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random walk



Brownian motion

• Robert Brown (botanist) - 1827 

http://www.brianjford.com/wbbrownc.htm

http://www.brianjford.com/wbbrownc.htm
http://www.brianjford.com/wbbrownc.htm


R. Brown, Edinb. New Philos. J. 5 (1828) 358-371



rw -> normal diffusion (1 dimension):

P (x, t) =
1

(4πDt)1/2
exp

[
− (x− x0)2

4Dt

]

∂P (x, t)
∂t

= D
∂2P (x, t)

∂2x

< x(t) >= x0 ; < (x(t)− x0)2 >= 2Dt

Einstein Relation : D = µkBT

P (x, t) = t−1/2g(x2/t)⇒ σ2 ∼ t



   Linear Fokker-Planck equation:

∫ ∞

−∞
dx P (x, t) =

∫ ∞

−∞
dx P (x, t0) = 1 (∀t)

F (x) = −

dφ

dx

P (x, t)
∣

∣

x→±∞
= 0;

∂P (x, t)

∂x

∣

∣

x→±∞
= 0; F (x)P (x, t)

∣

∣

x→±∞
= 0(∀t)

∂P (x, t)
∂t

= −∂{F (x)P (x, t)}
∂x

+ D
∂2P (x, t)

∂x2



   H-theorem and FP equation

F = U − TS ; U =
∫ ∞

−∞
dx φ(x)P (x, t) ; S = −kB

∫ ∞

−∞
dx P (x, t) lnP (x, t)

BG

dF

dt
=

∂

∂t

(∫ ∞

−∞
dx φ(x)P (x, t) + kBT

∫ ∞

−∞
dxP (x, t) lnP (x, t)

)

=
∫ ∞

−∞
dx {φ(x) + kBT [ln P (x, t) + 1]} ∂P (x, t)

∂t

FPE

dF

dt
≤ 0

H-theorem is valid for linear FPE “and” BG entropy
=> relation between FPE and BG entropy? 



general solution Fokker-Planck equation 

• dependence on time F (x) = −kx

P (x, t) =
1√

2πD(1− e−2t)/k
e
− kx2

2D(1−e−2t)

P (x, t) =
1√

4πDt/k
e−

kx2
4Dt 〈(x − 〈x〉)2〉 =

2Dt

k

• normal diffusion (t << 1)

•  t >> 1 〈(x − 〈x〉)2〉 =
D

k

(
P (x) =

1√
2πD/k

e−
kx2
2D

)

BG entropy





anomalous diffusion

• subdiffusive 

• superdiffusive

< (x(t)− x0)2 > ∼ tγ (γ != 1)

(γ > 1)

(γ < 1)



   anomalous diffusion -> subdiffusion

- existence of “traps” in space, where the particles stay 
for a certain time, with a broad distribution of released 
time

• conductivity of disordered ionic chains
• photocopiers, laser printers
• random walks on fractal substrates
• diffusion in convective rolls
• diffusion of contaminants in groundwater
• diffusion of proteins across cell membranes, etc

< (x(t)− x0)2 > ∼ tγ γ < 1 : Subdiffusion(                                        )



• photocopiers, laser printers: transport of electrons or 
holes in amorphous semiconductors in an electric field

  subdiffusion - exemples



• diffusion of proteins across cell membranes

  subdiffusion

Physics World, august 2005



- existence of long range (in time) correlations 
present in the velocity of the tracer particle, Levy 
flights, nonlinear effects, etc. 

• diffusion of micelles in salted water 
• Richardson diffusion in turbulent fluids
• flight of albatrosses
• bacteria, plankton, jackals, spider monkeys
• it seems that superdiffusion superates normal BM as a strategy 
  for finding randomly located food, etc.

   anomalous diffusion -> superdiffusion

< (x(t)− x0)2 > ∼ tγ γ > 1 : Superdiffusion(                                )



• spider monkeys

   anomalous diffusion -> superdiffusion

   modifications in linear diffusion equation



• A. R. Plastino and A. Plastino, Physica A 222 (1995) 347;

C. Tsallis and Bukman D. J., PRE 54 (1996) R2197

nonlinear Fokker-Planck equation

Porous media equation 
(M. Muskat - 1937)

∂P (x, t)
∂t

= D
∂2P ν(x, t)

∂x2

F (x) = −

dφ

dx
∂P (x, t)

∂t
= −∂{F (x)P (x, t)}

∂x
+ D

∂2P ν(x, t)
∂x2

〈(x− 〈x〉)2〉 ∼ t
2

ν+1



F (x) = −

dφ

dx

∂P (x, t)
∂t

= −∂{F (x)P (x, t)}
∂x

+ D
∂2P ν(x, t)

∂x2

stationary solution

β = (1/D)[Cq−1/(2− q)]

P (x) = C[1− β(1− q)φ(x)]1/(1−q)

(C is a positive constant)

same distribution that maximizes Tsallis entropy 
with the external constraint       ! φ(x)
NLFPE <-> Tsallis entropy!

(ν = 2− q)



master equation -> NL Fokker-Planck equation

∂P (n, t)

∂t
=

∞∑

m=−∞

[P (m, t)wm,n(t) − P (n, t)wn,m(t)]

∂P (x, t)

∂t
= −

∂{F (x)Ψ[P (x, t)]}

∂x
+

∂

∂x

{

Ω[P (x, t)]
∂P (x, t)

∂x

}

• nonlinear transition rates -> nonlinear Fokker-
Planck equations

ωm,n(t)→ ωm,n(P, t)



nonlinear Fokker-Planck equation

Ω[P ] = DP
µ−1

a[P ] = const.

NLFPE - Plastino and 
Plastino, Physica A 1995

master equation -> NLFPE EMFC & FD Nobre, PRE 2003, 
FD Nobre, EMFC & G Rowlands, Physica A 2004

∫
∞

−∞

dx P (x, t) =

∫
∞

−∞

dx P (x, t0) = 1 (∀t)

Ω[P ] > 0 Ψ[P ] > 0 F (x) = −

dφ

dx

a[P ] = const.

FPE
Ω[P ] = const.

∂P (x, t)

∂t
= −

∂{F (x)Ψ[P (x, t)]}

∂x
+

∂

∂x

{

Ω[P (x, t)]
∂P (x, t)

∂x

}

Ω[P ] = a[P ]b[P ] ; Ψ[P ] = a[P ]P



H-theorem

g(0) = g(1) = 0 d2g

dP 2
≤ 0

g[P ] = −P lnP

Boltzmann-Gibbs

FG = U −

1

β
S ; U =

∫
∞

−∞

dx φ(x)P (x, t)

Tsallis

g[P ] ∝ P q

dF

dt
≤ 0− 1

β

d2g[P ]
dP 2

=
Ω[P ]
Ψ[P ]

⇒

S[P ] =
∫ ∞

−∞
g[P (x, t)] dx



• NLFPE <-> entropy 

entropy

− 1
β

d2g[P ]
dP 2

=
Ω[P ]
Ψ[P ]

• stationary state of the NLFPE

I[P (x, t)] = S[P ] + α

(
1−

∫ ∞

−∞
dx P (x, t)

)
+ β

(
U −

∫ ∞

−∞
dx φ(x)P (x, t)

)

dI
dP

= 0 ⇒ same pdf of the stationary state -> 
equivalent to MaxEnt  (S) 

FPE
connection between entropy 
and Fokker-Planck equations

TD Frank, PH Chavanis, 
FD Nobre, EMFC, etc



families of FPEs <-> entropies  

same ratio
Ω[P ]

Ψ[P ]
same entropy!

let us consider the classes of FPEs satisfying

Ω[P ] = a[P ]b[P ] ; Ψ[P ] = a[P ]P

relation entropy <-> FPE

d2g[P ]

dP 2
= −β

b[P ]

P

Freedom for functional a[P ]
Schwammle V, Nobre FD, EMFC, PRE 2007
Schwammle V, EMFC, Nobre FD, EPJB 2007

− 1
β

d2g[P ]
dP 2

=
Ω[P ]
Ψ[P ]



NLFPEs <-> Boltzmann-Gibbs entropy

d2g[P ]

dP 2
= −β

b[P ]

P

dg

dP
= −βD lnP + C ⇒ g[P ] = −kBP lnP

b[P ] = D

β = kB/D

S = −kB

∫
P (x) lnP (x)dx

linear Fokker-Planck equation

∂P (x, t)
∂t

= − ∂

∂x
(F (x)P (x, t)ν) + D

∂

∂x

(
P (x, t)ν−1 ∂P (x, t)

∂x

)

if a[P ] ∝ P ν−1

ν = 1



F (x) = −kx
P (x, 0) = δ(x)

t = 0.1
ν = 0.7, 0.9, 1, 1.1, 1.25



ν = 0.5, 0.7, 1,

1.25, 1.5
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NLFPEs <-> Tsallis entropy

Ω[P ] = a[P ]b[P ] ; Ψ[P ] = a[P ]P

d2g[P ]

dP 2
=

Ω[P ]

Ψ[P ]
= −β

b[P ]

P

∂P (x, t)

∂t
= −

∂{F (x)Ψ[P (x, t)]}

∂x
+

∂

∂x

{

Ω[P (x, t)]
∂P (x, t)

∂x

}

g[P ] = − βD

ν − 1
P ν + CP ⇒ g[P ] = kB

P − P ν

ν − 1
if a[P ] ∝ Pµ−1

b[P (x, t)] = DνP (x, t)ν−1

∂P (x, t)
∂t

= − ∂

∂x
(F (x)P (x, t)µ) + D

∂

∂x

(
P (x, t)µ+ν−2 ∂P (x, t)

∂x

)
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< x2 > ∝ t2/(ν+1) < x2 >final − < x2 > ∝ e−(ν+1)t

µ = 1a) (NLFPE - Plastino&Plastino1995)

∂P (x, t)
∂t

= − ∂

∂x
(F (x)P (x, t)) + D

∂

∂x

(
P ν−1(x, t)

∂P (x, t)
∂x

)



Nonlinear FPE -> normal diffusion

∂P (x, t)
∂t

= − ∂

∂x
(F (x)P (x, t)µ) + D

∂2P (x, t)
∂x2

•  stationary solution -> q-Gaussian

ν = 2− µ (µ "= 1)b)
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q-Gaussian
normal

diffusion

µ != 1

NLFPE

ν = 2− µ

b[P (x, t)] = DνP (x, t)ν−1

µ != 1
ν != 1

anomalous
diffusion

µ = 1
ν != 1

anomalous
diffusion
q-Gaussian

V. Schwammle, EMFC, FD Nobre
EPJB (2009) in press



non-orthodox constraints

U =

∫
∞

−∞

dx φ(x)Γ[P (x, t)]

χ[P ] =
dΓ[P ]

dP

∂P (x, t)

∂t
=

∂

∂x

(

Ψ[P ]
∂

∂x
(φ(x)χ[P ])

)

+
∂

∂x

(

Ω[P ]
∂P

∂x

)

F (x)

− 1
β

d2g[P ]
dP 2

=
Ω[P ]
Ψ[P ]

P (x) = C[1− β(1− q)φ(x)]1/(1−q)



   conclusions - curious situations:

   nonlinear FPEs -> Gaussian as stationary 
state -> same distribution obtained from 
Boltzmann-Gibbs entropy -> anomalous 
diffusion

   nonlinear FPEs -> q-Gaussian as stationary 
states -> same distribution obtained from 
Tsallis entropy -> normal diffusion.


