi-
nally one hopes to see progress made on the two domi-
nant outstanding conjectures in the field: Thouvenot weak
Pinsker conjecture (Conjecture 2) and Furstenberg’s con-
jecture (Conjecture 1) about measures on the circle invari-
ant under both the times 2 and times 3 maps. Progress on
either of these conjectures would invariably lead the field
in exciting new directions.
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